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Stuck Walks

First encounter with Balint - some time in 2012
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First contact with Professor Téth

From Daniel Kious - danielkious@gmail.com

To balint@math.bme.hu
Cie Pierre Tarres - tarres@maths.ox.ac.uk
Date 5 Sept 2013, 22:06

See security details

Dear Mister Téth, dear Pierre in Cc,

| am a PhD student of Pierre Tarres, in Toulouse.
| have just finished writing an article about the
conjecture introduced in Stuck Walks.
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First contact with Professor Téth

From Pierre Tarres « tarres@maths.ox.ac.uk
To  Daniel Kious * danielkious@gmail.com
Date 5 Sept 2013, 22:41

See security details

C'est bien, mais il faut dire Professor plutét que
Mister (aussi en frangais).
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First handshake with Balint - 19 February 2014
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PhD defense - 16 June 2014




Now the maths

Locally self-interacting walks in Z defined by Erschler,
Téth & Werner (2010/2012)

Transition probabilities are functions of the local time
profile seen from the walker or of its gradient

Rich behaviour, with many open questions for future
generations of Balint’s influencees
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Introduction
Definition

X := (Xn)n>0: nearest neighbor walk on the integer lattice Z,
starting at 0, i.e. Xp = 0.
Local time, at time k, on the non-oriented edge {j — 1, /}:

k
kD) = D 1y Xd= 13}
m=1
Jj—1 j
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Introduction
Definition

Fix o € R. Define the local stream:
Ak(f) = —alk(f—1) + k() = k(G + 1) + alk(j + 2).

Conditional transition probability:

etBlK(Xy)
e BlKk(Xk) + eBAk(Xk)’

P(Xx11 = Xk = 1|Fk) where 5 > 0.

ji—2 j5—-1 J J+1 5742
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Introduction

Generalisation of the True self repelling walk, corresponding to
a=0

e*zﬂgk(XkJF‘l)
e—28U(Xk) + @=2Blk(Xc+1)"

P(Xk+1 = Xk + 1| Fk)

Non-degenerate scaling limits for X /k2/3 proved by T6th
(1995)
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Introduction

The TSRW phase (Erschler, Toth & Werner, 2012)

Ak(f) = —al(f = 1) + k() = k(G +1) + al(j + 2).

eBBk(Xk)

P(X1 = X + 1 F%) e BAK(Xk) 1+ @BAK(Xk)"

Open question: for « € [—1,1/3], prove the scaling behaviour is
similar to TSRW.

Open question: for o = 1/3, the third derivative case,
mysterious scaling. k%/5? k/2?
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Introduction

The slow phase (Erschler, Téth & Werner, 2012)

Ax(f) = —al(—1) + k() = k(G + 1) + al(j + 2).

eBBk(Xk)

P(X1 = X + 1 Fk) e BAK(Xk) 1+ @BAK(Xk)"

Open question: « € (—oco, —1), prove that the walks builds traps
in the environment and that its displacement is atypically slow.
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Introduction

More problems (Erschler, Téth & Werner, 2012)

eB8k(Xk)
e BAK(Xk) + @BBK(Xk)”

P(Xii1 = Xk + 1] Fk)

Even more questions remain open when the symmetry is
dropped:
e Second derivative: transient deterministic behaviour

Xn ~V/2n.
A() = =G = 1)+ k() + k(G +1) = Ik(j+2).
e Logarithmic behaviour X, ~ In(n)/ In(2).
Ax(f) = =20 = 1) + k() + k(G + 1)
e Ballistic behaviour X, ~ cn.
Ar() = k(= 1) + () = 2k + 1)
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The Stuck Walks

We will now focus on the case « > 1/3, the Stuck Walks.

Ax(f) = —al(f = 1) + k() = k(G + 1) + al(j + 2).

eBBk(Xk)
e BAK(Xk) 1+ @BAK(Xk) "

= NSNS

j=2 -1 5 J+1 j+2

P(XK-H = Xk +1 ’.7:/()
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Introduction
Notations

Define oy = +oc and for all L > 2:

1

A = — (5
1 +2cos(%)

so that («,)>1 decreases from +oco to 1/3.
Let R’ be the set of points that are visited infinitely often, i.e.

R = UeZ:lu() +1lu(j+1)=0c}.
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Introduction

Stuck Walks (PTRF, 2012)

Conjecture (Erschler, Téth and Werner, 2012)
If « € (ap41,1), then |R'| = L+ 2 almost surely.

Theorem (Erschler, Téth and Werner, 2012)

Suppose that L > 1. We have:

- If o < «y, then, almost surely, |R'| > L+ 2, or R = 0);
-Ifa € (a4 1,r), then the probability that |R'| = L+ 2 is
positive.

1/3 |R'| =4 |R'| =3

Qy Qasg az =1

o] = +00
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Introduction
Results

Theorem (K, 2013/ AoP 2016)

Fix L > 1 and assume that o € (a1, ay), then the walk
localizes on L + 2 or L + 3 sites almost surely, i.e.
|R'|e {L+2,L+3}a.s.

Theorem (K, 2013/ AoP 2016)

Assume that that o € (1,+00) = (a2, 1), then the walk
localizes on 3 sites almost surely, i.e. |R'| = 3 a.s.

1/3 |R/| = 4 |R'| =3

Qg ag Qg = 1

a1 = +00
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Sketch of proof

There is a linear system at the core of the longterm behaviour
of this walk. When Xy = j, we have

Akl)
P(Xjst =j £ 1|1F) < 2=k,

This indicates:

For any j € {1,..., K} : djww 0

For any j € {0, ..., K + 2} : QNW—W

Daniel Kious Balint's 70



Introduction

by b i1 liio
I r 4 4 4 y -~ - - 4 4 4 4 |
L dy di J
0 K+1

Solutions (ly, ..., Ix12) of the linear system defined by:

K+1
th=dp=..=0dc=0,lp=lki2=0and Y }=1,
j=1
where, forall j € {1, ..., K},

Oy = —al_1+ =l + aljyo.

Define dy = —/1 + abk and dx1 = —alk + Ix11-
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Introduction
The linear system

o IfK<L
P —— P
B ]
L |
2elr) gy <0 0 < dppq ~ BetEED
elfK=LorL+1
— -
B ]
L |
2l gy >0 0> dyq ~ 2eltKED

@ K > L+ 1: Get more results in order to emphasize
instability of some vertices through the Rubin’s
construction.
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Introduction

Rubin’s construction

First used by Davis (1990) and Sellke (1994). Tarrés (2011)
introduced a variant = powerful couplings for VRRW.
Idea: define a continuous-time walk (X;); on Z in order to
couple to with (Xj)x-

When X = J:

. g 28(tk(+1)—alk(j+2))
PXerr =1+ 170 = 2500t a072) 1 6 25 abt 150D

= P(gje,j+1 < fﬁj—1)
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Introduction

Rubin’s construction

When X = J:

e 28tk (j+1)—atk(j+2))
e—28(tk(j+1)—atk(j+2)) 4 @—2B(—alk(j—1)+(k()))
= P(fj‘{jﬂ < fﬁj—1)

P(Xk11 = j+ 1|Fk)

& & 3
L+2 L4142 5,3 —

L+2—=L+3 + i I —_—
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Introduction

The two papers by A. Erschler, B. Téth, W. Werner:
@ Stuck Walks, 2012
@ Some locally self-interacting walks on the integers

Happy Birthday, Balint!!
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