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Being ageless

~ What is the probability that none of k independent & s ring
within a small time t?

P{none of them ring} = P{r > t}*

_ okt

~ (1 — kt) + error.
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The Totally Asymmetric Simple Exclusion Process

m balls in N possible slots.

Each listening to its own &2 . When that rings, the ball tries to
jump to the right.

Memoryless, independent §2’s = if we know the present, no
need to know the past.
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Stationary distribution

Random process ~~ need to talk about distributions.
What is the stationary distribution
?

Theorem
With N and m fixed, the distribution that gives equal chance to
each ( ) configuration, is stationary.

1t remark. N
In this case every configuration occurs with probability 1/<m> .

2" remark.
With fixed N, m, there is no other stationary distribution.



Stationary distribution

Almost proof

A state w



Stationary distribution

Almost proof

A state w

k = 2 critical clocks



TASEP Stationary distribution  The infinite model

Stationary distribution

Almost proof

A state w pre-images of w

X\ AN

k = 2 critical clocks



TASEP Stationary distribution  The infinite model

Stationary distribution

Almost proof

A state w pre-images of w

k = 2 critical clocks k = 2 pre-images



Stationary distribution

Almost proof
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k = 2 critical clocks k = 2 pre-images

The number of critical clocks for w = the number of pre-images
ofw=k
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Stationary distribution

Almost proof

P{w attime s+ t}
= P{w at time s and none of the k critical ©2’s ring}

+ ) P{nattime s and the right critical 2 rings}
n is a pre-image of w
-+ error
=p-(1—kt)+ > p-t+error
7 is a pre-image of w

=p-(1—kt)+k-p-t+error=p+error.

error ~ t2
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The infinite model

Take now N ( ) and m ( ) to
infinity such that m/N ~ .

o is the density of particles, or the probability that a given slot
has a ball.

Whether a slot has a ball and its neighbours have balls are less
and less dependent of each other.

In the limit we obtain a model on Z. In its stationary distribution
we have a ball with probability ¢, and don’t have one with
probability 1 — ¢ independently for each slot.
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On large scales: hydrodynamics

Let us now look at the infinite model on the large scale, and let
it evolve for a long time. If we change the initial density o on the
large (X) scale, then the process will not be stationary anymore.
Instead, its density will change on the large time scale (T).

» The hydrodynamic flux H : = E[current of particles]
depends on the density of particles. So, H = H(p). For
exclusion, H(p) = o(1 — o). e

» If the process is locally in equilibrium, but changes over
some large scale (variables X = ei and T = ¢t), then

O1o(T, X) + 9xH(o(T, X)) =0

» Thisis a . This type is
called a

» These are fun.
> (And difficult.)
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Characteristics (very briefly)

dro+90xH(0) =0
dro+H(0)-dxo=0 )
d
WQ(Ta X(T))=0
So, X(T) = H'(0) =: C is the characteristic speed.

dro+ X(T) - 9xo =
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Leaving a traffic jam is always soft, “blurry”.
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» But we’ll now go crazy with shocks and rarefaction fans.
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The important stationary distributions are again i.i.d. on the set
{e, 0, ®}.

Callinge = -1, 0 =0, & = 1, the mean ¢ makes sense as a
signed density of particles.

And H(p) makes sense as a signed particle current.
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We still have
Oro(T, X) + 0xH(o(T, X)) =0.

The hydrodynamic flux H(p), for certain c:
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Examples for o(T, X):
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Here is the full picture (R: rarefaction wave, S: Shock):

0.0176654




Thank you.
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