Overview of universality phenomena for random matrices
Workhorse: Multi-resolvent local laws

Laszld Erdos (IST Austria)

Supported by ERC Advanced Grants "RANMAT” and "RMTBeyond”
Jun 16-20, 2025

Summer School on Random Matrices
Rényi Center, Budapest



In collaboration with

Dominik Schréder
(ETH)

Torben Kriiger
(Erlangen)

Giorgio Cipolloni Yuanyuan Xu Hong Chang Ji
(Tucson) (Beijing) (Wisconsin)

Joscha Henheik

) ] Oleksii Kolupaiev
Johannes Alt (Bonn) Ben McKenna Vova Riabov (ISTA)

(ISTA)

ey (GTech)



IST Austria near Vienna




The question that mathematicians failed to ask

What can be said about the statistical
properties of the eigenvalues of a large
random matrix?

Do some universal patterns emerge?

Eugene Wigner (1954)
hin hi hin
ha hn ... hwy
H= . . . = (A1, A2,...,\y) eigenvalues?
hvi hvz .. hw

N = size of the matrix, will go to infinity.
WHY? Matrices are the Hamilton operators of quantum systems!

Wigner’s vision: energy levels of large quantum systems exhibit a universal behavior, i.e. all
the details are irrelevant, only basic physical symmetries matter.



Main questions we look at, first in a toy setup

Consider independent identically distributed (i.i.d.) random variables Xa, ..., Xy, such that
EX1 = 0,EX? = 1.

e Law of large numbers (LLN),
X1+ -+ Xy

— EX =0, a.s.
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e Extremal statistics: There exist sequences ay, by such that
by [Max(Xt, ..., Xy) — an] = G,

where G is a Gumbel random variable with distribution function Fg(x) = e ¢ .
For example, if X; ~ AN(0, 1), then

loglog N + log 4m
ay = \/2logN — ————"— by = v/2logN.
N = 2v/2logN N &
Now we look at these questions in the eigenvalues/vectors of random matrices.
First, for the much more studied Hermitian case, then a bit non-Hermitian theory.
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the semicircular law as N — oo, irrespective of the distribution of h,p,.
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Semicircular density of states p; Bulk level spacing ~ N~ *

”Law of Large Numbers”-type result on macro scale - insensitive to individual eigenvalues.



Universality for eigenvalues (Hermitian case)

Wigner’s revolutionary observation: the eigenvalue gap statistics is very robust, it depends
only on the symmetry class (hermitian or symmetric), independent of the distribution of h,p,.
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Formulated as the Wigner-Dyson-Mehta conjecture in 60’s, proven around 2010
[Erdés-Schlein-Yau, Tao-Vu].
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Universality for eigenvalues (Hermitian case)

Wigner’s revolutionary observation: the eigenvalue gap statistics is very robust, it depends
only on the symmetry class (hermitian or symmetric), independent of the distribution of h,p,.

2 2/
33); e—4x V&L

T

Np(Xi) [A,-H . \}

semicircular density of states p; Bulk level spacing ~ N Histogram of rescaled bulk gaps and Wigner surmise

Formulated as the Wigner-Dyson-Mehta conjecture in 60’s, proven around 2010
[Erdés-Schlein-Yau, Tao-Vu].

At the edge universality of Tracy-Widom statistics for Amax was proven in 1999 [Soshnikov].

The distributions both in the bulk and at the edge are novel, the underlying point processes
are strongly correlated (but determinantal) [Dyson-Mehta, 1960’s] [Tracy-Widom, 1993]




-2
0-O—0-00-00—0—00-0-O—00—

—0.6 —0.58 —0.56 —0.54 —0.52 —0.5 1.85 1.9 1.95 2 2.05
Wigner-Dyson-Mehta on scale N1 Tracy-Widom on scale N—2/3

Third universal statistics: Pearcey-statistic at cubic cusp singularities of p(x) ~ |x|1/3.
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e Band matrices (towards random Schrodinger)
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e Third (and last) universality class at the cusp (Pearcey-distribution)
General belief: universality of local eigenvalue statistics holds for “any sufficiently random”

matrix (or even operator) in the delocalization regime in the sense of Anderson’s
metal-insulator transition. In particular, it holds in mean-field systems.

Global density of eigenvalues is model specific, but cannot be “arbitrary”.



Matrix Dyson Equation and universality of singularities of the density

Most general (Hermitian) random matrix model: correlated (non-centred) entries.

