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We consider first order local minimization problems min f]RN f(zo,u, Vu)
over non-negative Sobolev functions u satisfying a mass constraint fRN U =
m. We prove that the minimal energy function H(zg, m) is always concave
in m, and that relevant rescalings of the energy, depending on a small pa-
rameter ¢, ["-converge in the weak topology of measures towards the H-mass,
defined for atomic measures >, m;d,, as >.; H(x;,m;). The I'-convergence
result holds under mild assumptions on the Lagrangian, and covers several
situations including homogeneous H-masses in any dimension N > 2 for ex-
ponents above a critical threshold, and all concave H-masses in dimension
N = 1. Our result yields in particular the concentration of Cahn-Hilliard flu-
ids into droplets, and is related to the approximation of branched transport
by elliptic energies.
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Notation
B,(x) open ball of radius r centered at x;
B, open ball B,(0);
M(RY)  set of finite signed Borel measures on R;
M (RY)  set of finite positive Borel measures on RY;
7.4t Borel measure A > (A — z) if 4 € M(RY) and z € RY;
cpi  Borel measure 7_5(uL B) if B is the ball B, (z);
Cl
fe —= 11 weak convergence of measures, i.e. weak-x convergence in duality
with the space Co(R™) of continuous functions vanishing at infinity;
C/
fe = narrow convergence of measures, i.e. weak-x convergence in duality
with thhe space of continuous and bounded function Cp(RY);
Y. set of increasing maps o : N — N;
o1 X0y 01,09 € ¥ are such that o1([n, +o0]) C 02(N) for some n € N.

1 Introduction

1.1 Setting

Let N € N* and let f : RY x R, x RY — R, be a Borel function. Consider the
following energy functional, defined for any fixed 2 € R™ on the set of finite positive
Borel measures M (RY) on RY by

Flx,uly), Vu(y) dy  if ue W RN, Ry),

HOER (1.1)

400 otherwise.



The minimization of this energy energy under a mass constraint gives rise to the notion
of minimal cost function, defined by

Hy(x,m) = inf {Sf(u) D u € Wllog(RN7R+) such that /
R
As a preliminary result, which deserves interest on its own, we will establish the

following;:

LU= m} € [0, +o0]. (1.2)

Theorem 1.1. Let x € RY. The map m H¢(x,m) is concave non-decreasing on
(0,+00), and if we further assume that f(x,0,0) = 0 and Hy(x,-) # 400 on (0 + c0),
then it is also continuous on [0,+00) with H¢(x,0) = 0.

The proof is very simple and works with no further assumptions on f, and even in a
slightly more general situation as stated in Theorem 2.1.

Our main purpose is to prove that under some conditions, if (f:)e>o is a family of
functions f. : RV x Ry x RN — R, converging pointwise to f as ¢ — 0, then the
rescaled energy functionals &, defined for each £ > 0 on M (RY) by

N N+1 -N . 11N
x, e u(x), e Vu(z))e " dz ifue W (RY,Ry),
ey = L = 0@, V) WELR),

400 otherwise,

I-converge as € — 0, for the narrow or weak convergence of measures, to the H-mass,
defined on M (RY) by (see Definition 2.5):

M7 () =" Hy(wi,ms) + Hj(z,0) du’ ().
icl RN
where u = u® + u¢ is the decomposition of u into its atomic part u® = 3 ;.5 m;6y,
where m; = u({x;}) for every i € I C N, and its diffuse part u?, and H}(:L‘, 0) =

lim, o+ ZLE™ € [0, 400].

This kind of singular limit in integral functionals is reminiscent of several variational
models with physical relevance which have been the object of intensive mathematical
analysis, such as Cahn-Hilliard fluids with concentration on droplets | | or on sin-
gular interfaces [ ], toy models for micromagnetism and liquid crystals like Aviles-
Giga | | and Landau-de Gennes | ], or Ginzburg-Landau theory of supracon-
ductivity | ]

The fact that M7 is expected to be the I'-limit of &, is due to the following obser-

vation: if B.(z9) € RY and u.(z) = e Nv.(e7}(x — x0)), then fBr(zo) Ue = fB/ Ve

and
/ . fg(x,ENug(a:),ENHVuE(x))E*N dz = / fe(xo + ey, ve(y), Voe(y)) dy,
B, o B'r/s

so that the energy contribution of a mass m > 0 contained in a ball B, (xg) should be of
the order of Hy(xo,m), where 7 is arbitrary.

Nevertheless, it is not true in general that M/ is the I'-limit of the functionals &.
(see Section 1.3 below). We will need a couple of assumptions on f and f. detailed in
the next section.



1.2 Assumptions and main result

Our first two assumptions are rather standard and guarantee the sequential lower semi-
continuity of the functionals EJ”E,

(H1) f is lower semicontinuous on RV x Ry x RY,
(H2) f(z,u,-) is convex for every » € RN u € R,.

