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Models Bl.meas. Lay/stand

Jacobi triple product

Theorem
Let |x | < 1 and y 6= 0 be complex numbers. Then

∞
∏

i=1

(

1 − x2i
)

(

1 +
x2i−1

y2

)

(

1 + x2i−1y2
)

=

∞
∑

m=−∞

xm2

y2m.

Mostly appears in number theory and combinatorics of

partitions.

It also follows from ASEP and ZRP (for real x , y only).
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Particles try to jump

to the right with rate p,

to the left with rate q = 1 − p < p.

The jump is suppressed if the destination site is occupied by

another particle.
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The asymmetric zero range process

We need r non-decreasing and assume, as before,

q = 1 − p < p.

Examples:

◮ ‘Classical’ ZRP: r(ωi) = 1{ωi > 0}.

◮ Independent walkers: r(ωi) = ωi .
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Product blocking measures

Can we have a reversible stationary distribution in product form:

µ(ω) =
⊗

i

µi(ωi);

µ(ω) · rate
(

ω → ωiyi+1
)

= µ(ω iyi+1
)

· rate
(

ωiyi+1 → ω
)

?

Here

ωiyi+1 = ω − δi + δi+1.
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Asymmetric simple exclusion

µ(η) · rate
(

η → ηiyi+1
)

= µ(ηiyi+1
)

· rate
(

ηiyi+1 → η
)

ASEP: µi ∼ Bernoulli(̺i);
•

η

̺i(1 − ̺i+1) · p = (1 − ̺i)̺i+1 · q

Solution: ̺i =
(p

q
)i−c

1 + (p
q )

i−c
=

1

(q
p )

i−c + 1

u u u u u u u u u u u u u
u

u
u

u
u

u
u

u u u u u u u u u u u u

i

̺i

0
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Asymmetric zero range process

µ(ω) · rate
(

ω → ωiyi+1
)

= µ(ω iyi+1
)

· rate
(

ωiyi+1 → ω
)

?

AZRP:

µi(ωi)µi+1(ωi+1) · p1{ωi > 0} = µi(ωi − 1)µi+1(ωi+1 + 1) · q

Solution: µi ∼ Geometric
(

1 −
(p

q

)i−const)

.
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Recall: Stationary distribution with marginals

µi ∼ Geometric
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 The product measure stays stationary on the half-line.
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T n

= AZRP

νn T n

=
∏

i≤0

Geometric
(

1 −
(p

q

)i−1)

since stationary distributions of countable irreducible Markov

chains are unique.

 The Jacobi Triple Product follows.
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Jacobi triple product

Theorem
Let |x | < 1 and y 6= 0 be complex numbers. Then

∞
∏

i=1

(

1 − x2i
)

(

1 +
x2i−1

y2

)

(

1 + x2i−1y2
)

=
∞
∑

m=−∞

xm2

y2m.

Thank you.
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