Characterized by a data pair: expectation (matrix) A and correlation (tensor) S

A:=EH, S[R] := EHRH, YR e cN*N
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Matrix Dyson Equation and universality of singularities of the density

Most general (Hermitian) random matrix model: correlated (non-centred) entries.

Characterized by a data pair: expectation (matrix) A and correlation (tensor) S

A:=EH, S[R] := EHRH, YR e cN*N
LLN for the eigenvalue density still holds, but semicircle law is replaced by:
1 1
o A T x i N ==
el o=l =S ==tll,  Gle=

where M : C; — CV*Nis the unique solution to the Matrix Dyson Equation (MDE)

—M(2)"t=z—-A+SM(z)], with IM>0

Theorem (Ajanki, Alt, E., Kriiger 2016-2018)

Ifc(-) <8 < C(-) ("mean field”), then suppp consists of finitely many intervals, p is real
analytic in its interior and p has either square root singularity at the edges or cubic cusp
singularity if two intervals touch. No other singularity can occur.
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Eigenvectors? Quantum Unique Ergodicity (QUE)

Motto:

Eigenfunctions of the quantization of a chaotic classical dynamics are uniformly distributed.

Regular (integrable) billiard Chaotic billiard

Wavefunctions with symmetries Chaotic wavefunctions n



Universality for eigenvectors (Hermitian case)
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Universality for eigenvectors (Hermitian case)

Letuy, uy, ... uy be the orthonormal eigenbasis of H. We expect them to be "as random as
possible”, i.e. (asymptotically) Haar distributed. ("Quantum chaos”)

Trivial if H has Gaussian entries [GOE/GUE] by invariance under any unitary conjugation.
It also holds quite nontrivially for any Wigner matrix (universality), in particular:
e Asymptotic Gaussianity of entries: Finitely many /Nu;(a;) are jointly Gaussian;
[Bourgade-Yau-Yin, 2018], [Marcinek-Yau 2020]

e Eigenstate Thermalisation Hypothesis (ETH) = Quantum Unique Ergodicity (QUE):
For any deterministic A we have

Rji 1
(ui, Auj) = 6 (A) + ﬁz (A) = N TrA
where
Rj~N(0,2(A%),  A:=A—(A), rank(4) > 1

Random matrix version of Snirelman’s theorem with optimal fluctuation error.
ETH also proven for Deformed Wigner and Wigner type matrices with a modified (A)
[Deutsch 1991][Feingold-Perez 1986] [Cipolloni-E-Henheik-Kolupaiev-Schroder, 2020-2023],
[Benigni-Lopatto, 2021], [Benigni-Cipolloni, 2022], [E-Riabov, 2024]

e Extremal statistics: max;{u;, Au;) (after rescaling) has Gumbel distribution if
rank(A) < N/2 [E-McKenna 2023]

12



Non-Hermitian case: i.i.d. random matrices

XN1 --- XNN

with independent identically distributed (i.i.d.) entries, Exgp = 0, E |xgp|?> = ﬁ
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Figure 4: Real entries Figure 5: entries with Ex2, = 0
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Non-Hermitian case: i.i.d. random matrices

Figure 6: entries with Ex2, = 0
° Convergence to the uniform distribution on the unit disk: non-Hermitian
analogue of Wigner’s semicircle law.

e Eigenvalue spacing~ N—1/2,

e Accumulation of ~ /N eigenvalues on the real axis for real matrices.

14



Spectral universality for i.i.d. matrices

Universal phenomena similar to Hermitian matrices. After rescaling:

scaleN—1/2
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Spectral universality for i.i.d. matrices

Universal phenomena similar to Hermitian matrices. After rescaling:

scaleN—1/2

Edge universality: [Cipolloni-E-Schroder (2019)] (complex and real)

Similar result for deformed iid, A 4+ X (even in the “cusp” case when two domains touch)
[Liu-Zhang], [Campbell, Cipolloni, E., Ji ] (2023-2024)

Bulk universality: [Maltsev-Osman, 2023] (complex), [Osman, 2023] (real)

15



State of the art for Hermitian vs. non-Hermitian random matrices

Hermitian prototype: GUE/GOE, more generally Wigner (hgp, are iid for a > b, hpg = hgp).

e Spectrum is real, density of states is given by the semicircle law (/);
e Wigner-Dyson (bulk) and Tracy-Widom (edge) universality for eigenvalues (./);

e Asymptotically Haar universality (QUE) for eigenvectors (/).
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Non-Hermitian prototype: Ginibre matrix (Gaussian), more generally iid matrix
(non-Gaussian): hyy are i.i.d., no symmetry.
e Spectrum is complex, density of states is given by the circular law (+/);
e Universality of bulk and edge eigenvalue statistics (1/);

e Ginibre eigenvectors are Haar distributed, universality for i.i.d. matrices is open (X)

Beyond i.i.d. the picture is much less complete, especially the non-Hermitian one.