We also need continuity in the spatial variable:
(H3) f(-,u,§) is continuous for every u € Ry, & € RV,

Next, we need a compactness assumption which ensures relative compactness in the
weak topology of VVl(l)f (RN) for sequences of bounded energy 5]? and bounded mass; it

will also be needed in obtaining lower bounds for the energy (see Proposition 3.8):

(H4) there exist a, 8 € (0,+00), p € (1, +00) such that for all (z,u,&) € RV x Ry x RN,
f(xauaé) > a|€’p - ﬁu

We also impose a condition on the slope of f(z,-, &) at the origin which will be needed
in order to identify the initial slope of Hf(x,-) (see Section 2.3), and rules out some
non-trivial scale invariant Lagrangians for which the expected I'-convergence result fails
(see Section 1.3),

(H5) for every xp € RV,

£ (20,0,0) := lim inf f@,u.8) > lim sup sup w, (1.4)

(z,u,&)—(x0,01,0) Uu u—0t  [€]<1 U

with p =0 if N =1 and for some p € C((0, 1], (0, +00)) satisfying

1 1 dt \N
— ) dy<+4oo if N >2.
/0 (/y p(t))

Last of all, we need the family of functions f. : RY x Ry x RV — R, to converge
towards f in a suitable sense, namely, we assume

(H6) fe1 fand fL_(-,0,0) 1 f.(-,0,0) as € — 0.

Notice that this assumption is empty if f. does not depend on e.
Our main result is the following:

Theorem 1.2. If (f.)e>0 satisfies (HO) with each f. satisfying (H1)-(H/) and the limit
[ satisfying (H5), then M*s is the T'-limit as ¢ — 0 of the functionals &, defined in
(1.3), for both the weak convergence and the narrow convergence of measures.

In particular, as a I-limit, the functional M/ must be lower semicontinuous for the
weak convergence of measures (and so for the narrow convergence as well). This implies
that H; is lower semicontinuous on RY x R (see Proposition 2.7).

We point out that for the I' — lim sup, we need weaker assumptions on f. and f (see
Proposition 4.2), which will be useful for some applications (see Section 5.5).



1.3 Examples, counterexamples and applications

We start with a counterexample, justifying the importance of (H5), and we then provide
several examples satisfying our assumptions.

Scale invariant Lagrangians. In the particular case where f. = f and f(x,u,§) =
1
u_p(l_f*)|£|p, with p € (1, N) and p* = f,’—ljp, we find that

E(u) = fa,eNu, e Hvu)e ™ = / ufp(lfz%*)\vmp = E¢(u),
RN RN

i.e. the rescaled energies & do not depend on € > 0. A scaling analysis also shows that
the associated cost function satisfies Hy(m) = ml_%Hf(l). Moreover, it can be seen
that 0 < Hy(1) < +oo, which implies that the I'-limit of £, which is nothing but the
lower semicontinuous relaxation of £, does not coincide with My,. Considering the
perturabation of f given by f(z,u,&) = f(z,u, &)+ |£P, we find a Lagrangian satisfying
all our assumptions except (H5) (note that [P is needed in (H4)), and such that the
associated rescaled energies do not I'-converge to MHf~ (see Section 5.1). Hence, an
assumption like (H5) is required in our I'-convergence result. We will even see that the
lower semicontinuity of Hy and My, is not guaranteed without (H5).

Concave H-masses in dimension one. Consider the energy
Er(u) = / |Vu|? + c(u) with Lagrangian  f(z,u,£) = |£]* + c(u).
RN

In dimension N = 1, it is shown in [ ] that for any concave continuous function
H with H(0) = 0, there exists a suitable ¢ > 0 such that Hy = H. As explained in
Section 5.2, Theorem 1.2 implies that the rescaled energies

E(u) = o fEeNu, Ny N (1.5)

I'-converge to M leading to an elliptic approximation of any concave H-mass in di-
mension one. However, in dimension N > 2, we have no positive or negative answer to
the inverse problem, consisting in finding f such that H = Hy for a given H.

Homogeneous H-masses in any dimension. We consider variants of (5.1) with an
additional sublinear term, so as to satisfy our assumptions:

Er(u) = f(u,Vu) = / |VulP +u’. (1.6)

RN RN
The rescaled energies as set in (1.5) I'-converge to a non-trivial multiple of some a-mass
M = M for every s € (—p/,1], and o = 1%@ ranges over (1 - Niw’l} when

s,p vary in their respective range and N > 2. More cases, with details, are given in
Section 5.3.



Cahn-Hilliard approximations of droplets models. Following the works of | ;
|, we consider the functionals

W (u) = /RN e (W (u) + £|Vul?), (1.7)

where W (t) ~;_ 100 t° for some exponent s € (—2,1). As shown in Section 5.5, we way
rewrite these functionals to fit our general framework, and recover known I'-convergence
results, under slightly more general assumptions, as stated in Theorem 5.1. The I'-limit
is a nontrivial multiple of the a-mass with o = %

Elliptic approximations of Branched Transport. The energy of Branched Transport
(see | | for an account of the theory), in its Eulerian formulation, is an H-mass
defined this time on vector measures w whose divergence is also a measure,

H o ! 1
M (w) ._/EH(x,G(x))dHI(a:)—l—/RdH(a:,O)d]w , (1.8)

where w = ¢ - H' LY 4+ w' is the decomposition of w into its 1-rectifiable and 1-diffuse
parts (see Section 5.4 for more details). An elliptic approximation of Modica-Mortola
type has been introduced in | | for H(m) = m®, a € (0,1), and their I'-convergence
result in dimension d = 2 has been extended to any dimension in [ ] by a slicing
method which relates the energy of w to the energy of its slicings. The same slicing
method, together with Theorem 1.2, would allow to prove the I'-convergence of the
functionals

ocC

£.(w) { Jra fel@, e wl(@), e Vul@)e!"de if w e Wi (RURY, ) o

400 otherwise,

toward M{{f for Lagrangians f. — f satisfying (H1)-(H6), thus covering a wide range
of concave H-masses.

