RENORMALISED ENERGIES AND RENORMALISABLE SINGULAR HARMONIC MAPS
INTO A COMPACT MANIFOLD ON PLANAR DOMAINS

ANTONIN MONTEIL, REMY RODIAC, AND JEAN VAN SCHAFTINGEN

ABSTRACT. We define renormalised energies for maps that describe the first-order asymptotics of
harmonic maps outside of singularities arising due to obstructions generated by the boundary data
and the mutliple connectedness of the target manifold. The constructions generalise the definition by
Bethuel, Brezis and Hélein for the circle (Ginzburg—Landau vortices, 1994). In general, the singularities
are geometrical objects and the dependence on homotopic singularities can be studied through a new
notion of synharmony. The renormalised energies are showed to be coercive and Lipschitz-continuous.
The renormalised energies are associated to minimising renormalisable singular harmonic maps and
minimising configurations of points can be characterised by the flux of the stress-energy tensor at the
singularities. We compute the singular energy and the renormalised energy in several particular cases.

1. INTRODUCTION

Throughout the paper, A/ will denote a smooth compact connected manifold and 2 will denote a
bounded connected Lipschitz open subset of R?. Given a measurable map g : 9Q — A/, we say that
u is a minimising harmonic map if it is a minimiser of the Dirichlet energy
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among all maps u : Q@ — N in the Sobolev space of mappings with boundary value ¢:
WA QN) = {u e W"*(Q,R”) : u(z) € N almost everywhere in Q and traq u = g}.

Here we have assumed that the manifold N is isometrically embedded into R for some v € N,
troq denotes the trace operator (see for example [15, §4.3]), and || is the Euclidean norm defined
by |M|? = tr(M M*) whenever M is a real matrix (also known as Hilbert-Schmidt or Frobenius
norm).

It is known since Morrey [34] that any minimising harmonic map in a planar domain is smooth.
However, when the target manifold V is not simply connected, some boundary data g cannot be
extended continuously to €2; for such boundary data, the set W;’Q(Q,N ) is empty [6, Theorem 2].

Multiply-connected - i.e. connected but not simply connected — target manifolds arise naturally
in several relevant contexts. They can be sets of order parameters in condensed matter physics, for
instance: the circle V' = S! representing planar spins in superconductivity in the Chern-Simon-
Higgs theory, the real projective space N’ = RP™ in nematic liquid crystals, N" = SU(2)/Q, where
Q@ is the quaternion group, for biaxial molecules in nematic phase, and N' ~ SU(2) x SU(2)/H,
where H is a subgroup of SU(2) x SU(2) isomorphic to four copies of S!, for superfluid *He in
dipole-free phase [2,30]. Such manifolds also appear in computer graphics and meshing algorithms,
in which the quotient manifold SO(3)/O represents frame-fields describing the attitude of cubes by
a rotation in SO(3) up to an element of the octahedral group O describing the rotations preserving
the cube [3,44]. The absence, in general, of harmonic maps into these manifolds brings the question
about constructing maps that are as much harmonic as possible.

In the case of the circle N' = S!, Bethuel, Brezis and Hélein have provided maps that are as
harmonic as possible in their seminal work on Ginzburg-Landau vortices [5]. They considered the
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ISuch an embedding always exist in view of the Nash embedding theorem [36].
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Ginzburg-Landau functional
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which replaces the hard constraint that |u| = 1 by adding a penalisation term in the functional

which forces to satisfy the constraint a.e. as ¢ — 0. They proved that in the limit ¢ — 0, minimisers
of the Ginzburg-Landau energy converge to a harmonic map into the circle S* outside a finite
number |d| of points, where d € Z is the topological degree of the boundary datum g, and that this
|d|-tuple of points minimises a renormalised energy. This renormalised energy was defined as the
Dirichlet integral of a real valued harmonic map with finitely many point singularities from which
singular contributions have been removed [5, (47) in §1.4]; this harmonic map is characterised as a
function whose Laplacian is a sum of Dirac masses at the singular points with Neumann boundary
conditions originating in the boundary datum ¢ [5, (22) in §1.3]. This renormalised energy also
describes the energies and governs the optimal position of singularities of maps which are harmonic
outside shrinking disks [5, Theorem 1.7] and the position of singularities of p—harmonic maps as
p " 2[19]. The renormalised energy depends continuously on the position of points, and penalises
singularities migrating towards the boundary OS2 and singularities of same-sign degree migrating
towards each other [5, Theorem 1.10]. A renormalised energy for the problem of p—harmonic maps
from Q C R™*! into the sphere S” as p ,* n + 1 has been been defined by a core radius approach
with shrinking disks [20]. In the case of two-dimensional Riemannian manifolds, other types of
Ginzburg-Landau relaxations giving rise to different renormalized energies between vortices are
given in [24, 25], where the vortices correspond to singularities of unit-length harmonic tangent
fields due to a non-vanishing Euler-Poincaré characteristic of the vacuum manifold.

The goal of the present work is to define a renormalised energy for the problem of harmonic
maps from Q C R? into a general manifold \. Such a wide framework will allow to cover the
variety of manifolds that are physically and geometrically relevant.

We define the renormalised energy of a list of singularities by a shrinking disks approach, as
the limit of Dirichlet energies of minimising harmonic maps outside small disks centered at the
singularities. More generally, we define the renormalised energy of Sobolev maps with singularities,
which are not necessarily harmonic (Definition 7.1). This flexibility allows to express the asymptotic
expansion of the Ginzburg-Landau energies of low energy states, and not only minimisers, in terms
of the renormalised energy [33]. In the case of the classical Ginzburg-Landau functional (1.1), this
approach was clarified in [17, §2.5].

The first step in the construction is to determine what boundary conditions on the shrinking
disks are compatible with the boundary data. This is performed through the definition of topological
resolution of boundary data (Definition 2.1 and Definition 2.2), which are invariant under homotopies
in the framework of maps of vanishing mean oscillation (VMO) [7,8]. In contrast with the case of the
circle S! whose fundamental group 71 (S!) ~ Z is abelian, these topological compatibility conditions
cannot be described in general by simple algebraic relations; there is still a characterisation in terms of
conjugacy classes, which correspond to free homotopy classes (see Proposition 2.4). The topological
resolution brings then the notion of singular energy of boundary data (Definition 2.5) and the notion
of minimal topological resolution (Definition 2.7). In the abelian case, this description coincides
with Canevari and Orlandi’s results that covers in general W1* energies for a (k — 2)-connected
target manifold NV [11].

For the circle S!, in order to define the renormalised energy by the shrinking disks approach,
it is equivalent to either prescribe (parametrised oriented) geodesics at the boundary of each disk
near singularities, or to prescribe the topological degree only [5, Theorems 1.7 and 1.9]. Note that
geodesics in the same homotopy class, i.e. of same degree, only differ by a rotation in this case. In a
general manifold )V, the structure of geodesics in a given homotopy class can be more involved,
and this brings us to define two renormalised energies of configurations of points: a topological
renormalised energy, in which we prescribe the homotopy class near the singularity and a geometrical
renormalised energy in which we prescribe the boundary datum to be a given geodesic near the
singularity. The latter geometric energy is more involved, but turns out to be the relevant concept
for the asymptotic analysis of Ginzburg-Landau energies [33].

A first question is whether the geometric renormalised energy depends on prescribed geodesics
— also called geometric singularities in the sequel — that are homotopic. We answer this question
through a new notion of synharmony between geodesics, which measures how much renormalised
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Dirichlet energy it takes to connect two given maps from S' to AV. In particular, the geometric and
topological renormalised energies coincide with the classical definition for the circle [5] (see also
[37] for the case of multiply-connected domains). More generally, we show that the geometric and
topological renormalised energies coincide for discrete quotients of Lie groups due to the fact that
homotopic closed geodesics are always synharmonic in this case (Corollary 9.6).

The renormalised energies penalise singularities approaching the boundary, and singularities
approaching each other when the resulting combined singularity would have a higher singular
contribution to the energy (Proposition 6.1). (It could happen by an arithmetic coincidence that
several singularities combine into a single singularity with the same singular energy; this happens
in cooked-up examples of manifolds but we did not observe it in physically or geometrically relevant
examples.) The proof relies on a lower bound on harmonic maps (Theorem 5.1), that we prove in a
form which is stronger than needed by the present work and which include a weak L? Marcinkiewicz
estimate on the derivative — or equivalently an estimate in the Lorentz space L*° — in view of our
further analysis of Ginzburg-Landau relaxations [33]. We also show that the renormalised energies
are locally Lipschitz-continuous functions of the position of the singularities (Proposition 4.1).

The canonical harmonic map in Bethuel, Brezis and Hélein’s analysis is a harmonic map outside
the prescribed set of singularities, which can be used to recover the actual value of the renormalised
energy [5, §L.8]. The uniqueness of this canonical map is related to the nice structure of harmonic
maps with singularities into S', maps that we call singular harmonic maps.

In the case of a general compact manifold, we define notions of renormalisable maps, renormal-
isable singular harmonic maps, stationary renormalisable singular harmonic maps and minimising
renormalisable singular harmonic maps into the manifold A/, and we study their connections (§7).

In particular if the positions of the singularities minimise the geometric renomalised energy
for a given set of prescribed geometric singularities, and if a renormalisable singular harmonic
map achieves this renormalised energy, then it has the additional property that the flux of the
stress-energy tensor around the singularities vanishes, or equivalently, that the residue of the Hopf
differential vanishes at each singularity (see Lemma 7.7 and Proposition 7.9).

The topological renormalised energy is always achieved by a minimising singular harmonic map
(Proposition 8.1), whereas for any position of the singularities, either the geometrical renormalised
energy is achieved or it is achieved with other geometric singularities with a difference between
the renormalised energies of the two sets of singularities being exactly the synharmonic distance
(Proposition 8.2). In particular, these results give a characterisation of the topological renormalised
energy as the minimum of the geometric renormalised energies with singularities in the given
homotopy classes (see Proposition 8.3 and (8.4)).

In order to perform explicit computations, we identify the topological resolutions of all possible
boundary data in several manifolds AV of physical and geometrical interest in Section 9. We conclude
this work by expressing in terms of the renormalised energy into S' the renormalised energy for
maps into any manifold for boundary data taking monotonically their value into a minimising
geodesic with minimal singular energy (Theorem 10.1).

2. SINGULAR ENERGY AND RENORMALISED ENERGY OF CONFIGURATION OF POINTS

2.1. Topological resolution of the boundary datum. Given k£ € N,, we denote by Confy, (2 the
configuration space of k ordered points of (2:

Confy Q = {(ay,...,ax) € Q¥ : a; = aj ifand only if i = j}.
Given (ay,...,a) € Confy (2, we define the quantity

la; — ajl

2.1) plag,...,a) = inf({ 9

: i,je{l,...,k:}andi#j}

U{dist(ai,afl) : ie{l,...,k}}),

in such a way that if p € (0, p(ay, ..., ax)), we have B,(a;) N B,(a;) = 0 foreach i, j € {1,..., k}
such that i # j and B,(a;) C Q for eachi € {1,...,k}, and thus the set Q \ UY_; B,(a;) is
connected and has a Lipschitz boundary.

Definition 2.1. Given a Lipschitz bounded domain 2 C R? and k € N,, we say that (v1,...,7) €
C(S', N')* is a topological resolution of g € C(92, N') whenever there exist (a1, ..., a;) € Conf;, Q,
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a radius p € (0,p(a1,...,ax)), and a continuous map u € C(Q \ UL, B,(a;),N) such that
ulgpn = gand foreachi € {1,...,k}, u(a; + p-)|st = V-

The notion of topological resolution is independent of the order of the curves in the k-tuple
(71, --,7). Moreover, if (by,...,b;) € ConfQ and n € (0, p(b1,...,bx)), then there exists a
homeomorphism between Q \ UF_; B,(a;) and Q \ U¥_; B, (b;) that shows that the statement of
the previous definition is independent of the choice of the points and of the radius. Similarly, if for
eachi € {1,...,k} the map ¥; is homotopic to ; and if ¢ is homotopic to g, then, by definition of
homotopy and since an annulus is homeomorphic to a finite cylinder, we have that 71, ..., is
also a topological resolution of g. Hence the property of being a topological resolution is invariant
under homotopies.

Definition 2.1 can be extended to the case where one has g € Wl/Q’Q(OQ, N)and vy, ..., €
W1/22(S' V). Indeed, when T is a curve homeomorphic to a circle, maps in W/%2(T', V) are
in the space VMO(S!, \), whose path-connected components are known to be the closure in
VMO(S!, NV) of path-connected components of C(S!, N') [7, Lemma A.23].

Definition 2.2. Given a Lipschitz bounded domain 2 C R? and k € N,, we say that (71, ...,7V) €
VMO(S!, M) is a topological resolution of g € VMO(9Q, N') whenever (71, . . ., 7% ) is homotopic
in VMO(S!, NV)¥ to a topological resolution (%1, . . ., 7)) of amap § € C(99, N') which is homotopic
to g in VMO(9Q, N).

Since Definition 2.1 is invariant under homotopies and continuous maps are homotopic in VMO
if and only if they are homotopic through a continuous homotopy, Definition 2.2 generalises
Definition 2.1.

In the particular case where we have (vy1,...,7) € WY22(SY, M)k ¢ VMO(S', N')* and
g € W22, N') € VMO(9, N), topological resolution can be characterised through the
existence of an extension in W1H2(Q\ UF_; B,(a;), ).

Proposition 2.3. Given a Lipschitz bounded domain Q C R%, k € N,, (a1,...,a;) € Conf,Q
and p € (0, play,...,ax)), we have that (y1,--- , k) € WY22(S, N)F is a topological resolution
of g € W/22(9Q, N) if and only if there exists a mapu € W2(Q\ U, B,(a;), N') such that
troq = g and foreachi € {1,... ,k}, trgr u(a; + p-) = vi.

Sketch of the proof. Assuming that the maps form a topological resolution, we can first extend
the boundary datum to a map which is in W2 of a small neighbourhood of the boundary of
Q\UY_, B,(a;) and smooth away from the boundary [6, Theorem 2]; the map can then be extended
smoothly to the rest of Q \ Uf_; B,(a;) since we have a topological resolution.

Conversely, u can be approximated by smooth maps [41, §3]; by continuity of the traces the
restrictions of the approximations are eventually homotopic to the traces of u. g

Topological resolutions can be characterised algebraically in the fundamental group 7 (N). We
recall that each homotopy class of maps from S' to A is associated to a conjugacy class of the
fundamental group 71 () (see for example [21, Exercise 1.1.6; 30, §1I]). If I' C R? is an embedded
compact connected closed curve, by using an orientation preserving homeomorphism between I
and S! we identify a map from I' to A/ with a map from S! to V.

Proposition 2.4. Let Q) be a Lipschitz bounded domain. We write 0§) = f:o I';, where{ > 0,
Io,I'1,--- , T are connected embedded compact curves in R? such that 'y is the outer component of
0N and, when ¢ > 1, foreachi € {1,...,(}, the setsI'; are the inner components of the boundary.
The list (71, . .., y) € VMO(S!, N')* is a topological resolution of g € VMO(9S, ) if and only if
(a) foreveryi € {1,...,k}, there exists h; € w1 (N') belonging to the conjugacy class of w1 (N)
associated to ~y;,
(b) for every j € {0,..., ¢} there exists g; € m1(N) belonging to the conjugacy class of w1 (N)
associated to g\pj,
such that

(2‘2) h1~'hk‘g1'”gz=90'

All the implicit isomorphisms between homotopy groups of curves are built by taking the orien-
tation inherited from that of the plane. For an equivalent condition involving conjugacy classes of
the fundamental group we refer to [10, Lemma 2.2].
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Proposition 2.4 tells us when a map g € C(9€2, ) can be extended into a map u € C(2, ') with
ulgn = g. When  is simply connected a map g € C(92, N) possesses a continuous extension
in € if and only if it is (freely) homotopic to a constant. Thanks to Proposition 2.3, the algebraic
conditions can be transposed to the case of H'/? boundary data.

Although the product in 71 (V) is nonabelian in general — and in most of our model situations
afterwards — the order of the product in (2.2) is not important since the factors can be chosen freely
in conjugacy classes; algebraically, this is related to the fact that in any group g-h = (g-h-g~1)-g =
h-(h=t-g-h).

Computationally, checking condition (2.2) seems to require testing all the possible elements in
conjugacy classes, leading typically to a cost which is exponential in k unless 71 () is abelian, as
it is the case for the Ginzburg-Landau functional (V' = S' and 71(S') ~ Z) and the Landau-de
Gennes functional (V' = RP? and 71 (RP?) = Z/27).

In the case N = S!, w1 (NV) = Z, condition (2.2) can be expressed in terms of the degree. It reads

k L

Z deg(’%a Sl) + Z deg(g‘rj ) Fj) = deg(g|Foa FO)a
i=1 j=1

where we oriented all the curves anti-clockwise. More generally, in the case where 71 () is abelian,

by using an additive notation, condition (2.2) can be expressed in a similar way to the one with the

degrees.

