10.

Problems and results for the seventh week
Mathematics A3 for Civil Engineering students

Solve the following system of differential equations:

x' +2y —3x+4y=2sint
20+ y +2x— y = cost.

Solve the following system of differential equations:

¥ —2r+ y =e
y —3r+2y=t.

Solve the following system of differential equations:

x' —2x + 5y = —cost
Yy — x +2y= sint.

Solve the following system of differential equations:
¥—x —y=c¢%
Y —4dx + 2y = —2¢'.

Suppose that A and B are mutually exclusive events for which P{A} = 0.3 and P{B} = 0.5.
What is the probability that

(a) either A or B occurs;

(b) A occurs but B does not;

(c) both A and B occur?
A total of 28% of males smoke cigarettes, 7% smoke cigars, and 5% smoke both cigarettes
and cigars.

(a) What percentage of males smoke neither cigars nor cigarettes?

(b) What percentage smoke cigars but not cigarettes?

A small community organization consists of 20 families, of which 4 have one child, 8 have two
children, 5 have three children, 2 have four children, and 1 has five children.

(a) If one of these families is chosen at random, what is the probability it has ¢ children,
1=1,2,3, 4,57

(b) If one of the children is randomly chosen, what is the probability this child comes from
a family having ¢ children, 1 = 1, 2, 3, 4, 57

. We flip a fair coin twice. What is the probability that at least one of our flips comes out

Heads? What is the probability that precisely one of our flips comes out Heads?

. What is the probability that, when rolling two fair dice, at least one of them shows a six?

What is the probability that none of them show a six?

A pair of fair dice are rolled. What is the probability that the second die lands on a higher
value than does the first?
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Two symmetric dice have both had two of their sides painted red, two painted black, one
painted yellow, and the other painted white. When this pair of dice are flipped, what is the
probability that both land on the same color?

What is the probability that all three children of a family have the same sex? (We assume
that each child is born girl or boy independently with probability 1/2.)

At least how many coin flips are needed in order to see at least one Heads with probability
at least 90%7?

We flip a fair die six times. What is the probability that each of the six numbers shows up?

Five people, designated as A, B, C, D, E, are arranged in linear order. Assuming that each
possible order is equally likely, what is the probability that

(a) there is exactly one person between A and B;
(b) there are exactly two people between A and B;
(c) there are exactly three people between A and B?
What is the probability that in a classroom of 30 students there are no two birthdays that

coincide? (We assume that each birthday is independently equally likely to be on any of the
365 days of the year. Do not bother with leap years.)

What is the probability that we will precisely have two hits on the lottery, where 5 numbers
are drawn out of 907

A forest contains 20 deers, of which 5 are captured, tagged, and then released. A certain
time later 4 of the 20 deers are captured. What is the probability that 2 of these 4 have been
tagged? What assumptions are you making?

There are 30 psychiatrists and 24 psychologists attending a certain conference. Three of these
54 people are randomly chosen to take part in a panel discussion. What is the probability
that at least one psychologist is chosen?



Answers

1. The system is
(D —3)x+2(D+2)y = 2sint

2(D+1)x + (D — 1)y = cost,
and its determinant is

D—-3 2D+2)

(1) A:’2(D+1) D-1

‘:—3D2—16D—57é0.

Cramer’s rule then states that

2sint 2(D + 2)

(2) Ar = cost D -1

‘ and Ay =

We now compute these determinants:

cost D-—1 = (D —1)2sint — 2(D + 2) cost

2sint 2(D + 2)‘

= 2cost —2sint + 2sint — 4 cost = —2cost,

and

‘ D —3 2sint = (D —3)cost —2(D + 1)2sint

2(D+1) cost

= —gint —3cost —4cost —4sint = —5sint — 7cost.

Therefore, (2) together with (1) now reads
—32" — 162" — bx = —2cost and —3y" — 16y’ — 5z = —5sint — Tcost.

These can be solved the usual way to obtain

8 1 61 33
T = C’le_t/?’ + Che 5 4 o5 sint + &5 cost and Yy = C’ge_t/g + Che™ + 130 sint — 130 cost.
We plug these in the second equation of the system to get
4 4 —t/3 —5t
(501 - 503>e + (—802 — 604)6 =0.
— 0
Hence, the solution is
8 1 4 61 33
= Cre P 4 Che™™ + o5 sint + 5 cost and Yy = Che /3 — 5028—515 + 130 sint — 130 cost.

2. = cret + cpe7t + Ste! — fef + ¢, y=cie' + 3coet 4 Stet — 3¢ + 2t — 1.
3. . 3
T = bcycost + beysint — 3 cost — ésint + 2tcost — tsint,

1 1
y = [2c; — co| cost + [c1 + 2¢o)sint — écost— §sint+tcost.

4. ¢ =cre7¥ + cpe? + e, y = —4cie 3 4 cpe?t — e,
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5.(a) P{AUB} =0.34+0.5=0.8.
(b) P{AN B¢} =P{A} =0.3.
(c) P{AN B} =P{0} = 0.

6. Let E be the event that a randomly selected male smokes cigarettes, F' the event that a randomly
selected male smokes cigars.

(a) P{E°NF}=1-P{EUF} =1-P{E} -P{F}+P{ENF}=1-0.28—-0.074+0.05=0.7
or 70%.

(b) P{F NE°} =P{F — E} = P{F} — P{F N E} = 0.07 — 0.05 = 0.02 or 2%.

7.(a) The probabilities are %, 2%, %, %, 2—10, respectively for i =1, 2, 3, 4, 5.