1.4 Structure of the paper

In Section 2, we prove the concavity of the cost function H; with respect to the mass
variable m in full generality (Theorem 2.1), we establish useful properties of general
H-masses, and we identify the slope at the origin of Hy in terms of f under our as-
sumption (Proposition 2.8 and Proposition 2.9). In Section 3, we apply a concentration-
compactness principle to provide a profile decomposition theorem for sequences of pos-
itive measures (Theorem 3.2), which is used to obtain our main lower bound for the
energy &; (Proposition 3.9) and also yields an existence criterion for profiles with mini-
mal energy under a mass constraint (Proposition 3.11). Section 4 is dedicated to proving
lower and upper bounds on the rescaled energies £ (Proposition 4.1 and Proposition 4.2)
that imply in particular our main I'-convergence result (Theorem 1.2). Last of all, in
Section 5, we provide several examples of energy functionals that fall into our framework,
as summarized in the previous section.



2 Minimal cost function and H-mass

In this section, we study the properties of general H-masses, of costs Hy associated
with general Lagrangians f, and we relate the slope of Hy at m = 0 to that of f at
(u,&) = (0,0) in the variable u, under particular conditions.

2.1 Concavity and lower semicontinuity of the cost function

Our concavity result stated in Theorem 1.1 is a particular case of:

Theorem 2.1. Let f : R x RNV — [0, +00] be Borel measurable and for every m € R,

H(m) == inf {g(u) = - f(u,Vu) : ue L'n VVI})’CI(RN), /R

Nu:m}. (2.1)

Then, H is concave non-decreasing on (0,400). In particular, H is either identically
+o0o or continuous on (0,+00). In the latter case, if we further assume that f(0,0) =0,
then H is continuous on [0,400) with H(0) = 0.

Naturally, a similar statement holds on (—o00,0) (consider the change of functions
u — —u). Considering Lagrangians f taking infinite values, the previous situation
covers the case where we have a constraint (u, Vu) € A, where A C R x R¥ is Borel
measurable. In particular, we can consider the pointwise constraint © > 0 a.e., as in
Theorem 1.1.

Proof. We first prove that H is concave on (0,+00). Let m > 0 and u € VVlicl (RM)
such that fRN u = m. We pick a non-zero vector v € RY and for every t € R, we set
u'(:) = u(- + tv) and

uAu'(-) = inf{u(-),u'(-)}, uVu'()=sup{u(-),u'(-)}.

We have u A ut + u V ul = v + ut. Hence

/u/\ut—i—/ u\/ut—2/ u = 2m. (2.2)
RN RN RN

Moreover, it is standard that u Au! = u— (uf —u)_ € WL (RY) with V(uAu?) = Vu
a.e. in {u <u'} and V(u Aul) = Vul ae. in {u > u'}. Since uVul = u+ul —u Aul,
we have similar identities for u V u!, and we obtain

EuAut) +EmVu) =E(u) + Eu) = 2E(u). (2.3)

Now, let M : t — [pnvuAu'. In view of (2.2), (2.3), and by definition of H, we have
proved
H(M(t))+ H2m — M(t)) < 2E(u). (2.4)

Now, by continuity of translations in L' and since the map (z,y) — = A y is Lipschitz
on R2, we have that M is continuous on R with M (0) = m. Moreover lim;_,, M (t) < 0.



Indeed, for every R > 0, [ [u'| = fBR(tU)\u] — 0 as [t| — +oo by integrability of u.

Hence, u' — 0 locally in measure in RV as |[t| — 400 and, by dominated convergence,

M(t):/ u+/ ut:/ u—I—/ u—>2/ u < 0.
{u<ut} {u>ut} {u<ut} {u=t>u} t—o0 {u<0}

So, by the intermediate value theorem M (R) D (0,m]. Hence, we have proved H(0) +
H(2m—0) < 2E(u) for every 0 € (0,m]. Taking the infimum over u such that [px u =m,
we obtain

H(0) + H(2m — 6)

< H(m), V0 ¢€ (0,m],

2
that is, H is midpoint concave on (0,+00). Since H is also bounded below (by 0), we
can deduce that H is concave (0,400) (see [ , Section 72]).

We now justify that if H(m) < +oo for some m > 0 and if f(0,0) = 0, then
lim,, .o+ H(m) = H(0) = 0. By concavity, this will imply that H is finite, continu-
ous and non-decreasing on [0, +00). Taking u = 0 in the definition of H immediately
yields H(0) = 0. Now, let v € L! ﬂVVlicl (RY) such that [pvu=m > 0and £(u) < +o0.
Up to replacing v by V0 and chaging m, one can assume that « > 0 almost everywhere.
Let

te =sup{t >0 : M(t) >0} € [0,4+00], where M(t)= /N uAul.
R
Since M is continuous with M(0) = [py u > 0 and limy 4 M(t) = 0 as seen above,
we have that t, € (0,+oo] and lim;_,;, M(t) = 0. Moreover, if t, = +oo, since u! — 0
locally in measure, by dominated convergence,

lim sup H(m) < limsup &(u A u') = lim Sup/ f(u, Vu) + / f(u,Vu) =0.
{u<ut}

m—0+ t—(te)~ ()~ {u—t>u}

If t, < 400, we have u A ut* = 0 a.e. and u’

continuity of translation in L. Hence,

— ub locally in measure as t — t, by

limsup H(m) < limsup &(u A u') = lim sup/ f(u, Vu) + / f(u, Vu)
m—0+t t—(t«)~ t—(ts)~ J{u<ut} {u=t>u}
= / f(u, Vu) + / f(u, Vu)
{u<ut+} {u=t*>u}
<28(uAut) = 0. O

For the lower semicontinuity at 0, we need extra assumptions:

Proposition 2.2. Assume that f: Ry x RN — Ry U {+oo} satisfies (H1), (H2), (H})
and let Hy as defined in (1.2) (without dependence on x). Either f(0,0) > 0 and Hy is
identically +o00 on [0,+00), or f(0,0) = H¢(0) = 0, so that Hy is in any case concave
non-decreasing and lower semicontinuous on [0, 400).