General Pattern: Gaussian cases (GOE/GUE and Ginibre) are explicitly computable, then
sophisticated techniques needed to show that the answer does not change if we change the
distribution of hgp,. Well beyond any perturbation theory !! [Hermitian ev’s live on scale 1/N,
changing only one hgy, is already a change of order 1/+/N and there are N2 of them!]
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Basic scales and tools

Cumulative effect of > 1 eigenvalues.
Resolvents G(z) = (H — z) ! become deterministic if 3z > 1/N (’Local law”). Used as
e Apriori bounds for bulk universality proofs;
e Directly for edge universality proofs;

e Green function comparison theorems: two ensembles with sufficiently many matching
moments have the same local ev. statistics (originally [Tao-Vu, 2009]).
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e Directly for edge universality proofs;
e Green function comparison theorems: two ensembles with sufficiently many matching
moments have the same local ev. statistics (originally [Tao-Vu, 2009]).
Microscopic scale: Sensitive to individual eigenvalues
e Dyson Brownian motion (DBM): special SDE for eigenvalues [Dyson 1962, E-Yau-Schlein
2009], later also for eigenvectors [Bourgade-Yau, 2013]. Equilibrates fast.

e Supersymmetric formalism: Major reduction of variables
[Disertori-Pinson-Spencer 2002], [M. and T. Shcherbina 2011- ]

e Partial Schur decomposition : Explicit Haar/Gaussian calculations
[Edelman-Kostlan-Schub, 1994], [Fyodorov-Khoruzhenko, 2007], [Fyodorov, 2018]
[Maltsev-Osman, 2023], [Osman 2023]
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e Dyson Brownian motion (DBM): special SDE for eigenvalues [Dyson 1962, E-Yau-Schlein
2009], later also for eigenvectors [Bourgade-Yau, 2013]. Equilibrates fast.

e Supersymmetric formalism: Major reduction of variables
[Disertori-Pinson-Spencer 2002], [M. and T. Shcherbina 2011- ]

e Partial Schur decomposition : Explicit Haar/Gaussian calculations
[Edelman-Kostlan-Schub, 1994], [Fyodorov-Khoruzhenko, 2007], [Fyodorov, 2018]
[Maltsev-Osman, 2023], [Osman 2023]

This week: Multi-resolvent local laws with a new zigzag strategy. This will have several
applications beyond standard universality questions.
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Applications 1: ETH

Let H be a Wigner matrix, Hu; = \;ju; and A be a deterministic matrix.

NE
(i, Aw) — §5:(A)| < — w.v.h.p. (1)

VN

Set/ := A — (A)l to be the traceless part of A, we need to show to

. NE
| (u;, Auy) |2 < n w.v.h.p. )
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Applications 1: ETH

Let H be a Wigner matrix, Hu; = \;ju; and A be a deterministic matrix.

|{uj, Auj) — 5 (A)| < % w.v.h.p. (1)
SetA := A — (A)I to be the traceless part of A, we need to show to
|(u,-,lz\u,-)|2 < NWE w.v.h.p. (2)
Look at
~ P a1 N a2 n n —14€
(36(21)AS6(22)4) = a%;l |(ua, Aup)| VS el sy e SR NTIFE

(3)
withzy =i +in, 2z =~ +in.

Two-resolvent local law (with the /77 improvement due to the tracelessness of A) proves that
(36G(21)AIG(22)A) < 1 with very high probability, uniformly in z;, z, with
Sz1, Sz5 ~ N1 then (2) follows from (3).

18



Applications 2: Thermalisation

H is the Hamiltonian of a quantum system and A, B, . . . are deterministic observables. Let
A(t) — efitHAeitH

be the Heisenberg (quantum) time evolution of A. How much A(t) and B become orthogonal
(independent) at large time?
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H is the Hamiltonian of a quantum system and A, B, . . . are deterministic observables. Let
A(t) — efitHAeitH

be the Heisenberg (quantum) time evolution of A. How much A(t) and B become orthogonal
(independent) at large time?