The discussion above is related to the polygroup structure of the set of conjugacy classes in 71 (V)
[9,14]. In general, the product of two conjugacy classes ¢, ¢’ in a group G, denoted by ¢ ¢, is the set
of all conjugacy classes that are included in the set c¢’ := {xz’ : x € ¢,2’ € ¢'}. The set ¢¢’ can be
shown to be stable by conjugation; in particular, the conjugacy class of some element g € G belongs
to ¢ x ¢’ if and only if g € ¢c. This product provides the set of conjugacy classes with the structure
of a commutative polygroup. It is in particular associative, and the condition of Proposition 2.4
reads cg € ¢1 % ... x Cp* & x ... * Cp, where ¢p, ...y, 1 . .. are the conjugacy classes in 71 (N)
associated to go, ..., gz, P1, - . ., h. The fact that the set of conjugacy classes has the structure of
a polygroup rather than a group is related to the fact that some loops 71, ...,V and some inner
boundary data gr,, ..., gjr, can be compatible with two exterior boundary data g|r,, gr, which
belong to different free-homotopy classes.

Proof of Proposition 2.4. We first assume that (1, - - - ,y%) is a topological resolution of g. This means
that there exists u € C( \ UF_; B,(a;), N) such that u|pg = g and uloB,(a;) = Vi(a@;i + p-) where
(ai,...,ay) are points in Conf, Qand 0 < p < p(a, .. .,ay). We take apointz € Q\UF_; B,(a;),
we consider paths ¢, ..., ¢ joining x to each loop 9B,(a;), 1 < i < k, and paths ¢, c},..., ¢
joining z to each T';, 0 < j < £, in such a way that no paths among ¢, . . ., ¢, ¢, ¢}, . . ., ¢¢ intersect
each other. Now we consider the loop

= (crrayp*C) %k (cpxap*cp)x () xal xE)) %% (chxajy*c))

where «; : [0,1] — 0B,(a;) are parametrisations of 9B,(a;), 1 < ¢ < k, o} : [0,1] — T';, are
parametrisations of I'j, 1 < j < /, * denotes the concatenation of paths and ¢ denotes the inverse of
the path c. The image by u of the loop « is a loop in A/ passing by v := u(z) € N. The homotopy
class in 71 (N, v) of this loop, denoted by [u o «f, is equal to the product of the homotopy classes
[wo (cixarxc)]---[uo (cpragxcy)-[uo (dh*aj=*c))] - [uo (¢*a)*c)]. Now the
loop u o « is freely homotopic to g|r,, via the map u € C(Q \ U;?:l B,(a;),N). (Note that the set
Q\ U§:1 B)(a;) is homeomorphic to a finite cylinder.) Because of the correspondence between free
homotopy classes and conjugacy classes of 71 (A) this means that [u o «] belongs to the conjugacy
class of [¢{, * g|r, * €p]. This last condition translates into (2.2).

Conversely we assume that (71, ...,7) is given such that (2.2) holds. Then, with the same
notation as in the previous part of the proof, thanks to (2.2), we see that the loops g|r, and (71 o
(crxar*cr)) - (Y, o (ck*ag*Ck)) *(glr, o () xaf*c)))*---x(g|r, o () *xa *¢))) are
freely homotopic. This homotopy can be used to construct the desired extension. g

2.2. Singular energy. We define the minimal length in the homotopy class of v € VMO(S!, )
as

(2.3) Ay) = inf{/Sl 17| = 4 € YS!, N) and 7 are homotopic in VMO(SI,N)},
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where |-| is the norm induced by the Riemannian metric gy of the manifold V' on each fiber of the
tangent bundle TV, or equivalently, since N is isometrically embedded in R”, |-| also denotes the
Euclidean norm. For example, for d € N, if we consider the maps 74 : S — S! givenfor z € S' ¢ C
by v4(z) = 2¢ then A(vq) = 27]d|.

By the Cauchy-Schwarz inequality and by a classical re-parametrization, we have

<12
(2.4) inf{ ’72| . 4 € CY(S*, V) and ~y are homotopic in VMO(Sl,./\/)} =
Sl

In particular, if v is a minimising closed geodesic, then

/ 1v'|? '
@) A = [ W= fam [ D = omlfae,
st st

since |7/| is constant for a minimising geodesic.
The systole of the manifold N is the length of the shortest closed non-trivial geodesic on N:

(2.6) sys(N) = inf{\(y) : v € CY(S", V) is not homotopic to a constant}.

In particular, for every v € VMO(S!, \V), one has A(y) € {0} U [sys(N), +00).
We now define the singular energy of a function g € VMO(9Q, N):

Definition 2.5. If Q C R? is a Lipschitz bounded domain and g € VMO(99, \), we define
()
E%(g) == inf Z i k € N, and (71, ...,7) is a topological resolution of g ;.
=1

For example, if g € VMO(952, S!) and deg(g) = d € Z then £%(g) = 7|d|. From the definition
we can see that £ is invariant under homotopies and for every v € VMO(S!, /), one has

E%(y) < %122. In general, the singular energy is bounded by Sobolev energies: if v € W12(9Q, N),
then

12
5sg(fy)§/ h2|dH1;
o0

if v € WL(0, V), then

1 2
2.7 E8(y) < — '|d 1>
@ 0 < 3= ([ pan
and if v € W1/PP (9, N) for some p > 1, then [43, Theorem 1.5],

s 2
Proposition 2.6. If two Lipschitz bounded domains satisfy Qg C 1 andu € WH2(Qy \ Qo, N),
then
gSg(tI"aQO u) > E% (tragl u).

Proof. We observe that any topological resolution of troq, u is a topological resolution of trpn, u
by existence of the map v and by Proposition 2.3. g

We define minimal topological resolutions to be optimal resolutions in Definition 2.5:

Definition 2.7. We say that (71, ...,7x) is a minimal topological resolution of g if it is a topological
resolution of g with A(+;) > 0 for every i € {1,...,k} and

k N2
E%(g) =) /\er) .
i=1

Definition 2.8. A closed curve v € C(S', ) is atomic whenever () is a minimal topological
resolution of ~.

It will appear in the examples that minimal topological resolutions for a given g are not necessarily
unique up to homotopy; even being atomic does not exclude the existence of a minimal topological
resolution into several maps.
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2.3. Renormalised energies of configurations of points. Given a bounded Lipschitz domain
Q C R? an integer k € N,, (ay,...,a;) € Confy ), a radius p € (0,p(a1,...,a;)), a map
g € W1/22(9Q, N) and a topological resolution (71, ...,vx) € W/22(S', N')¥ of g, we consider
the geometrical energy outside disks

(28) EXO™P (ar,...,ap)

Du)? 4.
:1Ilf{/ . | U| LU e WLQ(Q\ UBp(ai),N), trogogu =g
AU, Bolas) 2 i=1
and for eachi € {1,... ,k}trgi u(a; + p-) = ’yi}
and the topological energy outside disks

(2.9) 5;0%7’?”’ k(al, ceeyag)

Dul? ko
:inf{/ L Dyl : uer’Q(Q\UBp(ai),N),tragu:gand
Q\Uizl BP(ai) 2 =1

foreachi € {1,...,k}, trg1 u(a; + p-) and 7; are homotopic in VMO(Sl,N)}.

The geometrical renormalised energy corresponds in Bethuel, Brezis and Hélein’s work to F
[5, Theorem 1.3] and the topological renormalised energy to E; [5, Theorem 1.2]. Thanks to the
underlying linear structure of the problem, both can be computed as solutions of a linear elliptic
problem in their cases.

In the next two propositions we show that the geometrical energy and the topological energy
enjoy monotonicity properties:

Proposition 2.9. Letk € N,, (ay,...,a;) € Conf,Q, g € W/22(0Q,N) and (y1,...,m) €

WI/Q’Q(SI,/\/‘)k be a topological resolution of g. If v1, . . . , i are minimal geodesics, then the map
k 2
_ A(; 1
€ (0,p(an,...,ax)) = EEMP. (ay, ... ax) — Z Zy;r) log;
i=1

is non-decreasing.

Proof. For 0 < p < o < p(ai,...,a;), for every u € W'2(Q\ Ur_; By (a;),N) such that u = g
on Jf2 and u(a, +0-)|st =i on Sl foreveryi € {1,...,k}, we deﬁne v:Q\ UL Bylai) = NV
for z € @\ U¥_; B,(ai) by

o() = {% (Z=2) iz € Bo(ar) \ Bylas) withi € {1,....k},

u(x) otherwise.

For every i € {1,...,k}, since ~; is a minimising geodesic, we have

/ |Dl® _ / ( / \W) dr A o
Bo(ai)\Bp(a;) 2 p st 2 /7 4 o’

We thus have v € WH2(Q \ Ui-{:l Bp(ai))N) and

Dv|? 1 Dul2  EA()?
[T kT AP S v o
Q\Uizl BP(ai) Q\Uizl Bo(ai) ; ™ P

and the conclusion follows. O

Proposition 2.10. Letk € N,, (ay,...,a;) € Conf, Q, g € WY/22(0Q,N) and (v1,...,7) €
WI/Q’Q(SI,J\/’)’“ be a topological resolution of g. If v1, . . ., Y, are minimal geodesics, then the map

€ (0, plar,..,a)) = EXRL_ (ar,... ax) -
is non-increasing.

Proposition 2.10 will follow from the following lemma:
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Lemma 2.11. Ifk € Ny, (a1,...,a;) € Confr Q2,0 < p < o < play,...,ax), ifu € Wh2(Q\
U, B,(ai),N) and if for everyi € {1,...,k} the maps trs1 u(a; + p-) and~; are homotopic, then

Dul? Dul? & i)?
J e AR o D
Q\U L Bolai) 2 AU, Bo(ai) 2 i=1 4 P

Proof. We first have, by additivity of the integral,

/ \DUI2 _/ !DW Z/ | Dul?
AU, Bo(ar) 2 AUE, Bo(a) iD1 J Bo(a)\Bo(ar) 2

Next, for every r € (,0, , we observe that the map trg: u(a; + 7-) is homotopic to ;. Hence,

Dul? A7:)2 A(7i)2
/ | 2u] / / Q‘Wu aH—r@)‘rd@er/ Z(pr)dr:gy)loga. O
o (ai)\Bp(ai) st &!'r o nr T p

Let k € N,, g € WY22(0Q,N) and (v1,...,7) € C(S', N)* be a topological resolution of g
such that 7y, . . ., 7% are minimal geodesics. Since the constraint in the definition of (2.9) is weaker
than the one in (2.8), we have for each p € (0, p(aq,...,ax)),

k k 2

Ay 1 Ay 1

(2.10) 8;05’1'” e (al,...,ak)—z (4;) lo g; <Eggei$1rf1p%(a1,...,ak)—z (4;) log;,
i=1 i=1

so that the left and right hand sides are bounded. Therefore, we can define the geometrical renor-

malised energy by

k 2
11 m 1
esom lar, ..o ak) —;%S§ﬁ7’p (a1,...,ax Z log;
(2.11) = et 1
. Vi
— N TR T log =
pe(O.plar, ) I (ar “ ; ar %

and the topological renormalised energy by

k
g;?'%7...,yk (ala s >ak‘) = ;1_2% 5_;0')?171) Y (Gl, s 7ak’) - Z An log —

(2.12)

k
— top,p .
- 7Sllp gg Y155 Vk (a]" Tt ak) Z :
pe(0,p(ar,...,ax)) i=1 p

We immediately have, in view of (2.10) that

(2.13) St?,% larsar) <ET L (ar,. .., ag).

When N = S! is the circle and the domain (2 is simply connected, both renormalised energies
g -, and 5;0% . coincide with Bethuel, Brezis and Hélein’s renormalised energy [5, §L.4],
which was defined in terms of Green functions and extension for linear problems; due to the more

nonlinear character of our general setting, their approach seems quite unlikely to work here.

3. DEPENDENCE ON THE CHARGES OF SINGULARITIES

The renormalised energies are functions of the points (a1, ..., ax), of a boundary data g €
W1/22(9, N') and of one of its topological resolution (71, . ..,vx) € W/22(S!, N). The curves
~; are referred to as charges of the singularities ((a1,71), ..., (ak, 7&))-

3.1. Dependence on the charges of the topological renormalised energy. The topological
renormalised energy only depends on the homotopy classes of maps near the singularities:

Proposition 3.1. Let @ C R? be a Lipschitz bounded domain, g € W1/2’2(8Q,N), k € N,,
(a1,...,a;) € Confy Q, andy1,..., Yk 1, - -, 3k € WY22(SY, N). If foreveryi € {1,...,k}, %
is homotopic to ~y;, then

t
gg?’%77’~)’k (a17 T ) 5.20’5)1? Vk (al’ e ’ak)'

Proof. This follows from the fact that (2.9) is invariant under homotopies and from the definition in
(2.12). O
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3.2. Synharmony of maps. In order to study the dependence on the charges of the geometrical
renormalised energy, we introduce the synharmony between geodesics which quantifies how
homotopic mappings can be connected through a harmonic map.

Definition 3.2. The synharmony between two given maps v, 5 € W1/22(S' N), is defined as

D 2 2
ot =it { [ (1B 20D) L re (0,400, 0 e WS 5 0,71,0),
St x[0,T] 2 8

trgiy oy u = v and trgi,(ryu = on Sl}.

The synharmony is an extended pseudo-distance which is continuous with respect to the strong

topology in W1/22(S!, ).

Proposition 3.3. For everyy, 3, € W/22(S', /), one has

(l) dsynh(’Y;'Y) = 07

(”) dsynh(’%B) > 07
(iii) dsynn (7, B) < +oc if and only if v and 3 are homotopic in VMO(S!, \),
(iV) dsynh(’Yv /B) = dsynh(ﬁa’)/)’

) dsynh(’Ya /6) < dsynh(’Ya Oé) + dsynh(ay /B)
(vi) if the sequence (7, )nen converges to~y strongly in W1/22(S', N, then

linrgg.}f dsynh (7,7n) = 0.

Proof. For (i) we take u € W12(S! x [0, 1], ) such that trg: {0} ¥ = 7, and we define for T" € (0, 2),
up(z,t) =u(x,T/2 — |t —T/2|). Since for each 0 <t < T we have 0 < T/2 — |t — T'/2| < 1 the
map up is well-defined and satisfies trgi, o) ur = trgix (7} ur =7 and

2 2 2
/ <|DuT\ B )\(7; ) :/ <|Du,2 B A(Vg >;
S1x[0,] 2 8m S1x[0,7/2] dm

the conclusion follows from Lebesgue’s dominated convergence theorem.
The property (ii) follows from the fact that if u € W12(S! x [0, T], V) and if trg: <{0} U =7
then for almost every ¢ € [0, 7], the map u(-, t) is homotopic to y and thus in view of (2.4)

Du(, ) A)? _ [ M)
> 27 /S

st 2 T 4r 82

The finiteness property (iii), follows from Definition 3.2 and the trace and extension theory for
Sobolev mappings [6].

For (iv), we rely on the fact that A(y) = A(5) if v and /3 are homotopic.

In order to prove (v), we observe that if u € W12(S! x [0, T, ), trs: < {0} U =V, trgi gy U =
v e WH(S! x [0,T],N), trsix oy v = a and trgiyryv = f3, then we can define the map
w € WH2(S! x [0,27], V) by w(-,t) = u(-,t) ift € [0,T] and w(-, t) = v(-,t — T) if t € [T, 2T).

We now check (vi). For every n € N, we let vy, : S x (0, +00) — R” and v : S' x (0, +00) — R¥
be the harmonic extensions of -y,, and of 7 respectively. Since (v, )ncn converges strongly to v, then
for every T' € (0,400), (vnlst x[0,1])nen converges strongly to v|s o 71 in WH2(S! x [0, T],R¥)
and v,, — v locally uniformly in S* x (0, +-00). We define the function v, r : [0,T] — R” by

vn(x,t) if0<t<T/3,
onr(z,t) = ¢ 2230y, (2,t) + 2L(2, T —t) ifT/3 <t <2T/3,
v(z, T —1) if2T/3 <t <T.