Proof. Since Hy(0) = £(0) = f(0,0) x (4+00), in view of Theorem 2.1 it suffices to prove
that Hy is lower semicontinuous at 0, thus that liminf, .o E(u,) > £(0) whenever
(un)nen is a sequence of maps in Wlicl (RN, R, ) converging to 0 in L'(RY). Take such
a sequence and assume w.l.o.g. that £(u,) is bounded. By (H4), this implies that
(un)nen is bounded in T/Vlf)f for some p € (1,+00); hence, up to extraction, we can
assume that u, converges weakly as n — oo to some function in VVI})f which, by L'
convergence, must be identically 0. By lower semicontinuity of integral functionals (see
[ , Theorem 4.1.1]), we have liminf,,_, (u,) > £(0). O

2.2 H-transform and H-mass

Definition 2.3. We that H : RV x [0, +00) — [0, +00] is mass-subadditive if for every
z € RN and my,ma € [0, +00), one has H(z,m1 +mz) < H(z,m1) + H(z, ms).

We start with an easy lemma:

Lemma 2.4. If H : RN x [0, +00) — [0, +00] is mass-subadditive and admits a slope at
the origin, defined for each x € RN by

H
H(2,0) = tim 5™ ¢ (0 4o, (2.5)
m—0t m
then we also have =
H'(x,0) = sup M
m>0 m

Proof. Let m > 0. By subadditivity, we have for every n € N,

H(z,m) < nH(z, ™) H(x,%)

m m -
In the limit n — oo, we obtain W < H'(z,0). Since this is true for every m > 0, we
have sup,,~¢ W < H'(z,0). The reverse inequality is obvious. O

Definition 2.5. Let H : RY x [0,+0c0) — [0,400] be a mass-subadditive function
admitting a slope at the origin, as defined in (2.5). We define the H-transform of a
positive Borel measure u € M, (RV) as:

H(u) = Z H(xs,m;)05, + H'(-,0)u,
el

where v = u®+u® is the decomposition of u into its atomic part u® = > ier Mi0g,;, Where
m; = u({x;}) for every i € I C N, and its diffuse (or non-atomic) part u?.
The H-mass of u is then defined by:

Hiy) = u)|| = T, My "(z ul(z).
M) s= 0] = 3 Hwomo) + [ 2,0) oo



M (u) is a natural spatially non-homogeneous extension (depending on the position
x) of the H-mass of k-dimensional flat currents' from Geometric Measure Theory, in-

troduced by | ] (see also the more recent works | ; 1)-
From | ], we have the following result®:
Proposition 2.6 (] , Theorem 2.4]). If H : RY x [0,+00) — [0,+0oc] is lower

semicontinuous, mass-subadditive and has a slope at the origin, then MY is sequentially
Ls.c. on My (RY) for the weak topology.

From the same work, in particular from [ , Theorem 3.2], it can be deduced that
MH# is the relaxation for the weak topology of the functional

H
Matom .
400 otherwise.

u) =

We need a slightly different result, namely that for any function H : RN x [0, 4+o00) —
[0, +00] which is mass-subadditive, has a slope at the origin, the relaxation of MZ
for the narrow sequential convergence is MHise where Hig is the lower semicontinuous

envelope of H, which can be expressed as

Hise(x,m) =sup{G(z,m) : G < H and G is lower semicontinuous} (2.6)

= inf{linnl)ioréfH(xn,mn) : (T, Mp)neny — (x,m), x, € RN, m,, > 0}.

It is easy to see that Hig is still mass-subadditive, has a slope at 0 (the same as H), and
Hlsc('7 0) =0.

Proposition 2.7. For any mass-subadditive function H : RY x [0, +00) — [0, +o0]
which admits a slope at the origin and such that H(-,0) = 0, the sequentially lower
semicontinuous envelope of ML in the narrow topology of M (RY) is given by M*hse

namely we have:

atom’

MHise = sup{F . F <M F sequentially narrowly l.s.c. on M+(RN)}. (2.7)

Note that, unlike the lower semicontinuity, the mass-subadditivity of H is not a neces-
sary condition for the lower semicontinuity of M. Indeed, M¥ is lower semicontinuous
if for instance H(x,m) = +oo when = # 0 and H(0,-) is any lower semicontinuous
function, not necessarily subadditive. Nevertheless the mass-subadditivity would be
necessary if H did not depend on z.

Proof of Proposition 2.7. Since His is lower semicontinuous and mass-subadditive, we
know from Proposition 2.6 that M is lower semicontinuous in the weak topology
hence also in the narrow topology of M, (RY). Since Mse < M we deduce that
MHise is lower or equal than the right hand side in (2.7).

In the case k = 0, since signed measures are merely O-currents with finite mass.
2In the notations of this paper, we take p = 0 and f(z, s) = |s|?; we have @} ,(x,0) = 0 and ¢y ,(z, s) =
+o00 if s # 0.