(b) The probabilities are 15, 18, 13, & 2 respectively for i =1, 2, 3, 4, 5.
8. At least one comes out Heads if and only if not both are Tails. The probability is therefore 3/4.
Precisely one Heads occurs in two cases ((H, T) and (T, H)) out of the four equally likely outcomes,
hence the probability is 1/2.

9. At least one of the dice shows a six if and only if not both dice show something else. Thus the
answer is 1 — (5/6)2. None of the dice show a six with probability (5/6).

10, solution 1: The event E that the second die lands on a higher value than does the first consists
of the following elements:

E= {(17 2)7 (17 3)7 (17 4)7 (17 5)7 (17 6)7
(2,3), (2,4), (2,5), (2,0),
(3,4), (3,5), (3,06),
(4,5), (4,06),
(5,6)}.

Therefore #F = 15, while the sample space has #S = 36 elements, thus the probability is 15/36 =
5/12.

10, solution 2: The event F consists of ordered pairs of rolls such that the second member of the
pair is higher than the first. Each of these pairs can be obtained by making a 2-combination of the
numbers 1 through 6, and then ordering the two numbers selected. Hence #FE = (g) = 15, and
P{E} =15/36 = 5/12.

10, solution 3: Define also F' as the event that the first die lands on a higher value than the second
one. By symmetry we have P{E} = P{F'}. Moreover, (E'U F)° is the event that the two dice show
the same number, which has probability 1/6. Therefore 5/6 = P{EUF} =P{E} +P{F} -P{EN
F}=P{E} +P{E} — 0=2P{E}, from which P{E} =5/12.

11. Both land on red sides in 2 - 2 = 4 cases, on black sides in 2 - 2 = 4 cases, on yellow sides in
1 case, and on white sides also in 1 case. These are a total of 10 cases out of the 36 equally likely
outcomes, which means a probability of 10/36 = 5/18.

12. There are 8 equally likely possibilities for the sexes of the three children. Out of these, two
outcomes mean the same sex for each of them, hence the answer is 2/8 = 1/4.



13. The probability of at least one Heads in n flips is 1 — (1/2)™. Thus we need to solve

1 (1)">09
;) =0

As n must be an integer, our answer is that we need at least [log,(10)] = 4 coin flips. ([z] here
stands for the upper integer part, the smallest integer that is greater than or equal to x.)

14. The number of cases in which all six integers {1...6} show up is equal to the number of
permutations of these integers, which is 6!. The sample space consists of sequences of length 6,
made of any of the six integers: #S = 65. The probability is hence 6!/6°5 = 5! /6°> ~ 0.015.

15, solution with order:

(a) There are 3 ways to select the two positions, out of five, where A and B come so that there is
one empty space between them. Once this is done, there are 2 ways to make an order between
A and B on the two selected positions. Then there are three empty spaces left, on which we
have 3! = 6 ways to arrange C, D, and E. Hence there are 3 -2 - 3! = 36 arrangements with
exactly one person between A and B. Since all 5! = 120 orders are equally likely, the answer
is 36/120 = 3/10.

(b) There are 2 ways to select the positions of A and B, 2 ways for ordering A and B, and 3! = 6
ways for ordering C, D, and E. Hence there are 2-2- 3! = 24 arrangements with exactly two
persons between A and B, and the answer is 24/120 = 1/5.

(¢) There is only 1 ways to select the positions of A and B (they have to stand at the two ends
of the line), 2 ways for ordering A and B, and 3! = 6 ways for ordering C, D, and E. Hence
there are 1-2 - 3! = 12 arrangements with exactly three persons between A and B, and the
answer is 12/120 = 1/10.

15, solution with no order:

(a) There are 3 ways to select the two positions, out of five, where A and B come so that there
is one empty space between them. Since all of the (g) combinations for the two positions of

A and B are equally likely, the probability is 3/ (g) = 3/10.

(b) There are 2 ways to select the two positions out of five, where A and B come so that there
are two empty spaces between them, the probability now is 2/ (g) =1/5.

(¢) There is only 1 way to select the two positions out of five, where A and B come so that there
are three empty spaces between them, the probability now is 1/ (g) =1/10.

16. The number of ways 30 different birthdays can be distributed to the students is 365-364 - - - 336 =
365!/(365 — 30)!. The number of ways any 30 birthdays can be assigned to the students is 365%.
Therefore the probability is 365!/[335! - 365%°] ~ 0.29.

17. The number of ways we can hit precisely two numbers is the number of ways we can select two
out the five numbers drawn, times the number of ways we can select three out of the 85 numbers

that are not drawn. That is, (g) . (835). There are (950) different lottery tickets total, hence the

probability is () - (%) /(%) ~ 0.022.



18. In order to capture 2 tagged deers and 2 non tagged deers, we need to select 2 out of the 5
tagged deers, and 2 out of the 15 non tagged deers. The number of ways we can do that is (g) : (125),
while there are (240) ways to pick any 4 deers. Therefore the probability is (g) . (125) / (23) ~ (.22.
Alternatively, we can run the time backwards, and ask what is the probability that precisely
two of our 4 deers and three out of the other 16 deers were previously tagged. In this case the
answer is (;L) . (16) / (250). Expanding the binomial coefficients shows that the two answers are indeed

3
the same.

19. The probability that no psychologists are chosen is the number of ways we can choose 3
psychiatrists out of 30 divided by the number of ways to choose any 3 panelists out of 54: (330) / (534).
Our answer is the probability of the complement event, 1 — (330) / (534) ~ (.84.