We have that v, 7 — vr strongly in Wh2(St x [0, 7],R”) and v, 7 — vr locally uniformly on
St x (0,T), where

v(x,t) if0<t<T/3,
vp = EBby(z,t) + 2 Lo(x, T —t) i T/3 <t <2T/3,
v(z, T —t) if2T/3<t<T.
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Furthermore, by convexity and a change of variable we see that

/ |DUT|2
St x[0,T

< 2/ |Dv|? + / |Dv|? + // (z,T —t) — v(x,t)|? dt dz.
Slx[O,g] Sl [T 2T] Sl x [T 2T]

We now use the fundamental theorem of calculus to write that, for 7'/3 <t < 27/3,v(x,T — t) —

v(z,T) = 0 ds v(z,T — s) ds. Hence, by Holder’s inequality we arrive at
2 _ 2T 2
lv(x, T —t) —v(x,T)] <? ]Dfu(x,T—s)\ ds.
0
Hence
9 2 6 2
T2 lv(z, T —t) —v(z,T)| dJ:dtST |Dva: T —s)|*dsdxdt
x5, 5] x[5.5]

< 2/ | Dvl?.
Stx[L,1]

Thus we find that fslx[o,T} |Dvp|? <3 fSlx[O,T] |Dv|? and

D 2 D 2 D 2
lim lim Mn’T':hm/ [Der” gy, / [Dvl”
T—0n= Jsiyor) 2 T—0 Jsixo,r] 2 T—0 Jsixor] 2

Moreover, since the sequence (7, )nen converges strongly to v in W/22(S!, N) and thus in
VMO(SY, V), by the characterisation of compact sets in VMO(S!, /), [7, Lemma 4], we have

hm sup sup ][ f | (y) —v(z)|dy dx = 0.
0 neN gest Bs(a)nSt J Bs(a)NSt

Thus (see [8, Theorem A3.2 and its proof]), we find

lim sup{dist(z,/\f) s zew(S' x (0,T)) U U v (ST x (O,T))} =0,
T—0 neN
and hence
lim lim sup sup { dist(z,N) : 2 € v, r(S' x (O,T))} =0.

T—0 n—oo
Therefore, if Il : {z € N : dist(z,N') < 6} — N is the nearest-point retraction, well-defined
and smooth for § > 0 small enough, for each 7" small enough, IIys o v, 1 is well-defined when
n € N is large enough and we have

[D(Iy 0 vpr)|?

lim lim =0
T—=0n=00 Jsix(0,7] 2
Hence we have
. D(Ly © vy7)? AW)
| N e : _ =0. g

The synharmony pseudo-metric is complete:

Proposition 3.4. If (7, )neN is a sequence in Wl/Q’Q(Sl,/\/’) such thatlimy, ;00 dsynh (Yn, Ym) = 0,
then there exists v € W1/2’2(S1,N) such that limg, o0 dsynh(Vn,7) = 0. Moreover either (n)nen
converges strongly toy in W1/22(S', N) or ~y is a geodesic.

Proof. In view of the triangle inequality (Proposition 3.3 (v)), it is sufficient to prove the conver-
gence for a subsequence. Hence, we assume without loss of generality that for every n € N,
dsynh (Yn, Tnt1) < 2% ; in particular, all the maps +,, are homotopic by Proposition 3.3 (iii). By
definition of synharmonic distance (Definition 3.2), for each n € N there exists L,, € (0, +00) and
amap u, € WH2(S! x [0, L,], V) such that trs1 {0} Un = Yn ON St, st {L,} Un = Yn+1 ON St

and
/ (Dun2 . A(W) _1
Slx[O,Ln] 2 871'2 - 2”
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We define for each n € N,, T}, = 2?2—01 Li, Ty =0, Ts == > jen Li € (0,+00] and the map
u:]0,Too) = N by u(z, t) == up(x,t —T,,) if T, <t < Thpya.

If Too < +00, then we set y = trg1, (7. } u, for which we observe that lim,, o dsynn (Yn,v) =0
and (7, )nen converges strongly to v in W/22(S!, N). This convergence can be seen thanks to
the continuity of the trace with respect to translations. Indeed, v, = trsi,(7,} u = trgi o3 u(-, - +
T,) — trsigqoyu(s - + To) = vasn — oo in W1/22(S! N) thanks to the continuity of the
translations in W12 and of the continuity of the trace.

If Too = 400, we first observe that, since A(7y,) = A(7o) for every n € N,

0 . 2 2 [e'e}
o Ust 2 82 e on

Hence, there exists a sequence (%, )nen — 00 such that

)P AP
n—o0 [q1 2 Ar

By compactness in W 2(S, ), the sequence (u(-, t,))nen converges strongly to some minimising
geodesic v € W12(S!, M) and it follows then that (-, ),en converges in synharmony to 7. g
(8!

Proposition 3.5. If K is a compact subset of W1/
then

N) such that every o, 3 € K are homotopic,

Sup{dsynh(OZ?B) : aaﬁ € K} < +-00.

In particular, if Y is a bounded subset of W12(S!, A) such that every «, 3 in Y are homotopic,
then Y is bounded in synharmony.

Proof of Proposition 3.5. Let (e, )nen and (53, )nen be maximising sequences for sup {dgynn (v, 8) :
@, 8 € K}. Then, by compactness of K, there exist a., 8 € K C W1/2’2(SI,N) such that, up to
extraction, oy, — « and 3, — B in W1/22(S! R¥). By Proposition 3.3, we find dsynn (o, B) =
sup {dsynn(, 8) : o, € K} < 4o0. O

Definition 3.6. Two maps v, 5 € W1/22(S', N) are synharmonic whenever dsynh (7, B8) = 0.

Proposition 3.7. If dsynn(7, ) = O then either v = [3 almost everywhere or vy and 3 are minimising
geodesics.

Proof. By definition of synharmonic maps (Definition 3.6) and of synharmony of maps (Definition 3.2),
there exists a sequence (7}, )nen in (0, +00) and for each n € N a map u,, € WH2(St x [0, T;,], )
such that tregys1 un = 7, tryg,1xs1 un = S and

2 2
lim ('D“"| ) ) —0.
no0 Jsijo, )\ 2 8w

Up to a subsequence we can assume that either (7},),en converges to 0, or (7},)nen converges to
some 1" € (0, +00) or (T},)nen diverges towards +oc.
First, if the sequence (7}, ),en converges to 0, then by the Cauchy-Schwarz inequality

|7 Bl < hmsup/ |Duy| < lim /27T, (/
S1%[0,17,] n—roo

n—o0 Stx[0,T%]

1
2
|Dun|2> =0.

If the sequence (7}, ) nen converges to T € (0, +00), then there exists amap u € WH2(S* [0, T], V)
such that u(0,-) = v, u(T,-) = f and

/ [Dul> A0 _
stxjo,] 2 82 '

We conclude from this that % = 0 almost everywhere in S! x [0, 7] and that y = 3 is a minimising
geodesic.
If (T),)nen diverges to +oo, there exists a map u € W12(S! x (0, +00), N) such that u(0, -) = v

and for every T e (O, +OO),
/ |Du|2 )‘(’7)2
T8z 0,
Stx[0,T 2

from which it follows that v is a minimising geodesic. Similarly, ( is also a minimising geodesic. [J
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The next proposition states that minimising geodesics that are homotopic through minimising
geodesics are synharmonic.

Proposition 3.8. Let H € C1(S* x [0,T],N). If for everyt € [0,1], the map H(-,t) : S' = N isa
minimising geodesic, then

dsynh(H('a O)a H(a 1)) =0.
Proof. We define for every T' > 0 the function uy : S' x [0,1] = N by ur(z,t) := H(z, %). and
OH

we observe that
/ (!DuT!2 B /\(H(-,O))2> _ 1/ oH
S1x[0,7] 2 87'(2 T S1x[0,1] ot

which goes to 0 as 7" — +-00. g

2

)

In particular, if R(f) € SO(2) denotes the rotation of angle # € R we deduce that dsynn (v ©
R(#0),7) = 0, by applying Proposition 3.8 with H (x,t) = v(R(t0)).

The following proposition provides us with an example of non-synharmonic geodesics on a
Riemannian manifold.

Proposition 3.9. Assume that N = (S' x S!,g), I, and I_ are connected nonempty disjoint open
sets of S! such that 01, = OI_ = {ag, a1}, where the metric g satisfies the following properties:

(a) ify € S* x {ag,a1} andv = (v1,0) € R x {0} ~ T, S* x {0},
gy(v) = uif?,
(b) ify € St x St andv = (v1,v2) € R? ~ T, (St x S,
gy(v) = [o1]* + a(y)go(v)?,
where o € C(S' x S!, [0, +00)) and g is the Euclidian metric in R?.

Then
dsynn ((idgt1, ao), (idg1,a1)) > min{/ a,/ a}.
Iy xSt _ xSt

The assumption (a) and (b), ensures that the homotopic maps (idg1, ap) and (idg1, a1 ) are min-
imising geodesics and that A((idg1, ag)) = A((idg1,a1)) = 27.

By choosing an appropriate metric g, the right-hand side in the conclusion of Proposition 3.9 can
be made positive, giving an example of homotopic minimising geodesics that are not synharmonic.

Proof of Proposition 3.9. Let u € C*°(S* x [0,T],S! x S') with u(-,0) = (idg1, ag) and u(-, T) =

(idgt, a1 ), then
Dul? 2 Dul?
/ |u|92/ | Du| +/ Oé(u)%7
stx[0,1] 2 six[0,1] 2 S1x[0,7] 2

where u; € C®(S! x [0, T],S!) is the first component of the map u. We first have

/ | Duy |? > AM(ds1; )
St x[0,T

2 47

Next, since ]Du|§0 > 2|det Du|, we have by the area formula

| Dul3, 0, —1

[ a@Sm s [ aulderulz [ al)Hw () d.
Stx[0,T7 St x[0,T7 StxSt

We observe now that by a topological argument either u(S* x [0, 7]) D Iy x S' or u(S* x [0,7]) D

I_ x S!. Indeed, otherwise there exist points b € I, x S!\ u(S! x [0,7]) and b_ € T_ x St \

u(S' x [0, T)). But, there exists a continuous map p : S' x St \ {b,,b_} — S! x {ap} ~ S! such

that plgi (a0} = id and p|g1 (4, is constant, and thus p o u : St x [0,T] — S! is an homotopy

between the identity and a constant map, which is a contradiction.

It follows thus that

Dul? i 2
/ | Dul; > T)\((ldgl,ao)) +min</ a,/ a).
stx[o,1] 2 4m Iyxst JI_xst

The result follows then by a standard approximation argument. O
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3.3. Dependence on the charges of the geometrical renormalised energy. The dependence of
the geometric renormalised energy on the charges (i.e. the maps ;) is controlled by the synharmony.

Proposition 3.10. Let Q C R? be a Lipschitz bounded domain, g € W'/22(0Q, N), k € N, and
(a1,...,ax) € Confy Q. If (1, ...,7k) and (31, ..., 4k) € CH(S', N are topological resolutions of
g made up of minimising geodesics, then

k
geom eom _
gg’;?l“'";?k (a17 o 7ak> B ggg»’lem:’Yk (a17 Tt ak)‘ S Z dsynh(f)/'U fyz)
=1
In particular, if for every i € {1,...,k}, v; and 7; are synharmonic minimising geodesics, then
geom _ cgeom
91505 Tk (al’ T ’ak) - 897"/1»~~-7’Yk (a1’ s 7ak)‘

The dependence of the synharmonicity is optimal, as can be seen by observing that when (2 = D is
the unit disk and ~, 4 are homotopic minimal geodesics, then

EEE(0) =0 and EE(0) = duyun(3,9),

and according to Proposition 3.9, the latter quantity can be positive for homotopic minimising
geodesics.

Proof of Proposition 3.10. We can assume w.l.o.g. that dsynn(7i,%:) < +oo for each i. We take
o € (0,p(ay,...,a;)) and T > 0. Given a mapping v € WH2(Q\ U, B, (a;),N) such that
trgr u(a; + o -) = v, and u; € WH2(St x [0, L], N) such that u;(+,0) = 7; and u;(-, L) = 7;, we

set p = e Lo and we define v € W'2(Q\ U, B,(a;),N) for each z € Q\ UF_, B,(a;) by

u(z) if 2 € Q\ Uy Bo(ai),
v(@) = ui({£2% log -2) if 5 € By(ag) \ By(a;) for some i € {1,..., k}.

lz—as]

We have then

Du>? Ea)?, 1 Dul?  EA()?, 1
/ . |2v| _Z/\(Z) 1Og:/ o | 2U| _Z/\(Z) log -
AU, Bplai) i— ™ p AU, Bo(ai) i— ™ o

L Zk:/ (|Duz‘\2 B )\(%‘)2>
=1 Slx[O,T] 2 87’[’2 '

It follows by (2.11) that

k
com ~
557;/17"'7;?16 (G/l’ e ak) S gggve’yolrvnfy}C (a:l, Tt ak) + Z dsynh(ﬁW" 77‘)
i=1
and the conclusion follows. O

4. DEPENDENCE ON THE LOCATION OF SINGULARITIES

The next proposition states that the topological and geometrical renormalised energies are
Lipschitz continuous functions of the locations of the singularities.

Proposition 4.1. Let Q C R? be a bounded Lipschitz domain, g € W'/2(0Q,N), k € N, and
(Y1, -, 7%) € WY22(SY NE be a topological resolution of g. The renormalised energy ELP

915 Vk
is locally Lipschitz-continuous on Confy, ). If moreover 71, ..., are minimising geodesics, then
LM . 1s locally Lipschitz-continuous on Confy, (2.

Our proof follows the strategy that was outlined for the Lipschitz-continuity of renormalised
energies for n—harmonic maps into S*~! on (n — 1)-dimensional domains [20, §9].

In order to compare the renormalised energies at k-tuples (a1, ..., ax), (b1,...,bx) € Confy Q,
we use a deformation of Q \ UF_; B,(b;) onto Q \ U%_; B,(a;) given by the following lemma:

Lemma 4.2. Let k € N, and let ay,...,ax,b1,...,b € Q. If2maxj<i<kla; — bj| < 7 <
p(b1,...,b)/3 then there exists a diffeomorphism ® : Q — ) such that

(i) foreveryz € Q\ UY_, Bar(b;), (z) = ,

(ii) foreachi € {1,...,k} and everyx € B.(b;), ®(z) = = + a; — b,
(iii) for every x € Q, |D®(z) — id| < 2 max;<;<x{|a; — b|}.
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Proof of Lemma 4.2. Let p € C*°(R?,[0, 1]) be a smooth function such that [Dyp| < 2inR?, ¢ =1
in B1(0) and ¢ = 0in R?\ By(0). We define the function ® € C*®(f2,R?) by setting for each

T € ),
:L'—bi
i_bia
@i b)

k
(4.1) O(x) = $+Z<P<
i=1

so that (i) and (ii) are satisfied. We also get that (2) C Q: if v € Ba;(b;), then ®(z) € Bs,/2(bi) C
Bs;/6(bi) C €. Moreover, for every x € €,

%) as = b1} < 2 max {la, — bil} < 1,

42 DB() —id] < pax { D" ;e

1<i<k

so that (iii) holds, where the norm of the left-hand side denotes the norm of linear operators.
The function ® is onto: it is onto in Q \ U¥_, By, (b;); and, since DQ10B,. (b;) = idjaB,, () for all
i€ {1,...,k}, ®is also onto in U¥_, By, (b;) thanks to a degree argument. The function ® is also
into in Q. Indeed, if 2,y € Q) are such that ®(z) = ®(y) and = # y, then we find, thanks to (4.2),
that |®(x) —2—®(y) +y| = |r —y| < |x —y|. This is a contradiction. At last, ® is a diffeomorphism
thanks to (4.2) which proves that ®~! is differentiable. O

Proof of Proposition 4.1. Let T > 0 and ay, ..., ak, by, ..., by € Q satisfying 2 maxj<;<g|a; — bi| <
7 < p(b1,...,bx)/3. Let ® be the diffeomorphism given by Lemma 4.2 for these points. For every
p € (0,7)and u € WH2(Q\ UL, B,(a;),N), we estimate the energy of the map v := u o ® €
Wh2(Q\ UF, B,(b;), N) as follows.

We deduce from (i), (ii) in Lemma 4.2 and from the change of variable x = ®(y) that

/ D)y~ / . |Du(e)da
Q\Uz 1 B Q\Ule By (ai)
Du(r) DB(P 1 (2))

- /Uf_l(Bszi)\BT(ai)) ( det DO(®~1(x))

We observe that, if we let (M : N) = tr(M N*) be the inner poduct of matrices and M = Du(z) €
R¥*2 A = D®(®~1(x)) € GL2(R), we have

|MAP 2_( (A )
det A |M[" = M'M<detA ld)

and that, by smoothness of the map A € GLa(R) — AA*/(det A), there exists n > 0 such that if
|A —id| < 7 then

(4.3)

~ [Du(2)[?) da.