10



In order to prove the opposite inequality, we take a functional F' : M (RN ) — Ry such
that FF < M and F is sequentially lower semicontinuous for the narrow convergence.
We shall see that F < Msc,

We first prove that F < M!T = For this, we let u = >-¥ | m;d,, be a finitely atomic
positive measure and we let u, = YF_, M0z, ,, Where for each i € {1,...,k}, (Zin)nen
is a sequence of points converging to x; and m, , is a sequence of non-negative numbers
converging to m; such that Hyse(x;, m;) = limy_yo0 H (i n, Mipn). Then (uy,)nen converges

narrowly to u and, by lower semicontinuity,

k k
F(u) < hmlan(un) < hmlnfMatom( n) = hm ZH Ti s Min) ZHlSC(:ci,mi),
=1 i=1

so that F(u) < M (1) as wanted.

We now prove that F' < Mfse. Let u € M, (RY) and let u = u® + u be the
decomposition of w into its atomic part u® = Zle midz,, with & € NU {400} (here,
k = 0 if there is no atom), and its diffuse part u?. We then discretize u? by taking
n € N, a partition (Q})icq1,...,(n2nyvy of [-n, n)N by means of cubes of the form Q7 =

A+ 2771, 1)V with ¢! € R, and we define

nAk (n2m)N

Un -—Zmzéxz"’_ Z Qn zly

where for each i € {1,...,(n2")V}, 2 € Q" is some point such that
Hig(2,0) = inf Hj(2,0). (2.8)
QT

Such an 7 exists since Q" is compact and x > H{ (x,0) is lower semicontinuous as a
supremum of lower semicontinuous functions by Lemma 2.4.

The sequence (uy)nen converges narrowly to u. We deduce from the lower semicon-
tinuity of the functional F, from the inequality F(u) < M (4), and from lemma 2.4
and (2.8), together with monotone convergence, that

nAk (n2m)N
d/n
F(u) < llnn_1>1£fz Hyge(i,m;) + Z Hige (2, u™(QF))
("2")
< ZHISC $i7m2 + hm lnf Z Hlsc <Qn)

| VAN

=1

k n2"

ZHle Xiy M) +hnn_l>l£f / Hlsc x,0)d
k

lSC l‘l)mz / HISC X O) du = MHlsc( ) ]

11



2.3 Slope at the origin of the minimal cost function

Proposition 2.8. Let f : Ry x RN — R, U{+oc} be lower semicontinuous with N > 2.
For every function p € C((0,1], (0, +00)) such that

1 1 gt N
/0(/y p(i)) dy < +o0, (2.9)

the function Hy defined in (1.2) (without dependence on x) satisfies

H
lim s(m) < limsup sup M (2.10)
m—0t m u—0t geSN-1 U

Proof. Notice that when f(0,0) > 0, by lower semicontinuity of f,
limsup sup M > liminf EAGIL Y. +00,
u—0t fGSN_l u (u,é)H(O"' 70) U

hence (2.10) is true. Assume now that f(0,0) = 0, let p € C((0,1],(0,400)) be as in
(2.9), and let

1
F(y):/y p(zz)e[o,—l—oo], y > 0.

The function F is decreasing, and belongs to C'((0,1]) and L™ ((0,1]) by assumption.
We now consider the solution of the ODE v, = —p(v.), with v.(0) = €, given by

(r) = F~YF(e)+r), if0
v = 0 if r

<r < F(0)— F(e),

> F(0) — F(e).

Notice that ve € I/Vlicl (R4) because it is nonincreasing and bounded, hence it has finite
total variation, and it is of class C! except possibly at 7. := F(0) — F(¢), where it
has no jump. As a consequence the radial profile defined by u.(z) := vc(|z|) belongs to
VVI})CI(RN) and we compute, using the change of variables s = v.(r) (i.e. r = F(s)—F(¢))
and an integration by parts combined with monotone convergence.

Me ::/ Ue = |SN_1/ v (r)r¥ 1 dr
RN 0

= — SV /0E s(F(s) — F(e))N1F'(s)ds
€ s) — N s) — NT¢&
~ i () = )", [‘S(F( )~ Fle) D
€ s) — € N
_ |SN_1/0 (F( ) NF( )) ds — 0.

The equality on the last line holds because lim; o+ [; (F — F(g))N < 400 (since F €
LN ((0,1])), hence lim;_,0 t(F(t) — F(¢))" exists by existence of the limit in the previous
line, and it must be zero (again, because F' € LY ((0,1])).

12



Moreover, since SUP[) 4o0) Vs = €,

Elue) = / / Fe(r), LN aHN ) dr <me sup L2
0 s uge,lg=1 U
By assumption, we deduce that
H
lim sup M < lim sup % < limsup sup M O
m—0t+ M e—=0t M u—0+ £eSN-1 U

In dimension N = 1, we need no other assumption than H < 400, as stated below.

Proposition 2.9. Let f : Ry x R — Ry U {+oo} be Borel measurable. The function
H defined by (2.1) (with N = 1) is either identically infinite on (0,400), or it satisfies
(2.10) with p = 0.