(A(t)B) = (AY(B) + 0(t)? 2 (A >+o(t2) w.v.h.p. (a)

where 0(t) := J1(2t)+/tis an O(1) oscillatory function

Similar results can be derived for more than two observables, for example for three
observables and two different times t, switht > s > 1,t — s > 1 we have

AB()C) = (A) (B) () + 0(s)>

3
+0(s)0(t)0(t — s)% + O(%) w.v.h.p.

19



Arelated object is the out-of-time-ordered correlator (OTOC)

Cas(t) : |[A ), 81[%)

Similarly to (A(t)B), it also expresses how much mixing happens in the system.

20



Arelated object is the out-of-time-ordered correlator (OTOC)
Cap(t) : |[A t), 8|

Similarly to (A(t)B), it also expresses how much mixing happens in the system.
In all these problems, we use contour integral
eitz

) 1 1 )
e = — dz = — ?{ e"G6(z)dz
2wi Jy H—2z 27 Jy

where «y encircles the spectrum of H. For example

1
472

(A(t)B) = — j[ 7{ %1672 (G(2))AG(z,)B) dz1dz; .
v I

If we find a deterministic approximation M = M(A, B, z1, 22 ) to G(z1)AG(z2)B, then we can
compute the leading term by explicit contour integration.
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Applications 3: Eigenvector overlaps (Hermitian case)

Consider a Wigner matrix W with two different deformations
:"11:W-|-D17 H2:W+D2
where Dy, D, are deterministic (hermitian) matrices, (D;) = 0. Let

Hu = 2\Ou® =12,
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Applications 3: Eigenvector overlaps (Hermitian case)

Consider a Wigner matrix W with two different deformations
Hy=W+D1, Ho=W+D,
where Dy, D, are deterministic (hermitian) matrices, (D;) = 0. Let
Hu = 2\Ou® =12,
If D1 = D5, then the eigenfunction overlap is trivial, <ul.(l),uj(2)> = ¢j;. For D1 # D, we have
1

@ )P <
| | (D1 = D2)2) + A = APz 4

w.v.h.p. (6)

=3

This shows that eigenvectors can become decorrelated in two ways: either their energies are
at distance or the deformations are far away in Hilbert-Schmidt norm sense.
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Applications 3: Eigenvector overlaps (Hermitian case)

Consider a Wigner matrix W with two different deformations
Hy=W+D1, Ho=W+D,
where Dy, D, are deterministic (hermitian) matrices, (D;) = 0. Let
Hu = 2\Ou® =12,
If D1 = D5, then the eigenfunction overlap is trivial, <ul.(l),uj(2)> = ¢j;. For D1 # D, we have
1
(1= 02)) + A = AP 4.

[, u?)? <

=3

w.v.h.p. (6)

This shows that eigenvectors can become decorrelated in two ways: either their energies are
at distance or the deformations are far away in Hilbert-Schmidt norm sense.

Similarly to ETH, a good upper bound on the overlap |(uf1)7 ufz)) |2 is accessible via a
two-resolvent local law of the form

2 . . _
[, uP) P <6V + i)SED (D +im),  n~ NTHE,

where G(9) is the resolvent of H(®).
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Applications 3: Eigenvector overlaps (Hermitian case)

Consider a Wigner matrix W with two different deformations
Hy=W+D1, Ho=W+D,
where Dy, D, are deterministic (hermitian) matrices, (D;) = 0. Let
Hu = 2\Ou® =12,
If D1 = D5, then the eigenfunction overlap is trivial, (ul.(l),uj(z)> = ¢j;. For D1 # D, we have
1

@®,u?) 2 <
| | (D1 = D2)2) + A = APz 4

w.v.h.p. (6)

=3

This shows that eigenvectors can become decorrelated in two ways: either their energies are
at distance or the deformations are far away in Hilbert-Schmidt norm sense.

Similarly to ETH, a good upper bound on the overlap |(uf1)7 u®?

i) |2 is accessible via a
two-resolvent local law of the form

[, u®) 2 < S0 (M +inS6@D (P + i), o~ NI,
where G(9) is the resolvent of H(®).