AA*
—id| < A —1id|.
‘det A id) < & id|
It follows then from (4.3) and (iii) in Lemma 4.2 that if max;<;<x|b; — a;| < 71/2, then

|Dv]? | Dul? |Dul?
(4.4) < + Co max |b; — a;] .
AU, Bob) 2 AU, Bo(a) 2 L<i<k UL, Bra) 2

If we now assume that trg1 u(b; + p-) = ~;, so that trg1 v(a; + p-) = ~;, we have by (4.4) and
Lemma 2.11 that

Dul?
oo [ I
Q\Uizl BP(bZ)

D 2 D 2 k A ; 2
</ . |Dul + C5 max |b; —az|</ |Dul —Z () logT>.
Q\Uizl Bp(ai) 2 1<i<k Q\U p(al 2 ‘ A7 1%

In view of (2.8), (4.5) implies that

geeome (b, ... by)

k 2
Ay T
= 55???,’,’?%(@17-“,611{)4‘02 112?<Xk‘b a2|< ggeﬁr:”?%(al"”’aw _Z (47:') logp>,
AN =1
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so that by (2.11), we have

(4.6) EEOM  (by,...,by)

1
<&M lar, .. ak) + Co 1ngl?gxk|bi — a; (852011? lar, ... ,a )
It follows then from (4.6) first that ££%0™ | is locally bounded and next that ng;olm is locally
Lipschitz continuous.
The proof for the geometrical renormalised energy 5;0% , 1s similar, relying on (2.9) and (2.12)
instead of (2.8) and (2.11). O

5. LOWER BOUNDS

5.1. Lower bound on Dirichlet energy of maps. We first recall the definition of the Hausdorff
content in the particular case of compact planar sets.

Definition 5.1. The one-dimensional Hausdorff content of a compact set A C R? is defined as

H (A) = inf{ Z diam(B) : AC U B and B is a finite collection of closed balls}.
BeB BeB

Theorem 5.1. For every Lipschitz bounded domain ) C R?, every compact set K C Q withH._ (K) >
0, and every mapu € WH2(Q\ K, N), we have

2
(5.1) / |Dul” > £ (tryn u) log
oK 2

dist(K, 09)
211 (K)

More precisely, there exists a constant C' > 0, that can be taken equal to 10 + @, such that

2 Du? dist(K, 02)
(52) ‘Du’LQ"x’(Q\K,R”X2) S C(/Q\K T — 5 g(traQ U) log W )

where ]Du|%2,®(Q\K’R,,X2) = sup,~o 82 L2({z € Q\ K : |Du| > s}).

When A = S!, Theorem 5.1 has its roots in a corresponding estimate for maps outside a finite
collection of balls [5, Corollary IL.1]. In this case, the first lower bound (5.1) is due to Sandier
[38, Theorem 1] (see also [26, Theorem 1.1]). The left-hand side of (5.2) is a weak L? estimate on
, or equivalently an estimate in the Marcinkiewicz space or endpoint Lorentz space L?>°(Q\ K).
The weak L? estimate is reminiscent of the corresponding estimate for Ginzburg-Landau equation

n [42].

We will use decomposition of the plane into balls, in what is known as a ball growth construction

[39, Theorem 4.2] (see also [26,38]).

Proposition 5.2. If By is a finite collection of closed balls in R? such that Ugen, B # 0 then, for
everyt € [0, +00), there exists a finite collection B(t) of disjoint non-empty closed balls in R? such
that

(i) By = UB’GB(O){B €By : BC B},
(ii) foreverys >t >0,
Bit)y= |J {BeB() : BC B},
B'eB(s)
(iii) there exist { € N, and some disjoint intervals I, ..., I; C R such that [0, +00) = U§:1 I; and
such that for each j € {1,...,(} andt € I;,

()_{Bpet( ) : 26{177kj}}7

with kj € N, and fori € {1,...,k;},d} € R?, pi e RT
(iv) for everyt > 0
Z diam(B) = €' Z diam(B
BeB(t) BeBy

Remark 1. By disjointness of the balls in B(t) and by (ii), for every B, B' € U, +o0) B(t), we have
either BN B'=0or BC B or B C B.
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The statement of Proposition 5.2 is essentially the same as in Sandier and Serfaty’s book [39,
theorem 4.2]. A crucial tool we will repeatedly use is the following merging of balls procedure (see
[39, lemma 4.1])

Lemma 5.3. For every finite set B of closed balls of R?, there exists a finite set B’ of disjoint non-empty
closed balls of R? such that
B= |J{BeB:BCBY},
B'eB’
and
Z diam(B') = Z diam(B).
B'eB’ BeB

Proof. Tt is sufficient to prove the lemma for two balls. If By = B, (a1) and By = B,,(a2) are not
disjoint then we observe that
= rial + roag
B=1B fa e
e ( 1412 )

contains By and Bs. O

Proof of Proposition 5.2. We first apply Lemma 5.3 to cover the collection of disks By with a collection
of k1 € N, disjoint non-empty closed balls 5(0) = {Bpi(ai) ci=1,...,k1}.
If k1 = 1, we take B(t) = {Bp%et(a%)} forallt € [0,+00), ¢ = 1 and I; = R; we observe that

> penw diam(B) = 2pje’.
If k1 > 2, we define

t; = sup {t € 10,+00) : foreveryi,i' € {1,... ki} withi # 4/,

one has sziet (ai)n Bpi/et(aill) = @} > 0.

We set I} = [0,¢1) and for every t € [0,11), B(t) = (Bp'iet (a%))i=1. .k - We then apply Lemma 5.3

to cover the family of balls (szietl (a%))iz1,. k, with a family B(t1) = {Bpé (a4)} consisting of

ko € {1,...,k; — 1} disjoint non-empty closed balls. We then set
ty = sup {t € [t1,+o0) : foreveryi,i' € {1,..., ko} withi # ',

one has B ; «(a%) N Bpget(ag) = Q)}’

t
pye

of Lemma 5.3 and the previous process, we obtain the conclusion of Proposition 5.2. Indeed, the
merging process can occur only a finite number of times ¢ € N, since it strictly decreases the
number of balls. Besides, by construction we obtain immediately (ii) and (iii).

The exponential growth of }° ¢ 3(;) diam(B), i.e., (iv) in Proposition 5.2, is a consequence of the
exponential growth of the radii of the balls in B(t) on each interval I;, and of the conservation of
the quantity > pcp1) diam(B) during the merging steps by Lemma 5.3 which ensures that the map
t = > pen() diam(B) is continuous at the merging times ;. O

Proof of Theorem 5.1. We first observe that when 2H!_(K) > dist(K, 92), then log %K(’fg) <0
so that (5.2) follows from Chebyshev’s inequality with C' = 2. -

We can thus assume that 241 (K) < dist(K, 09). We fix £ such that 0 < ¢ < 1 dist(K,9Q) —
HL (K). By definition of the Hausdorff content of a compact set (Definition 5.1), there exists a finite
family of closed balls By such that

(@) K C UBEBU B,
(b) BN K # () for each B € By,
(©) Y pep, diam(B) < HL (K)+¢& < 3 dist(K,09).

We then let {B(t) },c[0,4) be the family of growing balls given by Proposition 5.2 and we set

Aty= |J B

BEB(t)



RENORMALISED ENERGIES AND RENORMALISABLE MAPS 17
In particular, by the property (c) of the cover By, and by (iv) in Proposition 5.2,
1
(5.3) Z diam(B) = Y diam(B) < e + H Y (K) < = dist(K, 99).
2
BeB(0 BeBy
For every t € [0, +oo) and B € B(t), by (iv) in Proposition 5.2,
diam(B Z diam(B) = €' Z diam(B
 BeB( BeB(0)

Since by Proposition 5.2 (i), every ball B € B(t) intersects the set K, it entails that A(t) C Q
whenever e > Ben(o) dlam(B) < dist(K, 0€2). Hence, A(T) C €2, where

dist (K, 0Q)
> BeB(o) diam(B)
According to (iii) in Proposition 5.2, we can write [0,T) = Uy [tio1, t;) with £ € N,, tg = 0,
t¢ =T and for every t € [t;_1,t;), B(t) = {Bp wlal) - je{l,.. ki}}.

By (ii) in Proposition 5.2 and by dlsjomtness of the closed disks in B(t) (see Remark 1), we have

OBNOB' =0 ifB,B' € |J B(t)withB# B
te[0,4-00)

(5.4) T = log

€ (log 2, +00).

We can thus define the function U : 2 — [0, +00) by

U(z)? = W ifz € OB for some t € [0,T) and B = B,.(a) € B(t),
“ o otherwise.
For every s,t € [0,7T) with s < ¢, we write
Dul? U2 Du| —U)?
(5.5) / | 2“’ :/ U|Duy—2+/ (|“2)
A(0)\A(s) A()\A(s) A(0)\A(s)
By integration in polar coordinates, if t;_1 < s <t < t; with¢ € {1,..., ¢}, then

5 ki pplet 2

/ U|Du| - ﬂ Z/ (/ (uipy - ) d?—t1> dr

A(8)\A(s) ies \JoB,(al) 2
i/pe (,/5 (traB,«(a;)u)(/

NS

EB(tryp, (4i) W)
oy,

where in the last inequality we have used that in view of (2.7)

Du|dH! > AmEss(tr
L DK > [, )

We extend in this proof the notion of singular energy of a boundary map to the case of a disconnected
open set with Lipschitz boundary by defining:

ESg(traA(t) u) = Z E%(trgp u).
BeB(t)

Then, using the change of variables r = p;'.e", we obtain for t;_1 < s <t < t; that

U2 t
(5.6) / Ulpu - L > / E%(trg (o) w) dor
AB)\A(s) 2 s
We introduce for every ¢ € [0, T'] the set

U A(s) C Q

0<s<t
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which is the union of a finite number of disjoint open disks in €2 2 and the set
A—UA i)\ Ati—1) C Q\ K.

We have by (5.5) and (5.6),

T 2
Du|-U
G.7) = / E%8(trpa u) dt + / (Dul ZU)",
A 2 0 A 2
By monotonicity of the singular energy (see Proposition 2.6) and of the sets A(t), we have for every
s,t € [0,7T) such that s < ¢

(5.8) E®(troa(s) u) = E*(troaw u) = E%¥(trog u).
We then have by (5.7), (5.8) and (5.4),

D 2 log 2 Dul — 2
/ [Duf” > E%(traqu)(T — log2) + / E®(troap v) dt + / (Du] ZU)
oK 2 0 A

(5.9)
dist (K, 09) (|Du| — U)?
> E%8(t log —————— + (log 2)£%(t _—
> E%(troq u) log 2 (B(0)) + (10g 2)E% (tro agog 2) U)Jr/A 5
In particular (5.9) already yields the first estimate (5.1) in view of (5.3) where £ > 0 is arbitrary.
In order to obtain the stronger estimate (5.2), we first observe, integrating over [log 2, T') rather

than [0, 7)), that

/ | Dul? / | Dul? / | Dul?
—_— _— + LA
oK 2 A\A(log2) 2 (Q\K)\(A\A(log2)) 2

T D 2
(5.10) > [ E%(troan u)dt + / | Dyl
log 2 (Q\K)\(A\A(log2)) 2
dist(K, 09) | Dul?

> E%(trpq u) log

+
2r(B(0)) (Q\K)\(A\A(log2)) 2
We observe now that if s > 0
(5.11)

({zeQ\K : |Du()| > s}) < £2({z € (Q\ K)\ (4\ Alog2)) : [Du(=)| > s})
2 . _ s
+£2({z € A\ A(log2) : [|Du(x)| - U(x)| > 2})
2 . s
+L2({z € A\ A(log2) : U(x) > 2})
By Chebyshev’s inequality, we have for the first term in the right hand side of (5.11),
2
(5.12) s2L*({z € (Q\K)\(A\ A(log2)) : |Du(x)| > s}) < 2/ [Duf”
(QVK)\(A\A(log2)) 2
and for the second term,
_ 2
(5.13)  $2L%({z € A\ A(log2) : ||Du(x)| - U(x)| > f}) < 8/ (D[ =U)F
2 A\A(log 2) 2

For the third term in the right hand side of (5.11) we first observe that, by definition of U, we have
{r € Q\ A(log2) : U(x) > s/2} = Upep OB, where

B::{B:Br(a)e U B -

te(log 2,T

> — 0.

EB(trop, (a) u) 52}
wr? ~ 4

By construction, the set |Jgc OB can be covered by a collection of finite closed disks B c
Use (log 2,71 B(t) such that for every disk BeB gy > S . Hence,

nrad(B)?
Pe({rea\atog?) U@ 2 3f) <6 X mrad(B) <4 3 E4(map ).
DeD DeD

2Note that T could be a merging time for which A(T) ¢ €, while A~ (T) C Q by construction.
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Since A(log2) C Upep D, it entails by monotonicity of the singular energy (see Proposition 2.6),
2 2 s s
(5.14) s“L ({:v € A\ A(log2) : U(x) > 5}) < A8 (troa(og2) U)-

In view of the lower bounds (5.9) and (5.10), by summing (5.12), (5.13) and (5.14) and using (5.11),
we obtain

9 A2 . |Dul* dist (K, 0€2)
\
where Cy = 10 + @.
The conclusion follows by letting ¢ — 0 in (5.3). U

5.2. Lower bound on renormalised energies. We now prove that the renormalised energies
are bounded from below. The lower-bound we will obtain depends on the tubular neighbourhood
extension energy:

Definition 5.4. Let Q C R? be a Lipschitz bounded domain. For every map g € W1/22(9Q, \)
we define the tubular neighbourhood extension energy to be

gext( R f{ ‘DU|2 . W1,2 aQ 0.1 N d _
g =iy [ g P e WO 0.1 M) an o0 o) U = 9}
X

It is known that for every g € W1/22(9Q, N), one has £%(g) < 400 (see for example [6]). The
quantity £(g) is however not controlled in terms of the 1//2 norm of the map g: if 71 (N') 2 {0},
a bubbling sequence gives a counterexample (see for example [4, Lemma 2.1; 32]).

Lemma 5.5. For every Lipschitz bounded domain ) C R2, there exist 0 > 0 and a constant C' €
(0, +00) such that ifg € W'/22(9Q, N), there exists G € WH2(Qs\ Q, N), where Q5 := {x € R? :
dist(x, Q) < 0}, such that trgq G = g and

2
/ |DG‘ <C€ext< )
Q\Q 2

The proof of Lemma 5.5 consists in constructing a bi-Lipschitz map ¢ : 9Q x [0,1] — s\ Q
such that ¢((x,0)) = z for all z in J€2. We reach the conclusion by taking G = u o (¢_1)|QS\Q
with w an arbitrary admissible function in the infimum defining Ecx((g). The details are left to the
reader.

Proposition 5.6. For every Lipschitz bounded domain Q2 C R?, there exists a constant C' € (0, +00)
such that for every g € W1/2’2(89,/\/), for every k € N,, for every minimal topological resolution
(Y1, k) € WY22(SYN) of g and for every (a1, . .., ax) € Conf, ©,

geom top

S 1 ex
ng’m%(al, ceyag) > Egm e (a1,...,ar) > E%(g)log Wg(g) — CE™(g).

Proof. The first inequality has already been seen in (2.13). Let G be given by Lemma 5.5. If p €
(0,p(a1, ..., a;) andu € WH2(Q\ UL, B,(a;),N'), we have by the first estimate of Theorem 5.1
applied to the extension of u to (s by G,

2 2
AU, Bolar) 2 dkp  Japa 2

By minimality of the topological resolution (71, ..., ), £%(g) = Y&, )‘(Z 0” and it follows that
J
5;10’51 ..... 'yk(ala"wak) ngg(g) logﬂ _ClgeXt(g)‘

By the definition of the systole given in (2.6), we have £%(g) = % % > ksysiﬁ/)Q, and the

conclusion follows. " O
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6. COERCIVITY OF THE RENORMALISED ENERGIES

We describe the behaviour of the renormalised energy under collisions of singularities with each
other and with the boundary.

Proposition 6.1. Let ) C R2 be a bounded Lipschitz domain, g € W1/2’2(8Q,N), k € N, and
(Y1, syk) € WY22(SY N be a minimal topological resolution of g. If (a¥,...,a)nen is a

sequence in Confy, Q converging to some (ay, ..., a;) € QF and if
- t
limsup &Y (af,...,ap) < +oo,
n—oo

then for everyi € {1,...,k},a; € Qand if{ai1,...,ar} = {a1,...,a¢} with (a1,...,a,) distinct
points and foreachj € {1,..., ¢}, I; :={i € {1,...,k} : a; = a;}, then foreachj € {1,...,(},
there exists 7; € C1(S', N) such that

AT =0 M),

icl;

the maps (7;)ic1; are a topological resolution of 7;, and the maps 1, . . . , ¢ are a topological resolution

of g.

The assumption that (v1,...,v:) € W1/22(S!, V)¥ is a minimal topological resolution of g
entails in particular that A(y;) > 0 for each i € {1,...,k}.

Proposition 6.1 implies the classical result of confinement away from the boundary and non-
collision of vortices for the classical Ginzburg-Landau case N' = St [5, Theorem 1.10]. Indeed, the
homotopy class of a map v : S! — S! is classified by a degree deg~y € Z, and A(y) = 27|deg/|;
the minimality condition imposes that all the maps 71, .. ., 7x share the same degree 1 or —1; the
collision condition imposes that if m singularities converge to the same point, then m? = m, that is,
m = 1.