Proof. One can assume that there exists u € WI})CI (R,Ry) with 0 < fRu < +o00 and
E(u) < +oo. In particular, up to changing the value of u on a negligible set, u is
continuous on R. Let € € (0,supg u), set A. = {x : u(x) = £} which is non-empty by
the intermediate value theorem and integrability of u, and define
inf A, if inf A; > —o0,
A =
: any point in (—oo, —e 1) N A, otherwise,
sup A; if sup A. < +o0,
be = .. 1 .
any point in (¢, +00) N A.  otherwise.
By continuity and integrability of u, u(a:) = u(b:) = € and u < € on R\ [a., b.]. Moreover

ae, be converge to points —oo < a < b < 400, hence u = 0 on R\ (a, b) and by dominated
convergence, since Vu = 0 a.e. on {u = 0},

+oo0 > lim u+ f(u,Vu) = £(0,0) LR\ (a,b)).
e—=0T R\ [ac,be]

Notice that this limit is necessary zero. Let m > 0. If ¢ is small enough, then fR\[aa by U <
m so that we can take R. > 0 such that eR, = m — fR\[aE be] U We then define

u(x) if z < a,
ue(z) =<¢e if a. < x < as + R,
u(be +  — (a: + Re)) if © > a. + Re,

so that [ v. = m. Moreover,

E(ve) = E(u, R\ [ag, be]) + R f(g,0).

m+o(1)
€

Hence, as R, = as € — 0,

H(m) < limsup &(v.) = mlimsup I, 0). O
e—0t e—0t €

13



3 Lower bound for the energy and existence of optimal profiles

Our main tool to localize the energy and obtain a lower bound relies on a profile de-
composition for bounded sequences of positive measures, which is reminiscent of the
concentration compactness principle of P.-L. Lions. This differs from classical strategies
to localize the energy which are based on suitable cut-offs. Naturally, this concentration
compactness result also provides a criterion for the existence of optimal profiles in (1.2).

3.1 Profile decomposition by concentration compactness

We prove a profile decomposition theorem for bounded sequences of positive measures
over RV which is essentially equivalent to [ , Theorem 1.5] in the Euclidean case.
We have added an extra information on mass conservation that will be useful, and
provide a self-contained simple proof. We start with a definition.

Definition 3.1. A sequence of positive measures (i, )neny € M (RY) is vanishing if

sup i (Bi(x)) —— 0.

Any bounded sequence of positive measures over RY may be decomposed (up to sub-
sequence) into a countable collection of narrowly converging “bubbles” and a vanishing
part, accounting for the total mass of the sequence, as stated in the following theorem.

Theorem 3.2. For every bounded sequence (fin)nen of positive Borel measures on R,
there exists a subsequence (un)neg(N), o € 3, a non-decreasing sequence of integers
(kn)neo) converging to some k € NU {+o0o}, a sequence of non-trivial positive Borel
measures (11" )o<i<k, and for every n € o(N), a collection of balls (B},)o<i<k, centered at
points of supp py, such that, writing for all n € o(N),

fin = iy + i, where ph = Y pnL By, (3.1)
0<i<kn

c , 4
(A) bubbles emerge: (cp: fin)neq(N) ﬁ u' for everyi < k,’
(B) bubbles split: ming<;<j<r, dist(BY, BY) — >+,
(C) bubbles diverge: ming<;y, diam(B?) —— oo,
- n oo

(D) the bubbling mass is conserved: ||ul|| P So<ickllitll,

(E) the remaining part is vanishing: supgepn py(B1(z)) —— 0.

n—oo

3Recall that cpu = (x +— x — y)3(uL B) if B = B.(y) and p € M(RY).
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Before proving Theorem 3.2, we introduce the “bubbling” function of a sequence of
finite signed measures (fip)neN:

c/
m((ftn)neN) = sup {||,u|| b (T—wy o) Ho(e))eN = p, 0 €N, Ty € RY (Vﬁ)}. (3.2)

Although we will use this function on signed measures, we will start from a sequence of
positive measures and use the following characterization of vanishing sequences, which
holds only in the case of positive measures:

Lemma 3.3. A sequence (fin)nen of finite positive measures is vanishing if and only if
m((pn)nen) = 0.

c/
Proof. Assume that (u,)nen is vanishing and that (7'7%(2>Mo—(£))€eN — 4 for some o € &
and some sequence of points (z,(¢))sen. Then, for every = € RY,

#(Bi(2)) < lminf 7z, o) (B1(2)) = Hminf po( (Bi(z + 2o(p))) = 0,

i.e. p =0 and thus m((ue)een) = 0.
Conversely, if (in)nen is not vanishing, then there exists ¢ > 0, 0 € ¥ a sequence of
points (Zn)peoy in RY such that i, (Bi(z,)) > € for every n € o(N). Up to further

C/
extraction, one can assume that (T—xg(z);uo'(f))KEN = e M(RY). We have

1(B1(0)) > limsup 7z, fis(e) (B1(0)) = lim sup to(0)(B1(2o(r)) = € >0,

l—00

which entails m((p)een) > € > 0. O

Proof of Theorem 3.2. If (pin)nen is vanishing, then we take o = Id and k = 0, so that
Ho(e)y = He = g, (A) to (D) are empty statements and (E) is satisfied since (n)nen is
vanishing. Assume on the contrary that (u,)nen is not vanishing. We shall construct
the bubbles by induction and prove their properties in several steps.

Step 1: construction of bubbles centers. At first step (step 0), since m((pin)nen) > 0,
there exists op € ¥ and a sequence of points (w%)neJO(N), such that

cl . 1
(T2 Hnmeo) — H° € M(RY)  with |[u°] > 5 ((Hn)nen)- (3.3)

We then set p0 = i, — 20 1® and we continue by induction, starting from the sequence
(,u?l)nego(N). More precisely, assume that for a fixed step k — 1 € N| for every ¢ € N with
0 <i <k —1, we have built u* €¢ M(RY), ; € %, points (2} )neo, ) and sequences
() neosav) € M(RY) such that for every i,

0i 2 0i—1, (3.4)
o =t — > T, (Vn € ai(N), (3.5)
0<5<e
i1 Co.
(T—x%:un )nEJi(N) — (36)
i 1 i
168 = Sm(un)neoy ) > 0, (3.7)
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where o_1 = Id, (") = (). If m((4E Ypeo, ;o) = 0, we stop; otherwise, we
proceed to the next step k to build oy, u*, (xfl)negk(N), (uk) as we did at step k = 0,
starting with (Hf{_l)neak_l(N)- Either the induction stops at some step £k — 1 € N for
which m((ufjl)n@k_l(m) = 0 or the previous objects are defined for every i € N, in
which case we let k := 4o0.

