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e Sinai billiard on T2 = unfolding: periodic Lorentz gas on R?
e H. Lorentz, 1905 to model motion of electrons in metals

e T:M — M billiard map, x acip, du = ¢ - cos ¢ dr d¢

* A : M — R?free flight displacement

* Ap=S,A(x) = A(X) +--- + A(T"'x) position on the
plane
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¢ A(x) bounded ¢ A(x) unbounded
e normal diffusion e anomalous diffusion
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Single circular scatterer of radius p < % on T2

Generalized law of iterated logarithm

. .X/‘. K. . Lmini%te horizon for any
O 6 6 0 ©

K M — Z2 discrete free flight

® fin(= kinp) = Sn(k) = Sfg wo T

* k(X)) =AX)+d(x)—d(Tx) = Ap—rp=0(1)
* E,A =E,x =0 = study fluctuations
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e 52: Green-Kubo e Y 2: corridor sum
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Covariance matrix — corridor sum

e parallel to
¢=(p.q) € 2

e Corridors open up
if | < (2p) "

e width:
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Covariance matrix — corridor sum

. . ’ Q ¢ parallel to
§= (pa q) € z2

e Corridors open up
if | < (2p) "

e width:

® & 6 0 O Au(€) = €11 — 20

e Corridors can be also described by singular fixed points

X, = {x(: (r,9)eM ’¢:ig,TX:X}

¢ For such points x(x) = ¢ and we have

Z(p)2 _ 1 Z dz(’{'(x))

8 2 It )
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¢=+3
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o p(x|K(x) = € + Ng) = ;2805 (1 4+ O(N-T))
e xisnotin L?:

Eu(|5*1),<R) = 2A,log R+ O(1)
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© ulx|r(x) = &'+ Ne) = (45
® kisnotin L2:

2L (14 O(N1))

Eu(|5*1)5<p) = 2A,log R+ O(1)
e ko T,... behaves as i.i.d. sequence:
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Boltzmann-Grad limit

* Mean free path 7 = E,,(|A|) ~ (2p)~"

e g(t) = Ay and v(t) € S' velocity.
(Q(1), V(1)) = (pa(p~ 1), v(p~ 1)),

e Marklof-Strombergsson '11: explicit description of the limit
process as p — 0 ((Qp, Vo) ~ a.c. on T'R?)

e Marklof-Téth *16: for any bounded, continuous f : R> — R

o Q) -\
[im lim Ef <D0\/tTgt> = fdl/_/\/'

t—o00 p—0 R2
where D3 = (12¢(2))~" and vy is the standard Gaussian
distr. on R2,

e applies to higher dimensions, too.
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Almost sure invariance principle and LIL

e Let: L(R) = max(1,log(R)), LL(R) = L(L(R)) etc.
e Recall (fixed p): u(|A] > R) ~ ¢- R72;
COV(A 1\A\<R) ~ 2Y? L(R)
e thatis, A ¢ Li, anomalous diffusion

o A By A(0,52)
nL(n)

In contrast:

o letS, = 27;01 Ni, M € LfL, standard diffusion

W(n): Standard Brownian motion at time n.
ASIP with rate cj: realize S, and W(n) such that

|Sp — o - W(n)| = o(cn), almost surely, as n — oo.
LIL with &,(= V' nLLn):

lim sup 'f"‘ = a, almost surely, for some a € (0, ).
n—oo
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[ID, standard diffusion
- n—1 - 2
Snh=>i_o miiid, n € L=, R-valued

e Kolmogorov-Khinchin LIL, 1924: lim sup =1a.s.

W(n)
n—oo V/2nLL(n)

e Strassen, 1964; € L* = ASIP for S, with ¢, = n'/*¢(n)

® (£(n) is some slowly varying function)

e implies LIL with &, = \/nLL(n).
Komlés—Major—Tusnady, 1975; optimal result

® 7 has finite m.g.f. = ASIP with O(L(n))

* 5 € LP(p > 2) = ASIP for S, with ¢, = n'/P¢(n)
Major, 1975;n € L%, n & LP forany p > 2

® ASIP with ¢, = /nLL(n), optimal,

e still implies standard LIL

extensions to n € R?, d > 2, and/or dependent, ongoing
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* o2 given by Green-Kubo formula 02 = f w(n-noTK)
k=—o0
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Dynamics, standard diffusion