In general collision can occur, as can be seen by considering N' = S' x S!. The Dirichlet
energy decouples as the sum of two functionals for maps in S! each of which being applied to one
component. The renormalised energy is then the sum of two renormalised energies and nothing
prevent singularities of both components to merge in the limit. Algebraically in the collision
condition, this is related to the fact that |(1,1)|> = |(1,0)|> + (0, 1)|*.

Proposition 6.1 does not prevent collisions from occuring when two atomic singularities can
merge in an atomic singularity as is the case in Section 9.3.5.

The proof of Proposition 6.1 relies on the following estimate.

Lemma 6.2. Let Q) C R? be a Lipschitz domain. Let a € R?, 0,7 € (0,+00) with o < T, and
u € WH2(B,(a) \ By(a),N), then,

2
/ Duf? o A@? () (27f fBT(a>\(9uéa(a>)\DUI2>é
(Br(a)\Bs () 2 4mvrg(a) o A(7)%log Z ’

where y € C1(S', ') is a map homotopic to tryp, (4) u for every r € [0, 7] and
1 1
Vro(a) = T/ ¢ C
2mlog 7 J (B, (a)\ By (a))n0 |7 — @

Proof. For every r € (o, 7), we have

7 JoB,(a) r

and therefore by integration in polar coordinates

(6.1) / [Du(@)] dz > A(v) log T
B:(a)\By(a) |z — al o
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On the other hand, by the Cauchy-Schwarz inequality, we have

[ Due)]
Br(a)\Bo(a) | —al
1 3 2
< (/ . 2dx>2(/ |Du]2dav)2
(B ()\Bs (@) |7 —al (Br(a)\Bs (a))02

1 1
(6.2) + (/ ) % dx) ’ (/ ) | Dul? dx) i
(Br(a)\Bo(a))\2 |7 — al (Br(a)\Bo (a)\2

< (2mvmo (@) log 9 % (/(19T<0L)\Bo<a>)m‘Du|2 ) :

1
2

+ (27rlogT/ \Du|2da:) :
7 J Br(a)\(QBs (a))

We reach the conclusion by (6.1) and (6.2). O

Proof of Proposition 6.1. Up to a permutation of the indices, we can assume that [; = {k;_1,..., k;—
1hforje{l,...,l},whereko=1<k; <...<ky=k+1

Let § > 0, Q5 and G € WH2(Qs \ Q, NV) be given by Lemma 5.5 and choose 7 € (0, §) such that
ifi,j € {1,...,4} and i # j, then |a; — a;| > 47. We also take p,0 > O such that2p < o < 7
so that B, (af') C B, /2(a;) for each i and for n large enough, condition that we assume to be true
from now on.

For u € WH2(Qs \ U, B,(al), N) such that u = G on Qs \  and such that trg: u(a? + p-)

(2

and ~y; are homotopic for each i € {1, ..., k}, we first estimate
Dul? d Dul? d Dul?
(6.3) / ‘2| ZZ/ ’2|+Z/ o |2|’
Q(s\U L Bo(a) j=1" Br(@;)\Bo(a;) j=1 Ba(&j)\UiikFl Bp(al)
We define 7; € C(S', V) to be a map which is homotopic to trg: u(@; + r-) for almost every
r € (o, 7). By the minimality assumption on (71, .. .,7k), we have
ki—1
A K A
. > .
(6.4) r T Z 4 >0
i=kj_1
If weletn = 2 we have by Lemma 6.2
[Dul* _ AG;)? 2mn B
(6.5) / _ 2 4 : log — ( (W) > .
(B (a;)\Bo(a;))nQ TV o (a5) (95)? log
Since for every i € {kj_1,...,k; — 1} we have B,(af') C B,/2(a;), the maps v, _,,---, 7k, -1
form a topological resolution of 4; and dist(B,(a}'), 0B, (a;)) > §. Since ’HéO(UiZ;]lﬂ B,(a?)) <
2p(kj — kj—1), by Theorem 5.1, we have
|Du|2 o
> £%8 7
/ G kj—1 > n 2 g ( )log (k*kjf)
B'—"(aj)\Ui:kj_l Bp(ai) J i—1)P
(6.6) b1
— A)? o
> log :
i=%':1 47 4(kj — k‘j_l)p
By (6.3), (6.5) and (6.6), taking the limit p — 0, we deduce that
J4 ~\2 1\ 2
A(55) 27 3 T
hmlnf5 at,...,a}) > {ﬂ(l— 5 > log —
6 Ly ’7’“( 1 k) ; Amvr o (a5) <)\(’yj)2 log U) o
6.7 B
A -
+ log .
. 4 4(/€j — k‘j_l)
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We assume now that we have lim sup,,_, 590717 plals .., af) < +oo. By letting 0 — 0 in
(6.7), we deduce that
l ~ )2 k

<D Aly

gz=:1 lim supU_,O Vr.o () ; !
Since (1, ...,7k) and (71, ..., 7¢) are two topological resolutions of g, with (1, ..., ~) which is
minimal, and since v ,(G;) < 1, we necessarily have, in view of (6.4), Z?:l AF)? =28 N()?
and for all j € {1,...,1} such that A(7;) > 0, limsup,_, vr+(a@;) = 1. Since the boundary 052 is
Lipschitz, the latter condition implies that a; € €. O

7. RENORMALISABLE MAPS AND RENORMALISABLE SINGULAR HARMONIC MAPS

7.1. Renormalised energy of renormalisable maps. We define renormalisable maps as maps
that have square-integrable derivative away from a set of singularities and whose derivative remains
controlled near the singularity.

Definition 7.1. Let Q C R? be an open set. A map u : Q — N is renormalisable if there exists
a finite set S C 2 such that if p > 0 is small enough, u € W2(Q \ U,es By(a), V) and its
renormalised energy £™"(u) is finite, where

Dul? A(trg u)? 1
E™(u) = liminf | Dul — Z —( 98, ) log — < +00.
p=0 Q\Uaes 3 a€S dm P

We denote by W12(2, \V) the set of renormalisable mappings.

Let u € W12 (©2, ) be a renormalisable map and Sp C €2 be the minimal set such that u €
Wh2(Q\ Uges, Bo(a), N). In other words, Sy is the set of points a € € such that Du is not
square-integrable near a. Hence, if a € 2\ Sy, then A(trsp,(q) u) = 0 for p > 0 small enough. In
particular, the lim inf deﬁning E™(u) does not depend on the set S and £""(u) is well-defined.

IfS = 0, then £ (u) = [,|Dul* If S = {a1,...,a;} withk € N, and (a1, . ..,ax) € Confy Q,
then we have by Lemma 2.11 that the map

Dul?  EA\trop @yu)? . 1
€ (0,pa, .. ax)) Dul’ 5~ Monyian vy 1
UL, Ba) 2 im AT P
is non-decreasing. We have thus
k 2
gren(u> — lim ‘Du|2 o Z )\(traBp(ai) u) logl

(7.1) PPUNUL By 2 S AT
o / DU _ S AMtoytag W 1
pe0.plar,ap)) JOUL, Bo(a) 2 i Am p

Proposition 7.2. LetQ) C R? be an open set. Ifu € WL2(Q, N), then either one hasu € W2 (Q, N)

ren

or there exist k € Ny, (a1, ...,a;) € Confy Q andy1,. ..,y € CY(S',N) such that
(i) foreveryp € (0,p(ay,...,ax)), we have

Dul? i b 21
/ ‘ u| Z/ )| _ A(V) ) dz < gren Z ) log
Q\Ule Bp(a' P(al) 2 27T|x B ai‘ =1 p

in particular, u € WH1(Q, N),

(ii) foreachi € {1,...,k},~; is a non-trivial minimising closed geodesic,

(iii) foreachi € {1,...,k}, there exists a sequence (py)sen converging to O such that the sequence
(trst u(a; + pe-))een converges strongly to~y; in W12(SH N,

(iv) foreachi € {1,... k},lim, o dsynn(trst u(a; + p-),v) = 0,

(v) if Q1 is a bounded Llpschltz domain, then (y1,...,v) isa topological resolution of g = trpq u

and E"(u) > EF0™ . (ay, ..., ax).

We denote the set of singularities of u € W.12(Q, V) by

ren

sing(u) = {(a1,71), ..., (ax, 1)}
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whenever u € VVIOC (Q\ {a1,...,a;},N) and for each i € {1,...,k}, lim, o dsynn (trst u(a; +
p+),7) = 0 and ~; is not homotopic to a constant map. Since the synharmony is not positive-
definite, (71, ...,7%) are only defined up to a synharmony class and so strictly speaking sing(u) is
well-defined up to synharmony of 71, ..., V.

In the particular case where u € W12(Q, N') € WL2(Q, ), we have sing(u) = (. In general,

we have ( ,7) € sing(u) if and only if | Du|? is not integrable near a and lim,_,o dsynn (trg1 u(a; +

Proof of Proposition 7.2. Let S C () be given by the definition of renormalisable mappings (Def-
inition 7.1). Without loss of generality, we assume that S # () so that there exist & € N, and
(a1,...,ar) € Confy Q such that S = {aq,...,ax}.

Foreveryi € {1,...,k}, welet#; € C(S', N') be a map homotopic in VMO(S', \V) to the map
trgr u(a; + r-) for every r € (0, p(ay, ..., ax)).

Step 1. Upper bound near singularities. For every i € {1,...,k}, p € (0,p(a1,...,a)] and for almost

every r € (0,p), we have [5p D ol gyt > (W) Hence, by definition of the renormalised
energy and by monotone convergence we have

A7 )

Dul? k Dul? k 2 \2
72 = lim (/ \;!+2/ | Zur _ZA(!) 1og”)
7=0NJa\UL, Bola) i=1 Bp(ai)\Bo(a;) =1 7 g

2 k P 2 5.)2
/ [Duf” +Z/ (/ |Du|d7—t1—)\(%)>dr.
O Boa) 2 o \Jopa) 2 Amr

On the other hand, for every i € {1,...,k} and for almost every € (0, p), we have that
JoB, (any|Pul dH' > A(%;) and thus

AN 2.)\2
/ (1Dul - A(%)) dle/ |Du|2d7-[1_/ [DulAG) gp1  AG)®
0Br(a;) 2mr OBy (a;) 9By (a;) r 2mr
& \2
< / |Dul? dH! — M.
9B,(a;) 27r

k A\2
A 1
EM%u) + E %) log —
i=1

Hence,
(7.3)

k ~ 2 k A
ren 7) 1 / | Dul / AFi) )2
gren( §j log = > LAY Du(z)| — — )\ g,
P P JoUr Bolas) 2 — JB(a) 2 (‘ @) 2| — ai|)

In particular, if 4; is homotopic to a constant map, then we have A\(¥;) = 0 and u € W2(Q \
{ai,...,ai—1,a;41,...,a;}, N) since the right-hand side of (7.3) is finite. By redefining the set
{a1,...,ax}, we can thus assume that for every i € {1, ..., k}, the map 9; is not homotopic to a
constant map.

Step 2. Construction of the singularities ~y;. For almost every r € (0, p(a1, ..., ax)), we have
(7.4) i (/ ]Du| ant — ('YZ) ) > }i ( |u(a; +r.)/|2 B A(%)Z) -
' —~\ JoB (a) 2 drr /T r =\ g 2 dr ) =7
i=1 r(a:) i=1

By (7.2), the left-hand side of (7.4) is integrable with respect to r near 0. In particular, there exists a
sequence (p¢)een in (0, p(aq, . .., ax)) converging to 0 with for every i € {1,...,k},

. N2 MA; 2
(7.5) T O CIC e g )

l—o0 [g1 2 47
This implies that for each i € {1,...,k}, the sequence (u(a; + pg -))¢ is bounded in W12(St, )
and has a subsequence which converges weakly in W12(S!, R”) to some map v; € W2(St, ).
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By Morrey’s embedding theorem, the convergence is uniform. Since the homotopy classes are closed
under uniform convergence, ; is homotopic to 4;. Moreover, we have by (7.5)
vil? A _ A(w)?

7.6 < =
(7.6) s 2 T 4w 4

and thus ~; is a minimising geodesic. By (7.5) and (7.6), the sequence (u(a; + py -))ecn converges
strongly to 7; in W12(SY, ).

Step 3. Synharmonic convergence. We set T' = —log p(ay, ..., a;) and fori € {1,...,k}, we define
the function v; : St x (T, +00) — N by v;(x,t) = u(a; + e tz) for every (z,t) € S' x (T, +00).
By (7.2), we have

/+°°( [Dvi* )\(%')2> dt — /p(al""’ak)</ |Dul? a1 — )\(%‘)2) dr < 400
T st 2 47 0 9B (a;) 2 drr '

In particular, since the pseudometric dgynn (-, -) satisfies the triangle inequality (Proposition 3.3 (v)),
we have

{1)1_{% dsynn(u(a + p+), %) = /1)1_1% glggo dsynn(u(a+ p-),u(a+ pe-))

(7.7) —log py Duil2  \~:)2
< lim sup lim sup/ (/ | Duil - () ) dt = 0.
p—0 looo J_logp st 2 4

Step 4. Geometric renormalised energy. First note that, by Fubini’s theorem, we have trg1 u(a; +o0-) €
WL2(St, N) for almost every o € (0, p(a1, ... ,ax)). Given such a radius o, we take T' > 0 and
u; € WH2(St x [0, T], V) such that trsiyqoy wi = trsi u(a; + o -) and trgi, g7y ui = i, we set
p = e To and we define the map v € Wh2(Q\ U¥_; B,(a;),N) by

@) u(x) ifz e O\ U, By(ai),
v(z) = o o . _
ul-(ﬁ,log m) if x € By(a;) \ Bp(a;) for some i € {1,...,k}.
We have then
2 k N2 2 k 2
/ |D2'U| . Z )\(4'71) 1og} :/ o ’D2U| . Z )\(4’72) log l
A\UY_, Bylai) i1 =T P JaU,_, i i1 =T g

| Du; |* A(7i)?
+Z</ 1] 2 T >

It follows by (2.11) and (7.1) that

k
X (a1, ...,ar) < EM(u) + Zlignjgf dsynh (Vi, trst u(a; + o)) = £ (u). O

Remark 2. The assertion (i) in Proposition 7.2 implies a weak L? estimate on |J¥_, B,(a;) for every

p € (0,p(a1,...,a)), Indeed, if ( ) < p < p, then
H({z € 0Bu(a:) : |Du(z)] > 1)) g’)—[l({me@Br(ai) : [IDue)]| - 2(M) > ;})
4 A(7i) 2 1
<= ALY .

It follows thus that for every ¢ > 0, setting r; := inf{ )‘E?ti) P},

L2({x € By(a;) : |Du(z)| > t}) < L2({z € Bp(a;) \ Br(ai) : |Du(x)| > t}) + L*(By,(a:))
. M 1 (%)
_tQ//QBTaZ) [Dul r)de+
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Hence, by the estimate (i) in Proposition 7.2, we have the weak L? estimate:

_ 2 p2 .
IDUR b ey = S L (o € Uy Byles) + |Dul)] > 1)

| Dul? 11y o A()?
§8(5renu —/ + (log— + = )
( ) Q\U By(a:) 2 < ) 2); 47

In particular, (i) implies an L? estimate for 1 < p < 2 since

(7.8)

1Dl

2(| k Ny
v Bp(ai)’Rl/XZ) <CL (Uz‘:l Bﬂ(az»p 2 |Du’L2,oo(Uf:1 Bp(ai),RVXZ)

S Cpp ’DU|L2 oo U o Bp(ai),R”XQ)'

7.2. Renormalisable singular harmonic map. Renormalisable singular harmonic maps are de-
fined as renormalisable maps which are harmonic outside their singular set.

Definition 7.3. Let Q C R? be an open set. The map u € WL2(Q2, N) is a renormalisable singular

ren
harmonic map whenever u is harmonic on Q\ {ay, ..., ar}, with {(a1,71), ..., (ag, %)} = sing(u).

As previously, the charges 71, . . ., 7% of the singularities are only defined up to synharmony.

Lemma 7.4. Let Q2 C R? be an open set, let u € WL2(Q, N') be a renormalisable singular harmonic
map and let p € C2(Q, RY). If for every (a,) € sing(u) one has ¢(a) = 0, then we have

/ Du - Dy = / ¢ - A(u)[Du, Dul.
Q Q
Here and in the sequel,

A(u)[Du, Du] = Z Z At (u)(95u, Opu)n;(u)

m+1<i<v 1<j5,k<2

with diim A" = m and where (1,41(u), -+ ,n,(u)) is a local orthonormal frame of T,N* and
A'(u) = Vv;(u) is the second fundamental form of A/ in the normal direction v;(u).