Step 2: splitting of bubbles centers. We prove that

lim  dist(z’,2)) = 400 for everyi,j € Nwith 0 <j <i<k. (3.8)
ci(N)>n—o0
Indeed, assume by contradiction that there is a first index ¢ < k such that for some
Jo <4, (dist(xy,, ) )neq, () is not divergent. In particular, there exists ¢ < o; such that
(zh, =) neomy — T € RYN. Moreover, (dist(z?, T3) ) neo: () — 00, for every j < i, j # jo
by minimality of i and the triangle inequality dist(z7, 20) < dist(z7,, x%) + dist(a?, 2J0).
Notice by (3.5) that for every n € o(N),
P =T =T = Y T
Jo<g<t
hence taking the translation 7_i ,
- - . .
Togi by = Toio_ i (T il ™ = 1) = D T i,
" Jo<j<i
and passing to the weak limit, knowing that 0 — 2!, — —z and dist(x}, z¢) — +oo for
Jo <J <t
ph=1 (W — )= Y 0=0.

Jo<j<i
, ¢
This contradicts the fact that (T_%,uil_l)neg(N) — u # 0 and proves (3.8).
Step 3: weak convergence of bubbles. From (3.6) we get
foilﬂifl = T_gzi Un — Z T,x%eriNja (3.9)
0<j<i

and by (3.8), the sum converges weakly to 0, and so

/

c )
(T_ai n)neoi(N) %yt for every i € N with 4 < k. (3.10)

Step 4: construction of the bubbles with mass conservation. We now construct the
extraction o € X that we need by induction: we set ¢(0) = 0 and, assuming that
0(0) < -+ < (¢ —1), with £ € N*, have been constructed, we set o({) := n with
n € oypk—1(N) large enough so that n > o(¢ — 1) and for every i < £ A k,

pn(Be(ah)) < |lpl +27°, (3.11)
and
min_dist(z!,27) > 4¢. (3.12)
0<j<1
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Such an n exists by (3.8) and (3.10), noticing that pun(Bg(x},)) = (7_zi ptn)(Be). Then
for each n = o(¢), £ € N, we set k, = £ A k, and for each i € {0,...,k, — 1},

B! = By(x").
Finally, for every n € o(N), we decompose p, as expected:

fin = iy + i, where pb = > LB,
0<i<kn

Let us check the four first items (A)—(D). Notice that (C) is fulfilled because diam (B’ o e)) =

¢ — 400 as £ — oo, and (B) because of (3.12). Since for every i < k, limy ()50 diam(By},) =
+00 and cpi fln = (T_gs (un L BL)) for every n € o;(N), (cBi Hn)neo(n) converges weakly
to u’ by (3.10), and together with (3.11) it implies that

.
(¢Bi tin)neomy) — ',

i.e. (A) is satisfied. Moreover, by (3.11) again,

tmsup 30 i (Bhgp) € 3 ]+ timsup(e A K27 = (]|

=00 0<ichy 0<i<k 0<i<k

and since k, — k, by Fatou’s lemma we have,

o Wl <liming > o (By),

0<i<k 0<i<ky ()

which proves (D) because 3 <icr, ) Ha(e) (Bff(é)) = HMZ(K)H'

Step 5: vanishing of the remaining part, proof of (E). By Lemma 3.3, it suffices to prove
that m((py)neom)) = 0. We claim that:

(B neot)) < m((Hineoy). forevery i € Nwithi <k, (3.13)

which concludes since m((ph)neo, ,av) = 0 if k < oo, and m((uh))neq: ) — 0 as
i — 00 if k = oo. Indeed, if £ = 0o, we have by (3.7) and (D),

*Zm finea ) < DIl = Jim IIMU || < liminf (g || < oo.
ieN €N

Let us show (3.13). Let 0 < o and (7n)nes(v) be a sequence of points such that

C/
(T—an i )nes) — i € M(RY).

We need to prove that ||ul| < m((pf)neo,;v)) for every i < k. Assume without loss of
generality that ||u|| > 0. Then for every i < k,

(dist(z, l'il))nea-(N) — 00. (3.14)
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Otherwise, up to subsequence, (dist(x,,z%)), would be bounded by some constant M,
and for every r > 0,

(ra i) (Br) < b (Braar(a)) —— 0,
because p;, is supported on RN \ Uo<i<k, Bt and B,y (%) C B! for n large enough by
(E). Hence p would be 0, a contradiction. Up to further extraction, one can assume that

(T, Hn)nes(n) converges weakly to a measure fi € M(RN). Since p¥ < pp, we have
w < fi. Moreover by (3.5), for every i < k and n € &(N) large enough,

i _ _ }: . J
T_x’ILMTL - T_xnun Tx?n,mnlu ’
0<s<i

o
and because of (3.14) the sum converges weakly to 0, so that 7_, ! —> ji, and conse-
quently,

leell < 121 < m((E)neo,m))s
which is what had to be proved.