The result (6) is essentially used in our papers on the decorrelation transition and the Law of
Fractional Logarithm in the Wigner minor process.
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Applications 4: Law of Fractional Logarithm

Let (x;)i jen, be a double infinite array of i.i.d. random variables with x; = Xj;, Ex; = 0,
Exj|* = 1 (and Ex} = 0in the complex case).
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Applications 4: Law of Fractional Logarithm

Let (x;)i jen, be a double infinite array of i.i.d. random variables with x; = Xj;, Ex; = 0,
Exj|* = 1 (and Ex} = 0in the complex case).

Let XM beits N x N upper left minor and define

wv) .— X

Y

which is a Wigner matrix. Note Ww’s are strongly correlated, they are minors of each other.
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Exj|* = 1 (and Ex} = 0in the complex case).

Let XM beits N x N upper left minor and define

wv) .— X

R
which is a Wigner matrix. Note Ww’s are strongly correlated, they are minors of each other.
W) is called the Wigner minor process.

Let AgN) be the largest eigenvalue of W) and let

W= p3 (M g)
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Applications 4: Law of Fractional Logarithm

Let (x;)i jen, be a double infinite array of i.i.d. random variables with x; = Xj;, Ex; = 0,
Exj|* = 1 (and Ex} = 0in the complex case).

Let XM beits N x N upper left minor and define

wv) .— X

R
which is a Wigner matrix. Note Ww’s are strongly correlated, they are minors of each other.
W) is called the Wigner minor process.

Let AgN) be the largest eigenvalue of W) and let
NG N
M= 23 (M 2)
Then, almost surely, we have

X(N) 1/3 ~(N) 2/3
lim inf (IogN)1/3 - _<E) , and I'N"LSOUOP (|0gN)2/3 - (ﬁ) ’

(previous partial results for GUE by Paquette and Zeitouni, and Baslingker et.al.)
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Applications 5: Gumbel distribution for the rightmost eigenvalue

Let X bean N x N complex i.i.d. random matrix, Ex; = 0, E [x;|> = %

Letoj,j = 1,2,..., N be the eigenvalues of X. We have the circular law:
1 1
OIS /f(z)dz + O(NE/N)
j

for a smooth N-independent test function f (there are also local versions). Also
NE

\/N’

max o] <1+ w.v.h.p.
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Applications 5: Gumbel distribution for the rightmost eigenvalue

Let X bean N x N complex i.i.d. random matrix, Ex; = 0, E [x;|> = %

Letoj,j = 1,2,..., N be the eigenvalues of X. We have the circular law:
1 1
OIS /f(z)dz + O(NE/N)
j

for a smooth N-independent test function f (there are also local versions). Also
NE

\/N’

max o] <1+ w.v.h.p.

Goal: identify more precisely the behavior of max; Ra;.

One motivation for that is to study the standard ODE with random coefficients
d
VO =—(+gv(D),  v(0) =

Theorem [Cipolloni-E-Xu]
\/4WNN[m/_ax§Roj =i = ZT/:II] =G

where G is standard Gumbel random variable, i.e. P(G < x) = exp(—e~*) and

1
= [IogN — 5loglogN — Iog(27r4)].
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There is a similar result (with slightly different yy) for max |o;], i.e. the spectral radius of X.
We also have a statement that the few rightmost eigenvalues form a Poisson point process
(with correct rescalings).
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There is a similar result (with slightly different yy) for max |o;], i.e. the spectral radius of X.
We also have a statement that the few rightmost eigenvalues form a Poisson point process
(with correct rescalings).

How are these results related to local laws?
We look at linear statistics + > f(o7) with a carefully chosen test function f

We use Girko’s formula

1 1 &
W)= [ ar) [ e inan
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There is a similar result (with slightly different yy) for max |o;], i.e. the spectral radius of X.
We also have a statement that the few rightmost eigenvalues form a Poisson point process
(with correct rescalings).

How are these results related to local laws?
We look at linear statistics & ZJ f(oj) with a carefully chosen test function f

We use Girko’s formula
1 1 o .
y }j f() =~ [[ar(a) [T @ imyan

We need to compute, e.g. the second moment of this linear statistics, i.e.

E)foaj)‘ 167r2 j Af(21)Af(2,) ﬂ SG (im))(SG? (im2)) dmadna; dz1dz.

So we need to study the correlation of (3G (in:1)) and (3G? (in,)) for all regimes of n and
this is given by a two resolvent local law (3G (in1)IG? (in,)).

Itis especially important to extract a decay in this correlation as z; — z, gets larger.
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