Proof of Lemma 7.4. Let {(a1,71),- .., (ax,x)} = sing(u). Since the map u is harmonic on 2 \
{a1,...,ax}, we have u € C*(Q\ {a,...,ar}) [22], and

—Au = A(u)[Du, Dul inQ\ {ay,...,ar}.

For every p > 0 such that the disks B,(a1), . .., B,(a) are disjoint and contained in €2, we have by
integration by parts

/ X Du - Dy :/ ¢ - A(u)[Du, Du] — Z/ 0o, udH?.
Q\Uizl By(as) Q\U Bﬁ(al OBy (a;)

Since u is renormalisable, we have by (i) in Proposition 7.2 that | Du| € L'(Q) and so Du - Dy €
L'(2) as Dy is bounded. Hence,

lim Du-Dap:/Du-Dgo.
P20 )L, Bolas) Q

This also implies that for every i € {1,...,k},

hmlnfp/ |Du|dH! =0
8Bp(ai)

p—0

which in turn yields, as ¢(a;) = 0 and ¢ is Lipschitz-continuous,

lim inf/ wdudH' = 0.
p=0 9By (a)

Finally, using again (i) in Proposition 7.2, we obtain |- — a;||Du|? € L*(B,(a;)). Hence, since
A(u) is bounded by compactness and smoothness of the manifold A/, and using again the fact that
¢(a;) = 0 with ¢ is Lipschitz-continuous, we obtain that ¢ - A(u)[Du, Du] € L*(£2) and thus

lim - A(uw)[Du, Du :/ - A(u)[Du, Du). U
B3 [,y ® AU DU = [ o A D
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Proposition 7.5. Ifu € WL2(Q,N) is a renormalisable singular harmonic map on an open set
Q c R? and sing(u) = {(a1,m), ..., (ar, )}, thenu € C°(Q\ {a1,...,a,},N) and for every
ie{l,...,k}andp € (0,p(ay,...,ar)),
(7.9) sup |z — ai||Du(z)] < +oo.
z€By(ai)\{ai}

Proof. The regularity follows from the classical regularity theory for harmonic maps on planar
domains [22].

For the estimate, there exist ¢ > 0 and C; > 0 such that if u € W2(B,.(x), ) is a smooth
harmonic map on B,(z) and || Dul|r2(p, (2)) < €, then [Du(z)| < C1/r [40, Theorem 2.2]. For

everyi € {1,...k},if By(x) C B,(a )\{a,}wehave

M) ) A(7i)?
Du2§2/ (Du —) d+2/ AN LV E—|
/r(ar) D () Duty) 2nly —ail) @ A%y — a2

By Proposition 7.2 (i), we deduce that there exists 6 € (0,1) such thatif i € {1,...,k} and

S Q\{al, RN < r(x) c Bp(az)\{az} -
Q\{a1,...,ax} and || Dul|12(p, (z)) < € and hence | Du(z)| < C1/(8]z — ail). O

Definition 7.6. Let 2 C R? be an open set. A map u € W.12(Q, \) is a stationary renormalisable
singular harmonic map whenever for every map ¢» € C2((2, R?) which is constant in a neighbourhood
of a for each (a, ) € sing(u), we have

/Du:(Dqu) = ;/Du|2div¢.

In view of the estimate (i) in Proposition 7.2, namely, the fact that |- — a|| Du|? is integrable near
a, it is equivalent in Definition 7.6 to assume the condition to hold for any 1 € C2(Q2, R?) such that
Di(a) = 0 for every (a,~) € sing(u).

The following provides a criterion for a renormalisable singular harmonic map to be stationary.

Lemma 7.7. Letu € WL2(2, N) be a renormalisable singular harmonic map defined on an open set

Q C R? and define the stress-energy tensor by
| Dul?
2 4,j€{1,2}
and let sing(u) = {(a1,71), ..., (ak,Yx)}. Then T is smooth in Q\ {a1,...,a;} and
divl'=0 inQ\ {ai,...,ar}.

Moreover, if0 < p < p(a1,...,ax) and ifp € C2(Q,R?) is constant in B,(a;) for each (a,7) €
sing(u), then

D 2
— Du*Du = (| ul

(7.10) T = 6ij — ou - @u)

|Duf® 1
Du: (DuDv) — divey = T -vdH".
AU, By(as) 2 9B, (as)
In particular, the map w is a stationary renormalisable singular harmonic map if and only if the flux of
T around any small circle containing a singularity vanishes.

Proof. The fact that the stress-energy tensor T is divergence-free in Q \ {ay,...,a;} follows
from the fact that u is harmonic and thus smooth in Q \ {a1,...,a;}. Hence, we can see that
(divT); = —0ju - Au = 0 for i € {1, 2}, because the Laplacian of u is orthogonal to the tangent
space of A" at u. The last identity follows by integration by parts. g

Lemma 7.7 can be reinterpreted in terms of the Hopf differential defined by w,,(2) = |0 u|? —
|0yul* — 2i0,u - Oyu. The stress-energy tensor T is divergence-free in an open set if and only
if the Hopf differential is holomorphic in this open set. Furthermore v is a stationary singular
harmonic map if and only if the residues of the Hopf differential in the points (a1, ..., ay) vanish,
see [5, Theorem 8.4].

Definition 7.8. Let ) C R? be an open set. A map u € WL2(Q,N) such that sing(u) =
{(a1,7),-- -, (ak,vx)} is a minimal renormalisable singular harmonic map if for every map v €

WL2(9, N) such that sing(v) = {(b1,71), - - -, (bx, V&) }, one has
gren(u) < gren(v)-
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Since sing(u) and sing(v) are only defined up to synharmony, sing(v) = {(b1,71), ..., (bx, &)}
has to be understood in the sense that one can find 1, ..., 7 satisfying the definition of both
sing(u) and sing(v). In other words, a minimal renormalisable singular harmonic map is minimal
among all renormalisable maps with fixed synharmony classes of charges ;.

By Proposition 7.2, this will be the case if Eren(u) = EF . (a1,. .., a;) and if for every

g1
(b1,...,b) € Confy €2, one has EF50™ . (a1,...,a;) < EED™ (bl,...,bk).

Proposition 7.9. Ifu € WL2(Q, ) is a minimal renormalisable singular harmonic map on an open
set Q) C R?, then u is a stationary renormalisable singular harmonic map.

Proposition 7.9 follows from the next proposition and the fact that a minimal renormalisable
singular harmonic map is in particular a minimising harmonic map away from its singularities:

Proposition 7.10. Ifu € WL2(Q,N) a renormalisable singular harmonic map on an open set

Q C R?, which is minimising away from the singularities ay,...,a;, € (), where sing(u) =
{(a1,7),-- -, (ak, )}, then for every ) € C2(Q2,R?) which is constant on the disks B,(a;) for
some p > 0, one has

liy Sren(® © ¥e) =~ Erenlu) _ / Du: (DuDy) —
=0 ¢ Ui, Bolas)

where U, : Q — Q is defined fort € R when |t| is small enough and x € Q by VU, (z) = x + ty(z).

IDUI2

div ¢,

Proof. First, we observe that as a minimising harmonic map, « is smooth outside these singularities
and u is a renormalisable singular harmonic map. We have ¥, (x) = = + t¢(a;) for x € B,(a;) and
U, is a diffeomorphism onto 2 provided |¢| is small enough. If follows then that

D(u o U,)|? Dul?
Sl 0 ) ) = | Decs WP D
AL, ¢ (By(a) oy
Du)((D%y) o W) Dul?
-/ (Du)((DW) o WTHE oty DU

Q\U’L 1 2 2

The conclusion follows then by computing the derivative with respect to ¢ at 0. g
8. RENORMALISABLE HARMONIC MAPS WITH PRESCRIBED SINGULARITIES

8.1. Topologically prescribed singularities. The topological renormalised energy 8;"}/’1 i 18
defined as a supremum of infima over classes of maps. For given points aq, ..., a; € §2, it can be

computed in terms of a limit of energies of a minimal harmonic map with prescribed singularities.

Proposition 8.1. Let 1 C R? be a Lipschitz bounded domain, g € W1/2’2(8§2,N), k € N,,
(a1,...,ax) € Confy Q and (71, ...,7) € C*(S', N')* be a topological resolution of g such that ~;
is not homotopic to constant map for everyi € {1,...,k}. Then, there exists a map u € W52(, N)
such that

(i) traqu = g,
(ii) sing(u) = {(a1,%1), ..., (ag,Jx)} for some minimising geodesics ; homotoplc to v,
(iii) for everyp > 0, u is an/\f valued minimising harmonic map inside Q \ U%_, By(a;) with respect
to its own boundary conditions,

(iv) E°(u) = EP (a1, a).

For the classical Ginzburg-Landau problem with N = S!, the map u, known as the canonical
harmonic map, is unique [5, Corollary I.1]. In this case, the energy of v outside small disks was
already known to give asymptotically the renormalised energy [5, Theorem 1.8] and u is the limit of
harmonic maps outside small disks [5, Theorem 1.6].

ProofofProposztlon 8.1. By (2.9), for every p € (0, p(a1, . .., ay)), there exists a map u, € WH3(Q\
UY_, B,(ai),NV) such that trpq u, = g and for every i € {1,...,k} the maps trgi u,(a; + p-) and
7; are homotopic in VMO(S!, N) and

| Du|?
/Q\U B, (a;) =& lan o ap).
p i
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By Lemma 2.11,if p < 0 < p(a1,...,ax), we have

k 2
[T it MCRARS 3t S
and thus, by definition (2.12) of the topological renormalised energy 5;0% lat, .. ag), we have
2 k )2
(8.1) hr;ljélp /Q\U e |D;1'p| B ; )‘(47;) ]ogé <&P o lar, .. ap).
By the boundedness condition (8.1) and by a diagonal argument, there exists a sequence (pr, )neny — 0
and amap u : Q\ {a1,...,ar} — N such that for every o € (0, p(ay, .. )) the sequence
(up”|Q\Uf:11§a(ai))”€N converges weakly to u|Q\Uf:1E_30(ai) in Wh2(Q \ U B,(a;),N). By

weak lower semi-continuity of the Dirichlet integral, we deduce from (8.1) that for every o €
(0, ﬁ(al, e ,ak)),

Dul? & Ay o
(8.2) /Q\Uk B e | 2‘ —Z (473 log 5;%7 (a1, ag).
j=1 Poldi

i=1

By (8.1) and Fatou’s lemma we have for every i € {1,...,k},if0 <o <7 < p(a1,...,ax),

T |Dupn|2 top i )‘(71)2 1
L(lﬂg’}f/a&(ai)2d dr < &l (al,...,ak)—f—z o log

and thus for almost every r € (0, p(ay,...,ax)),

n—oo

lim inf/ |Du,, [* dH' < +o0.
0B (az)

By Morrey’s inequality and the Ascoli criterion for compactness, there exists a sequence of inte-
gers (n})geny — 0o such that (trgi u,, , (a; + 7))een converges in L>®(S!, N) to trgi u(a; + 7).
4

Therefore, the maps trgi u(a; + 7 -) and ; are homotopic in VMO(S!, A'). By (8.2) and by def-
inition of renormalised maps and their remormalised energies (see Definition 7.1), we have that

u € WEA(Q,N) and £ (u) < &% . (a1,... ax). By Proposition 7.2, we have sing(u) =
{(a1,%), ..., (ag,¥)}; (iv) in Proposition 7.2 together with (iii) in Proposition 3.3 ensures that for

each 4, the map 4; is homotopic to 7; and (v) in Proposition 7.2 yields
E (u) = ELP (at,...,ak).

9,715k

Bo(as) is a weak limit of a sequence of minimising harmonic maps, it is a minimising
[eg T

Since U‘Q\Ule =
harmonic map [29]. O

8.2. Geometrically prescribed singularities. We now state the analogous of Proposition 8.1 for

: : geom
the geometrical renormalised energy E57™ .

Proposition 8.2. Let Q@ C R? be a Lipschitz bounded domain, g € W'/22(0Q,N), k € N,,
(ai,...,ax) € Confy, Q and (y1,...,7k) € CL(S*, N')* be a minimal topological resolution of g such
that each vy; is a minimising geodesic. Then, there exists a map u € WL2(Q, N') such that
(i) troou =g,
(ii) sing(u) = {(a1,91),- - -, (ak, )}, for some minimising geodesics ; homotopic to ;,
(iii) for every p > 0, u is a N -valued minimising harmonic map inside Q \ U¥_, B, (a;) with respect
to its own boundary conditions,
(iv) 8565;)1m (ab <o ak) - gren(u) + Zf:l dsynh(7i7 :Yz)

Proof of Proposition 8.2. For every p € (0,p(a1,...,ax)), by definition of E527_ | there exists
amap u, € WH2(Q\ U, B,(a;),N) such that troqu, = g, trg1 uy(a; + p-) = ~; for every

ie{l,...,k}, and

Du,|?
/Q\u R NG
p i

We continue as in the proof of Prop051tion 8.1 and we obtain in view of Proposition 7.2 a map
u € WL2(Q,N), which is the weak limit in W12 of (u,, )nen away from the singularities with

ren

(pn)nen — 0, and minimising geodesics 71, . . ., 9 such that sing(u) = {(a1,%1), .., (ax, &)},
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where for every i € {1,..., k}, the map ~; is homotopic to 7;, and u is a minimising harmonic map
away from the singularities.

Moreover, there exists a sequence (oy)sen converging to 0 such that for every £ € N and every
i € {1,...,k}, the sequence (trg: u(a; + 0¢-))sen converges strongly to ; in W12(SH N).

Now, for every n, ¢ € N such that p,, < oy < p(a1,...,ax), we observe that by definition of the
synharmonic distance and by a change of variable, we have for everyi € {1,...,k},

Du, > A)? oy
(8.3) / | 2Pn‘ _ (472) log — = dgynn(trs: up, (ai +0¢+), 7).
BU[(ai)\BPn(ai) i Pn
Hence, by (8.3), by weak lower semi-continuity of the Dirichlet integral and by Proposition 3.3,
: Dup, | S~ A)? 1
geeen - (ay, ..., ax) = lim =Pl _ ——log —
GV Yk n—o0 Q\Uf:1 By, (ai) 2 ; 41 On
k 2 k
. |Duy, 2 A7) 1
> lim —— =) ——log— + > dsymn(trsiup,(ai+0oe-),7)
n—00 Q\Ule Bol(ai) 2 ; 47 gy ; 5y r ! !

Dul? EA(m)? 1 :
| Dul —Z () log*+stynh(t1“slU(ai+‘7€')=7i)‘

.
AU, Boya) 2 o AT L

By definition of £™" (Definition 7.1) and by Proposition 3.3, we obtain in the limit ¢/ — oo,

k
ggggc;r?n’w (alv cee vak) > gren(u) + Z dsynh(%’ %)'
i=1
For the reverse inequality, we have by Proposition 7.2 (v) and Proposition 3.10

k
E7M(u) > EEC™ (... ap) = EEOM (a1, ap) — 3 dsyn (Bis %i)- 0

i=1

8.3. Relationship between renormalised energies. By the definitions (2.9) and (2.8) we have
immediately the lower bound on the geometric energy (2.13). Under the condition that vy, ..., vk
are minimising geodesics which are synharmonic to all geodesics that are homotopic to it, we prove
that the geometrical and topological renormalised energies coincide.

Proposition 8.3. Let () C R2 be a Lipschitz bounded domain, g € W1/2’2(8§2,N), k € N,
(a1,...,ax) € Confy, Q and (y1,...,v) € C1(S', N')¥ be a topological resolution of g. Assume that
for each i, ~y; is a non-trivial minimising geodesic. Then, there exists u € WL2(Q,N) N C®(Q\

ren

{a1,...,ax},N') and minimising geodesics ; homotopic to ~; such that
sing(u) = {(a1, %), - - -, (ar, )},
E%u) = 5;?%’“.% (at,...,a5) = Egggolrvr_l_ﬂk(al, Ce Ak

In view of (2.13), Proposition 8.3 means that
(8.4) 5;?,%7“.%(@, ap) = f {EFOM L (an,...,a) : foreachi€ {1,... k},
4; is a minimising geodesic homotopic to ; } .
Proof of Proposition 8.3. Weletu € WL2(Q, N)NC>®(Q\{a1,...,ar}, ') be a singular minimising

ren
harmonic map given by Proposition 8.1, so that in particular,

EMu) = 5;?71’17.__,7,6(@1, ce,ag).

Let sing(u) = {(a1,%1),...,(ak,7x)}. By construction, %; and ~; are homotopic. Hence, by
Proposition 7.2 and (2.13), we have
t t
gren(u) Z 8578;9011,?7;?16 (al’ Tt ak) Z gg?%/)l77;9k (a17 T 7ak) = ggvo’glvv’)/k (al’ e ,ak)’
and the conclusion follows. 0

In particular, if for every i € {1,...,k}, all minimising geodesics that are homotopic to ;

arte synharmonic to +;, then by Proposition 8.3 and Proposition 3.10, £S5 (a1,...,ax) =
op

o (a1, ..., ag). This is the case in particular for the classical Ginzburg-Landau problem for
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N = S! for which the equivalence between topological and geometric renormalised energies was
proved by Bethuel, Brezis and Hélein [5, Theorem 1.9 and Remark L5].