Sh =4 no T, ne L2 T hyperbolic, u invariant with
sumable mixing rates

e standard CLT: 52 -2 A/(0, 02
n

* o2 given by Green-Kubo formula 02 = f w(n-noTK)
k=—o0
e standard ASIP: |S, — o - W(n)| = o(cp), a.s. as n — oo, for
¢n = o(y/nLL(n)), thus

e standard LIL: lim sup —22.

n—soo V/NLL(N)
Melbourne—Nicol 2006,2009; ASIP for systems with Young
towers, martingale approximation

Gouézel 2010 control on correlation decay by spectral
methods, very flexible

* nelP,p>2 = ASIPwithc, = n, 6=} + 5.
Cuny—Dedecker—Korepanov— Merlevéde, 2018— (ongoing)
Young towers, regain KMT

= a, a.s. with a € (0, c0).
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e Einmahl, 2005-2009: S, = Z, o Mi iid
* Cov(n-1j,<r) ~ 252L(R), 2 nondegenerate
* thus u(|n| > R) ~ % for some d > 0

® c,is a good sequence if Z u(n] > cn) = 3 ¢, ?
—1 _

® ¢, =+/nL(n) NOT good
° c2=n(L(n )) ¢2 = nL(n)(LL(n))” good for v > 1
. éz—nL(n) LL( )( + LL(n)sin?(LLL(n))) good

* given c, good, let 2 = Cov(n-1,<¢,) = 2 L(n)(1 + o(1))
® GASIP: |S,—T,- W(n)| = o(cp), a.s. as n — oo,
e GLIL: limsup % = g, a.s. with a € (0, ).
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e for generic good cy, let A(cn) = E(r? - 1)<q,), then
o 4 _ = P2\
a—sup bZO ZEeXp(fm)—OO

n=1
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°* Ap= 7‘01 Ao T', position after n collisions
oy
nL( ) L N(0,52), with
® Cov(n- 1w<ﬁv) 222L(R)

® C,is very good if good and Z 2! LL 2L o o

n=1 2n
e &2 =nL(n)LL(n)(1 + LL(n)sin®(LLL(n))) is very good
Theorem (B.—Terhesiu)

e GASIP: |Ap—Tn- W(n)| = o(cp) for any very good ¢y,
* where 2 = Cov(n -1, <c,) = L2 L(n)(1 + o(1)),
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Infinite horizon Lorentz gas

°* Ap= 7‘01 Ao T', position after n collisions
oy
nL( ) L N(0,52), with
* Cov(n-1j<r) ~ 22°L(R)

® c,is very good if good and Z 2 LL 2nLLn)
n=1 2n

e &2 =nL(n)LL(n)(1 + LL(n)sin®(LLL(n))) is very good

< 00

Theorem (B.—Terhesiu)
e GASIP: |Ap—Tn- W(n)| = o(cp) for any very good ¢y,
* where 2 = Cov(n -1, <c,) = L2 L(n)(1 + o(1)),

o GLIL:limsup 22 = a, a.s. for some a € (0, 0).

n—oo
® with the sequence ¢, specified above.



Setting Generalized law of iterated logarithm
0000000 0O0000e0

Good and very good sequences
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® c,is very good if additionally Z 2 CLL < 00

n=1 2n
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Good and very good sequences

cn is good if and z (A > ¢p) =< z ch2 < o0

cn is very good if additionally Z 2! 2L <o
n=1 2n

let ¢2 = n- L(n) - ¢1(n), with LL(n) < ¢1(n) < (LL(n))" for
some v > 1; then
c3, =2"-n-¢41(2"), where L(n) < ¢4(2") < (L(n))7, and

very good condition reduces to Z nL;(g)n) <00

¢2 =nL(n)LL(n)(1 + LL(n )S|n2(LLL( n))) is very good:
for &n, £1(2") = L(n) (1 + L(n)sin?(LL(n))), and the
sumability condition follows from

i dx < oc. (LL(n) = X)

J ;
X—1000 1+e sin x
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Comments on the proof

e Truncation: Yx = (A - 1|aj<g,,) o TF for 27 < k < 2T,

ST P(Yk # Ao T¥) < oo, Borel-Cantelli.
k>1

® to Yy, adapt Gouézel 2010 with p = 4
¢ need good control on truncated fourth moment;

m 4
E ((Z Yk> ): improve upon Chernov-Dolgopyat 2009
k=0

Thank you for your attention!
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