8.4. Superdifferentiability. We have seen in Proposition 4.1, that the geometric renormalised
energy is Lipschitz-continuous. The definition as an infimum, does not give hope for much more
regularity. Using the expression of the geometrical renormalised energy as the renormalised energy
of some renormalisable singular harmonic map Proposition 8.2, we obtain the next proposition.

Proposition 8.4. Let Q C R? be a Lipschitz bounded domain, g € W/22(dQ, N), k € N, and

(Y15 -+, v) € CHSY, N)¥ be a minimal topological resolution of g such that each ~y; is a minimising
geodesic.
For every (a1, ...,a;) € Confy ), one has
lim sup ggﬁg?nﬁk (bl, e ,bk) - gggﬁyolr?“,'yk (al, e ,ak.) — T (bl — ai)
(b1 yeeesb) = (@1 ,v1r) maxi<i<k|b; — a;l

where for eachi € {1,...,k},

T ::—/ T -vdHt,
aBp(ai)

with® p € (0, p(ay, ..., ax)), and where T is the stress-energy tensor — defined in (7.10) — associated to
some map u € WL2(Q, N') - given by Proposition 8.2 — such that

ren

sing(u) = {(a1,%1), - -, (ar, &)}
k

g (s ak) = E(u) + 3 dsyan (i, %i)-
i=1

In summary, Proposition 8.4 states that the derivative of the geometric renormalised energy, when
it exists is given by the flux of the stress-energy tensor of the associated renormalisable singular
harmonic map. In particular, critical points of the geometric renormalised energy are characterised
by points at which this flux vanishes so that the stress energy-tensor is divergence-free on the whole
domain 2.

In view of Proposition 8.3, the topological renormalised energy has the same property.

Proof of Proposition 8.4. We choose ¢ € C°°(R?) such that ¢ = 1 on B,/s and ¢ = 0 on R?\ B,.
We then define @5, 4, : 2 = Qfor (by,...,by) close enough to (a1, ...,a;) and x € Q by

k
Dy, (@) =2+ D (b — ag)p(z — ay).
i=1
By Proposition 3.10 and Proposition 7.2, we have

k

ggﬁyolrf.l__ﬁk (bl, - ,bk) < gren(u © q)bl,...,bk) + Z dsynh('ﬂv :Yz)
i=1

The conclusion then follows from a variant of Proposition 7.10 (where ¢ € R?* becomes a vector
parameter and 1) is at each point a linear mapping from R?* to R?) and from Lemma 7.7. g

9. COMPUTING SOME SINGULAR ENERGIES

In the examples we have in mind from condensed matter physics and numerical analysis (meshing
and cross-fields theory), the manifolds can be obtained as quotients of SU(2) by some of its subgroups.
We first review briefly the common properties of such spaces. We indicate how to compute their
fundamental group and the conjugacy classes in the non-abelian case. Then we describe the closed
minimising geodesics in free homotopy classes and describe the minimal topological resolution (2.5)
of some maps from 9 — A when 02 is connected.

3Note that the the flux of the stress-energy tensor through a small circle centered at the singularity a; is independant
of the (small) radius since the stress-energy tensor is divergence-free away from singularities.
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9.1. Fundamental group and geodesics on homogeneous spaces. Given a Lie group GG and a
closed subgroup H C G, we consider the manifold G/H = {gH : g € G} obtained by taking
the quotient of G by its subgroup H. The group G acts transitively on G/H by left multiplication,
making it a homogeneous space, see for example [27, Theorem 21.17].

The fundamental group of G/H can be computed by using the following:

Proposition 9.1 (Fundamental group on homogeneous spaces [35, §8]). Let G be a simply connected
topological group, let H be a closed subgroup of G' and let Hy be the connected component of the identity
of H, then Hy is a normal subgroup of H and m(G/H) ~ H/H,.

The group H/H) is referred to as the group of connected components of H in the literature.

The restriction that G is simply connected can be overcome by replacing G by its universal
covering.

When the Lie group G is endowed with a bi-invariant Riemannian metric we can endow G/H
with a Riemannian structure thanks to the following:

Proposition 9.2 (Riemannian structure on homogeneous spaces [12, Propositions 3.14 and 3.16]).
Assume that G is endowed with a Riemannian metric which is left invariant by the action of G and
right invariant by the action of H. Then, the left coset space G/H is a Riemannian manifold of
dimension dim G — dim H , and has a unique Riemannian structure such that the canonical projection
7 : G — G/H is a Riemannian submersion and G acts isometrically on G/H by left multiplication.

The fact that 7 is a Riemannian submersion is equivalent to the fact d7(e) is an isometry from the
orthogonal h in the Lie algebra g of G of the Lie algebra h of H into T,z G /H, where e denotes
the identity element of G. We recall that the geodesics in compact Lie groups endowed with a
bi-invariant metric are described by the following

Proposition 9.3. Let G be a compact Lie group with a bi-invariant Riemannian metric. Then the
geodesics have the form ~y(t) = exp(t§)g forg € G and{ € g.

We refer to [23, Ch. 2 §1.3] for the proof of Proposition 9.3.

We now turn out to the classification of geodesics in order to describe their synharmony. We
first have a lifting property of geodesics under the Riemannian submersion 7 : G — G/H (see
[16, §2.C.6], or [31, §26]). We say that a map g € C!([0,27], G) is horizontal whenever for every
t € 10,27, ¢'(t) € (kerdn(g(t)))*, or equivalently, g(t)~'¢/(t) € h. We say that g is a horizontal
lift of a map v € C'([0,2x],G/H) if g is horizontal and 7 o g = 7. The map v has a unique
horizontal lift g such that g(0) = go whenever w(gg) = 7(0). The horizontal lifting preserves the
length; in particular, the map -y is a geodesic in G/H if and only if its horizontal lifts are geodesics
in G.

We also have a horizontal lifting property for homotopies:

Proposition 9.4. Ify € C}(S' x[0,1], G/H), then there existo € C*([0,1],G) and g € C([0, 27] x
[0, 1], G) such that the following holds:
(i) for every (s,t) € [0,27] x [0, 1], one has v(s,t) = w(o(t)g(s,t)) under the identification
St ~ [0, 27]/{0, 27},
(ii) for everyt € [0, 1], the map g(-,t) is horizontal,
(iii) g(0,-) = e and g(2m,-) € H,
(iv) the map o is horizontal.

Remark 3. In the particular case where the group H is discrete (dim H = 0), then g(2, -) is constant
in H; otherwise it remains in the same connected component of H.

Proof of Proposition 9.4. We let ¢ € C([0,1],G) be a horizontal map such that v(0,-) = 7 o
o, and, for every t € [0,1], we let g(-,t) € C*([0,27], G) be a horizontal map such that = o
g(-,t) = a(t)"y(-,t). Since 7(0,:) = (27, -), we have that both §(0,t) and g(2n,t) belong
to 7~ 1({0}) = H. Hence, for every t € [0,1], if we set g(-,t) = g(-,t)g(0,t)~!, then we have
v(-,t) = w(o(t)g(-,t)), g(0,-) = e, g(2m,-) € H , and g(-,1) is still horizontal. Moreover, by
uniqueness of the horizontal lifting, g € C*([0, 27] x [0,1], G). O

By Proposition 9.4, since the horizontal lifting preserves the length, classifying homotopy classes
of minimising closed geodesics in G/ H reduces to the question of classifying homotopy classes of
geodesics in G that minimise the distance between the identity e and a given connected component



32 ANTONIN MONTEIL, REMY RODIAC, AND JEAN VAN SCHAFTINGEN

of H. Our main tool to study this on examples will be the following proposition that classifies
geodesics on SU(d), d > 2.

Proposition 9.5. Let SU(d) be endowed with its bi-invariant metric. If vo,v1 : [0, 1] — SU(d) are
two minimising geodesics between id and some point g € SU(d), then there exists { € su(d) = {M €
My(C) : M* = —M and tr(M) = 0} such that for every t € [0, 1], g = exp(t{)g exp(—t&) and
forevery s € [0,1],

m1(s) = exp(§)y0(s) exp(=E).
In particular, 7 is homotopied to 1 by the geodesics vy (s) = exp(t&)yo(s) exp(—t&), t € [0,1].

Proof. Since 7y, is a geodesic, there exists 0, € su(d) such that for every s, yx(s) = exp(soy,). Since
7k, is minimising from id to g, we have |o| = distgy(g)(id, g) and the spectrum of oy, is contained
in the interval [—im, i7] of the imaginary axis in the complex plane. Let V := ker(g + id) C C%
Since g = exp(oy) and spec(oy) C [—im, in], we have

V = ker(oy +imid) & ker(op, —imid), k=1,2.

Therefore, the spaces V and V! are invariant subspaces of the linear operators g, 09 and o on
C?. Since the complex exponential is injective on the segment (—i7, i), we have ker(op — Aid) =
ker(g — e*id) for every A\ € (—im,in), and therefore og|y,. = o1]y,1. On the other hand, since
tr o, = 0, we have
tI‘O'()‘V = — tI‘U()’VL = —tr01|vl = trollv.

Since the spectra of both og|y and 01|y are contained in {—im,im}, 0y and o1 have thus the same
eigenvalues with the same multiplicity. There exists thus U € SU(d) such that Ul,. = idy 1,
U(V) CVandoy = UopU*. We write U = exp(§) with £ € su(d) such that {(V) C Vand{ =0
on V1. It follows by exponentiation that 1 (s) = exp(&)7o(s) exp(—¢) for every s. Now, using
that V and V1 are invariant subspaces of g and ¢ with glyy = —idy and €|, = 0, one sees that
g€ = &g. Tt follows by exponentiation that g exp(t§) = exp(t{)g for every t. O

Corollary 9.6. Let SU(d) be endowed with its bi-invariant metric and H be a discrete subgroup of
SU(d). Then any two homotopic closed geodesics yo,y1 € C1(S', SU(d)/H) that are minimising in
their homotopy class are synharmonic.

In view of (8.4), Corollary 9.6 tells us in particular that the topological and geometrical renor-
malised energies coincide in the case of N’ = SU(d)/H.

Proof. By Proposition 9.4, since 7 and ; are homotopic, there exist amap o € C1([0, 1], SU(d)) and
a homotopy 1 € C1([0, 27] x [0, 1], SU(d)) such that if we set zi0(-) == p(-,0) and p1(-) == (-, 1),
then we have vo(-) = 7(a(0)uo(+)), 11(-) = 7(o(1)pa(+)), (0, -) = id, u(2m,-) € H. Since H is
discrete, there exists h € H such that ;(27,-) = h. In particular, po(27) = uq(27) = h. Since
the lifting preserves the length, the maps p and 1 are minimising geodesics in SU(d). Hence, by
Proposition 9.5, there exists £ € su(d) such that for every ¢t € [0, 1], h = exp(t&)h exp(—t£) and
for every s € [0, 27], u1(s) = exp(&)uo(s) exp(—¢). We now set

v(s,t) = w(o(t) exp(t&) no(s) exp(—tE)).
Then, v € C1([0,27] x [0, 1], SU(d)/H) is a homotopy between 7o = ~(-,0) and 71 = 7(+, 1) such
that (0, -) = (27, -), i.e. it is a homotopy of loops. Moreover, the maps (7(+,t)):c[0,1] have all the
same length — by bi-invariance of the metric — and are thus minimising in their homotopy class
since this is the case of v and 7;. Hence, by Proposition 3.8, 7y and ~; are synharmonic. O

9.2. Working with SO(3) and SU(2). The group of rotations of R?, denoted by
SO(3) = {g e R¥3 . ¢g*g =id and det(g) = 1}
is a compact Lie group whose Lie algebra is given by
so(3) = {X e R®® . X" = x|,
We endow s0(3) with the bi-invariant metric defined for X,Y € so(3) by
tr(X*Y)
2 )
this choice ensures that the distance of a rotation of amplitude 6 € [—, 7] from the identity is ||
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The universal covering of SO(3) is the unitary group SU(2), which is a compact Lie group
defined as

SU@2) = {geC>? : g"g=id and det(g) = 1}
3
= {$01+x1i+w2j+x3k : xg,...,23 € Rand ng = 1},
=0
where we have used the matrices

(=0 () ()

Since i, j, k satisfy i = j2 = k? = —1 and ijk = —1, they generate in C?*? an algebra that can be

identified with the quaternions H; SU (2) can be identified as the unit sphere in H. The matrices i, j
and k, also known as the Pauli matrices, form a basis of the Lie algebra of SU(2), given by

(9.1) TaSU(2) = su(2) = {X € C*% X" = —X and tr(X) = 0}.

Any g € SU(2) defines a rotation p(g) on R? ~ {x € H : Rex = 0} defined by

p(g)z = gzg™';

the Lie group homomorphism p : SU(2) — SO(3) is a double cover: p(g) = p(h) if and only
if g = +h; p is an isometry provided we endow SU(2) with the bi-invariant metric defined for
X,Y €su(2) C Hby )

2tr(X*Y) = 4Re(XY),
that is, the distance on SU (2) is twice the distance of the points on the corresponding unit sphere
S* c H=R*%

9.3. Concrete examples. We review several examples of vacuum manifold A that we consider
either for their relevance in applications in physics or computer graphics or for the illustration of
the wide spectrum of behaviours that can arise.

In all what follows, we will say that a finite collection of free homotopy classes, or equivalently a
finite collection of conjugacy classes in 71 (N), is a free decomposition of a given free homotopy class
if corresponding loops in V' are topologically compatible. We will also say that the decomposition
is minimal when the corresponding topological resolutions are minimal.

9.3.1. The circleS'. The case N' = S' arises in superconductivity models and in two-dimensional
cross-fields generation. In view of S! ~ R/Z, one has 7 (S!) = Z. Moreover, since the closed
geodesics on S! can be written as ¢ € [0, 271] ~ S! > ™™ for some o € R and for some n € Z
that corresponds to the degree of the geodesic, any two homotopic geodesics are automatically
synharmonic. Moreover, the systolic geodesics are the geodesics of degree n € {—1,1}. We finally
have for a map  of degree n that £% () = m|n|, with the only minimal free decomposition of a
map of degree n being into |n| maps of degree sgn(n).

9.3.2. Flat torus. For the flat torus S! x S!, we have 7 (S! x S!) ~ 71(S?) x 71(S!) ~ Z x Z. Each
closed geodesic in S' x S is a pair of closed geodesic into S' and thus all closed geodesics in a given
homotopy class are synharmonic. For every (n,m) € 71 (S! xS!), A((n,m)) = 27v/n? + m? while
E%(n,m) = (|n| + |m|)m. The systoles correspond to (1,0), (—1,0), (0,1) and (0, —1). Each of
the elements (1,1), (—1,1), (1, —1) and (—1, —1) have two minimal free decompositions in either
two systolic elements or in itself. In particular, the orthogonal singularities (1,0) and (0, 1) do not
repulse each other in the renormalised energy (see Proposition 6.1).

9.3.3. Equilateral torus. The equilateral torus is N' = C/H with H = {n + me>™/? . n,m € Z}.
One has then 7 (N) = H and for every h € 71 (N), A(h) = |h| (the Euclidean norm). Closed
geodesics in the homotopy class of some h € H lift into line segments whose endpoints differ
by the vector h. In particular, all closed geodesics in a given homotopy class are synharmonic
and there are six atomic minimising closed geodesics, corresponding to the neighbouring vectors
e?ki7/3 ¢ 7 (N) with k € {0,...,5} and achieving the length of the systole. Other homotopy
classes have minimal free decomposition into these six classes; each minimal free decomposition
contains only two neighbouring vectors. This example shows that the geometry of N/ matters in the
decompositions of homotopy classes.
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TABLE 1. Decomposition of closed geodesics of the real projective space RP™ = S"/{id, — id}

y Description Conjugates A(y) Decompositions E%8(7)
Ye constant 1 0 0
va geodesic between antipodal points 1 0 Ya. T

9.3.4. Projective spaces and orthogonal group. We consider the case of real projective spaces RP"
with n > 2. In particular RP? arises in nematic liquid crystals models, RP3 ~ SO(3) appears in
models of superfluid Helium 3 (*He) in the dipole-locked A phase.

The projective space RP™ can be realized as the set of orthogonal projections of R" whose trace
is 1, or equivalently as polynomials

{P:R" - R : P isahomogeneous polynomial of degree 2, AP = 1and |[DP|> = P}.

This latter space is a subset of an affine space of dimension Wléﬂ The Q-tensor representation

[1] corresponds to the corresponding trace-less tensors.

More usually, the projective space is obtained from the sphere by identifying antipodal points,
that is RP" = S"/(—id). Hence, when n > 2, m (RP") = Zo = Z/2Z. The closed geodesics in
RP" are the image of the geodesics between antipodal points in S™ by the canonical projection
m: S" — RP". Minimising closed geodesic that are topologically non-trivial are all homotopic,
synharmonic and systolic, since they all have the same length. The minimal free decompositions of
the different homotopy classes is summarized in Table 1.

9.3.5. Superfluid Helium 3 in the dipole-free A phase. In superfluid *He in the dipole-free A phase,
one considers the manifold NV = (SU(2) x SU(2))/H, obtained by quotienting the Lie group
SU(2) x SU(2), endowed with the product (h1, h2)(g1,92) = (h191, haga), by the closed subgroup

3
H:=|]J(ki)"Hy, with Hy={(cosf1+sinfi,1) : 0 € 0,27},
k=0

under our identification of SU(2) with the unit sphere in the field of quaternions H. We can see
that the connected component of the identity in H is Hy. By Proposition 9.1, 1 (N') ~ H/Hy =~ Z4,
as (k, 1) is an element of order 4. Since 7 () is abelian, we have four homotopy classes of maps
from S! to NV. By Proposition 9.4, we can reduce our study of minimal lengths in homotopy
classes to geodesics in SU(2) x SU(2) from (1,1) to points of H that minimise the distance
from (1,1) to a connected component of H. For the first homotopy class, corresponding to the
element 1 € Z4 ~ m(N), we consider now a geodesic to the connected component (k, i) Hy.
For points in (k, i) Hp, the second component is fixed to i, which is at distance 7 from 1. The
first components can be written cos § k + sin 0 j, which are all at equal distance 7 from 1. This
means that geodesics from (1,1) to any point of (k,i)Hj all minimise the distance, and their
lengths are equal to v/72 + 72 = /27m. The same applies to —1 € Z; ~ 71(N), since it is
obtained by reversing the orientation of curves. For the element 2 € Z4 ~ m(/N), we have
(k2,i2)Hy = (=1,—1)Hp = {(—cos#1—sin i, —1);0 € [0,27)}. The geodesic connecting (1, 1)
and (—1, —1) has length 27. The length of the systole corresponds to /27. All the corresponding
geodesics can be obtained from each other by conjugation with elements of Hy, and are thus all
synharmonic by Proposition 3.8. The properties of the minimal free decomposition are summarized
in Table 2. Interestingly, every homotopy class is atomic and there is an atomic class that has two
alternate minimal decompositions.

9.3.6. Orthorombic space. We consider the case where N’ = SO(3)/Ds where Dy C SO(3) is the
group with four elements corresponding to the identity and 3 rotations of 180° with respect to three
mutually perpendicular axes. This manifold arises in biaxial nematics models. Under the double
covering of SO(3) by SU(2) ~ S* C H, we have N' = SU(2)/Q, where Q = {+1, +i, +j, +k}
is the quaternion group. By Proposition 9.1, we have 71 (SO(3)/D2) = m1(SU(2)/Q) = Q, which
is non-abelian. By the anticommutativity of the fundamental quaternion units i, j and k, the
quaternion group () contains five conjugacy classes {1}, {—1}, {£i}, {£j} and {£k}, corresponding
geometrically to the trivial geodesic, the 360° rotation corresponding to the generator of 71 (SO(3))
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TABLE 2. Decomposition of closed geodesics of (SU(2) x SU(2))/H

~v  Description Conjugates () Decompositions E%8(vy)

Yo constant 1 0 0
vy+1 180° rotation 1 V2 Vi1 3
Y2
Y2 360° rotation 1 2 Y4+1 V+1 T
Y-17-1

TABLE 3. Decomposition of closed geodesics of SO(3)/Dy ~ SU(2)/Q.

0 Description Conjugates in ) A(y) Decompositions E%8()
Ye constant 1 0 0
v« 180° rotation around the z-axis 2 s Yx 1
7y  180° rotation around the y-axis 2 s Yy 7
v, 180° rotation around the z-axis 2 0 Vo T
Tx Vx
Yw 360° rotation 1 21t Yy Yy g
Yz Ve
TABLE 4. Decomposition of closed geodesics of SO(3)/T ~ SU(2)/2T.
0% Description Conjugates in 27" A(y) Decompositions E%8(~)
Ye constant 1 0 0
v+ 120° rotation of a face 4 %“ V4 9
~v_ —120° rotation of a face 4 %” v_ 3
'y_%_ 240° rotation of a face 4 %T Y4 V4 %’T
% —240° rotation of a face 4 %’T Y_ Y- %’r
Ye 180° rotation of an edge 6 T V4 Y %”
. T+ T+ T+
W ’ 1 2 s
Y 360° rotation s VA 3

and the 180° rotations with respect to the coordinate axes. Minimising closed geodesics in N =
SU(2)/Q lift to arcs of great circles in S? ~ SU(2). We deduce therefrom, or by Corollary 9.6, that
homotopic geodesics are synharmonic. The geodesics corresponding to the 180° rotations have
length 7 and are systolic; since (27)? > 272, the homotopy class of the 360° rotation is not atomic
and has three minimal free decompositions in twice a 180° rotation. Interestingly, in this case we
have a homotopy class that has multiple minimal free decompositions.

9.3.7. Tetrahedral space. The configurations of a regular tetrahedron in R? are parametrized by the
manifold SO(3) /T, where T is the tetrahedral group of direct isometries that preserve a tetrahedron.
Under the double covering of SO(3) by SU(2), T is the image of the binary tetrahedral group 2T, a
group of order 24 which is generated by 2(1 +1i+j + k) and (1 + i+ j — k). By Proposition 9.1,
we have 71 (N) ~ 2T'. The conjugacy classes corresponding to the possible rotations of a face (or
equivalently a vertex) and of an edge are described on Table 4. The systole corresponds to rotations
of faces by £120°. This two homotopy classes are atomic. The 240° rotations can be decomposed
into two 120° rotations, and are not atomic because (4F)? > 2(2{)2. The 180° rotations of an
edge decompose into 120° and —120° rotation, this decomposition is minimal since (7)? > 2(%”)2.
Similarly, since (27)? > 3(2F)?, the 360° decomposes in either three 120° rotations or three —120°
rotations. By Corollary 9.6, all homotopic geodesics are synharmonic. Interestingly, this example
features two atomic systolic homotopy classes.
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TABLE 5. Decomposition of closed geodesics in the octahedral space SO(3)/0 ~ SU(2)/20.

0% Description Conjugates in 20 A(y) Decomposition E%(vy)
Ye constant 1 0 0
Yy 90° rotation of a vertex 6 3 Vv 16
¢ 120° rotation of a face 8 %’r Ve 9
2 180° rotation of a vertex 6 s v Y %
Yo  180° rotation of an edge 12 T Yy VE %
%3 270° rotation of a vertex 6 37” Yv Vv Vv %r
2 240° rotation of a face %’r Ve Ve %ﬂ
o 360° rotation 2w W Vv W Vv %

TABLE 6. Decomposition of closed in the icosahedral space SO(3)/I ~ SU(2)/21.

vy Description Conjugates in 20 A(y) Decomposition E% ()
Ye constant 1 0 0
v  72°rotation of a vertex 12 %’T Vv 95
v 120° rotation of a face 20 %’r Vv Vv %
2  144° rotation of a vertex 12 %ﬂ Yv Vv %
Ye 180° rotation of an edge 30 U Vv Vv v ?2’%
73 216° rotation of a vertex 12 %ﬂ VW Vv Vv %
72 240° rotation of a face 20 %’r YoV W W %
1% 288 rotation of a vertex 12 %7: Y Vv Vv Vv %
Y 360° rotation 1 2T WW W W W 5

9.3.8. Octahedral space. The octahedral space describes the configurations of a regular octahedron
centered at the origin in the Euclidean space R? up to the symmetries of the octahedron, or equiva-
lently of a cube up to its symmetries. It is parametrised by N' = SO(3) /O, where O is the octahedral
group of direct isometries that preserve an octahedron or, equivalently, a cube. The action of O on
the four pairs of antipodal faces of the octahedron, identifies O with the symmetric group S4. The
space N can be obtained as a subset of an affine 9-dimensional subspace of fourth order tensors
satisfying a quadratic condition [13]:

{P:R®>—= R : Pisahomogeneous polynomial of degree 4,
for every z € R® AP(z) = 1—12|x|2 and |D*P(z)|> = P(z)}.

Under the universal covering of SO(3) by SU (2), the octahedral group O lifts to the binary octahedral
group 20, which is generated by the quaternions (1 + i+ j + k) and %(1 + i). There are 8
conjugacy classes described in Table 5. There is one systolic homotopy class corresponding to the
shortest rotation of 90° of a vertex of the octahedron. The second shortest is the 120° rotation around
a face. It can be decomposed into two 90° rotations of vertices, but this decomposition is not minimal
since 2(3)? > (2)% hence the 120° rotation is also atomic. The 180° rotation around an edge is
not atomic since it can be decomposed into 90° rotation of a vertex and 120° rotation of a face, and
(2)? + (%)? < 7% The other homotopy classes can be treated by a combinatorial analysis of the
different possible decompositions whose results are summarized in Table 5. By Corollary 9.6, all
homotopic geodesics are synharmonic. An interesting feature of the octahedral space is that there
are two atomic homotopy classes.

9.3.9. Icosahedral space. This space N' = SO(3)/1, also known as the Poincaré homology sphere, is
obtained by quotienting the rotation group SO(3) by the group I of direct isometries preserving the
icasahedron or, equivalently, the dodecahedron. The group [ is isomorphic to the alternating group
Aj of even permutations of 5 elements. Under the double covering by SU(2) of SO(3), we have
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0(3)/I ~ SU(2)/21, where 21 is the binary icosahedral group, generated by the quaternions

1(1+i+j+k)and %(@ + @i + j). The geodesic corresponding to 72° rotation around the
vertex of the icosahedron or, equivalently, of a face of the dodecahedron, is systolic and is the only
atomic conjugacy class. The conjugacy classes and their minimal decompositions are described in
Table 6. By Corollary 9.6, all homotopic geodesics are synharmonic.

10. COMPUTING SOME RENORMALISED ENERGIES

The next result shows that the renormalised energy of simple boundary conditions can be
computed in terms of the renormalised energy of Bethuel-Brezis—Hélein for the circle S*.

Theorem 10.1. Let Q C R? be a simply connected bounded open set with Lipschitz boundary. If
o : S' = N is a minimising geodesic, g € (BV N W/22)(9,S') is length minimising, and
y1 € CH(SY, SY) is a minimising geodesic, then for every a € €,

eom A 4 2 eom
e85pon (@) = (52 ex5m0)

When Q = B1(0) and 1 (z) = g(2) = x for every x € S!, we know that £%°™ has a unique

minimiser at @ = 0 [5, §VIIL4.] (see also [28]). Thus, the same holds for the renormalised energy in
N: E85™ (a) has a unique minimiser at a = 0.

Lemma 10.1. Let ) C R? be a simply connected bounded open set with Lipschitz boundary and let
v € CHQ\ By(a),N) witha € Q and 0 < p < dist(a, IQ). Assume that

/ 0] A :/ 10,0 dH" = A(v]an),
[o9) 3] a

(
P
where |0yv| denotes the norm of the tangential derivative. If H € C%(Q\ B,(a), R) satisfies
AH =0 inQ\ By(a),
H = |0w| on0Q,
H = |0w| on0By(a),

where O,, denotes the exterior normal derivative to ) and to Bp(a), then,

/ |dH A dv| 2/ IVH|?,
N\Bp(a) N\ Bp(a)

where dH N dv = 01 HOov — 0o HOv.

Proof of Lemma 10.1. By Sard’s lemma for almost every s € R, DH () # 0 on H!({s}). We have
thus by the coarea formula:

/ |dH A dv| = // [dH A do] d’Hlds:/< |8tv|d7-(1>ds
O\B,(a) Wsh  AH] R \JT,

where 9;v denotes the tangential derivative to the locally smooth curve 'y := H~({s}).

For almost every s € R, since the function H is harmonic and since the exterior normal de-
rivative is non-negative on 9B,(a) and on 0f2, every nonempty connected component of the
set A; == H!((—00,s)) touches OB,(a) and every nonempty connected component of the set
A% == H71((s,+00)) touches 9. It follows that for almost every s € R, the sets A° and its
complement Ay are both connected, and thus 9(B,(a) U A) is connected. Hence, by our regularity
assumption on 952, the set 9(B,(a) U H!((—o0c, s))) is the image of a Lipschitz-continuous curve
homotopic to the curve corresponding to 0f) and thus we have, since H is harmonic

/ O] 2)\(@59):/ 0] :/ 8nH:/ o, H.
(B, (a)UAs) 20 20 (B, (a)UAs)

We deduce therefrom that for almost every s € R,
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/yatm_/ ) ]8t1)|+/ yatvy—/ O]
r, 8(B,(a)UA) 0B, (a)\As A0NA,

> / O H + / o, H — onH
A(B,(a)UAs) 0Bp(a)\As ONNA,

:/ 0.H = | |VH],

I

where 0, H is the normal derivative with respect to the normal VH/|V H|. Therefore, in view of
the coarea formula again, we have

/ |dH A dv| 2/(/ \VH\d?-tl) ds:/ \VH|?. O
2\By(a) R\JH-1({s}) Q\By(a)

Lemma 10.2. Let Q C R? be a simply connected bounded open set with Lipschitz boundary. If
g € W/22(9Q,S1) is length-minimising and v, : S* — S is a minimising geodesic, then for every
minimising geodesic o : S' — N and w € Wh2(Q\ B,(a),N) such that trogow = o o g and
trop, (@) W = 0 © 71, we have

2 2 2
(10.1) / [Dwl” (A(")> inf{/ [Dof” v e WH(Q)\ B,(a),Sh),
OW\By(a) 2 2 N\By(a) 2

T € SO(2), trogv = g and trgrv(a+p-) =7 o fyl}.

Proof. By approximation it suffices to prove the lemma when w € C*(Q \ By(a),N). B
Let v be a minimiser for the variational problem on the right-hand side. Assume that ¢ € C*(, R),
¢ = 0 on 0N and ¢ is constant on 0B,(a). We have

oot [ DR
dt Q\B,(a) 2 t=0 Q\By(a) =12

:/ ) Z Im(Ogv Okpv) = z/ . Vo - v 1V,
Q\Bp(a) k=12 Q\Bp(a)

where the product corresponds to the complex product in C O S!, and we have used that v € S! so
that v~ 10xv € iR. It follows then that the map v is a harmonic map and satisfies the equation

div(v™'Vv) =0in Q\ B,(a).

By integrating by parts in (10.2) with ¢ vanishing on 92 and non-zero constant on 02, we have

Re(Okv Ok (ipv))

(10.2)

(10.3) / (v o) pdH! = 0.
9By (a)

We define the potential H : 2\ B,(a) — R by setting, V1 H = %vAVU. In view of the
Poincaré lemma and (10.3), it follows that H is well-defined. Moreover we have |VH| = )‘2(:) |Vl
in Q\ By(a), 0,H = %v‘lﬁtv = %Wtﬂ = |0yw| on 0N and 0, H = —%v_latv =
—%th = —|0yw| on 0B,(a). By Lemma 10.1 and the Cauchy-Schwarz inequality, we deduce
that

2 -1
D 2
/ ) [Dul” (/ ) |dHAdwy> x (/ ) \DHP)
NBya) 2 Q\By(a) Q\B,(a)
2 2 2
L[ pEP_ (et i .
NBya) 2 21/ Ja\Byw) 2

Proof of Theorem 10.1. We first observe that if B,(a) C Q and if v € W12(Q \ B,(a),S!), then by
the chain rule and the fact that o : S! — A is a minimising geodesic, we have

/ |D(0 o v)|? _/ 0" o v]?|Duvf> (A(U)>2/ | Dvl?
Q\B,(a) 2 Q\B,(a) 2 2 O\By(a) 2
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It follows then that

eom ( ) eom,
gc%og,apoyl( ) <2> 5g,'yl p( )?

and thus, by (2.11) and the identity A(o o 71) = A(0)A(71),

(10.4) ggeom (g) < (M‘”)ngem(a).

00g,0071 27T 9,7
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Conversely, assume that w € W12(Q\ B,(a), N) satisfies trgo w = 0 o g and trgi w(a+p-) =

o o 1. Then we have by Lemma 10.2, and with v a minimiser in the right-hand side of (10.1):

/ \Dw!2><x<a>>2/ | Dol
ABy@ 2 \27) Jap@w 2

with trog v = gand trgi v(a + p-) =7 o 71, 7 € SO(2). It follows thus, in view of (2.11),

geeom (g) > <)\(f7)>25geom (a).

00970071 27T gvTO’YI

Moreover, by Proposition 3.8, we have dsynn (71,7 © 71) = 0, and we deduce by Proposition 3.10

that )
8o (@) > (52 g5 (@)
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