Step 6: re-centering of the bubbles at points of supp u,. By (3.10), (T,x%un)neg(N)
converges weakly to the non-trivial measure u; for every i < k, thus

R;/2 = limsup dist(supp pin,z’) < +oc. (3.15)
o(N)on—+o0

Therefore, for every n large enough, there is a point &, such that |zf, — | < R; and
Tl € supp pn. After a further extraction, one may assume that for every i, |z?, — 7% | <
R; < r? with diam BY, = 2r{, for every n, and (2%, — &' )nEU(N) converges to some p; € RV
Finally, we set 7' := r’ — R; and B, := B(Z,,7}") C Bi. After replacing the balls B
by By, (B) and (C) are satisfied by definition. Notice that (7_z: fin)nes(n) converges
weakly to i’ = mp,p’ with Al = ||u'l|, and limsup,|lcp; pnl = limsup,, pn(B}) <
lim sup,, jtn(B!) = ||11!|| hence (A) holds. Besides, using Fatou’s lemma,

lim sup Z pn(By,) < limsup Z o BZ ZHMzH

" i<kn i<k i<k
< thmf,un( i) < hmlnf Z pin (BL)
i<k 1<kn

so that limy, >, pn(B2) = ;]| and ( (D) is satisfied. In particular, lim, 37y, pn (B
BY) = lim,, S ik, tn(BL) —limy Y pn(B5) = 0 and (E) holds as well. O

Remark 3.4. If the sequence of families of balls (B )o<i<r, satisfies the conclusion of the
theorem, i.e. (A)-~(E), then it is also the case for any family of balls (B)o<i<k, with
the same centers as those of B! and with smaller but still divergent radii (i.e. satisfying
(C)). It can be easily seen following the arguments at Step 6 of the proof.
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3.2 Lower bound by concentration compactness

We will first establish a lower bound for the minimal energy along vanishing sequences
defined on varying subsets of RY. We say that a sequence of Borel functions (u,)nen,
each defined on some open set €, C RY, is vanishing if the sequence of measures

(Jun| LN L )nen is vanishing in the sense of Definition 3.1, namely if HU"HL&HOC(QTL) -0

as n — oo, where Ll () is the set of uniformly locally integrable functions on the

open set €2, i.e. Borel functions u on 2 such that

||u||L11 (@) = sup / lu| < +o0. (3.16)
wioe z€RN JON(z+[0,1)NV)

It will be convenient to first extend our Sobolev functions to a neighbourhood €25 of Q

where for every § > 0 and every set X C R we have set

X5 = {z eRY : dist(z, X) < 6}.

We will need to consider sufficiently regular domains for which we have an extension
operator WP N LL () — WlPn Ll (Qs). We will only apply it to domains with
smooth boundary, in which case we can use a reflexion technique. Since we want quan-
titative estimates, we will use the notion of reach of a set X C RV (see | ). We
say that X has positive reach if there exists 6 > 0 such that every z € X5 has a unique
nearest point 7(x) on X. The greatest § for which this holds is denoted by reach(X)

and the map = € Xieacn(x) = 7(7) € X is called the nearest point retraction.

Ezample 3.5. Assume that Q is a perforated domain B® \ [JF_; B where the B’ are
disjoint closed balls included in some open ball B® (possibly B = R"). Then,

reach(9Q) = inf{radius(B%) : i =0,...,k} U {dist(OB*,0B’) : i # j}.

By | , Theorem 4.8], we have

i) if x,y € X5 with 0 < § < §p := reach(X), then |7(z) — 7(y)| < 5fg5|x -,

ii) if z € X and D, is the intersection of X,c,cn(x) With the straight line crossing 0
orthogonally at z, then 7(y) = z for every y € D,.

Lemma 3.6 (Extension). Let  C RY be an open set such that its boundary 0 is C*
with positive reach. Then, for every 6 € (0,reach(0N2)), every p € [1,4+00) and every
u € LN WP(Q), there exists u € L* N W1P(Qs) such that & = u a.e. on Q, and

1l Loy < Allullzre),  Nully, @) < Allullny, @) IVl < AlVullre @),

uloc
with a constant A < 400 depending only on N,d and reach(0S2).

Proof. Let o : (0Q2)5 — (0€2)s5 be the reflexion through 012, defined by o(x) = 27 (z) — .
By the properties i) and ii) of the nearest point retraction, we have that ¢ = o~! (simply

because m(o(z)) = w(z)) and o is L-Lipschitz with a constant L < +oo depending on ¢
and reach(0€2) only.
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We define 4 by & = v on Q and 4 = uwo o on Qg \ Q*. This map is well defined
since o (s \ Q) C Q. Indeed, if we had z,0(x) € Qs \ 2, then the line segment [z, o (z)]
would meet 092 orthogonally at its center m(x), and would remain out of Q elsewhere,
because otherwise there would exist a point y belonging either to 9 N (z,7(x)) or
o N (m(x),o(x)) thus contradicting the definition of m(x). Such a situation is not
possible for a C! boundary.

Moreover, by the change of variable formula and the chain rule, u satisfies the desired
estimates since o is bi-Lipschitz with its Lipschitz constants controlled in terms of ¢ and
reach(99). O

We will need a localized version of the Gagliardo—Nirenberg—Sobolev inequality in a
particular case:

Lemma 3.7. Let Q@ C RYN be an open set such that O is C' with positive reach, let
€ [1,400), let r > p(1 4+ %), and assume that r < % when p < N. Then for every
u e L'NnWr(Q),

lullzr o) < CUIVullo@) + lull @) el g

where o € (0,1] is the unique parameter such that 1 = af
constant C < 400 depends on N,r,p and reach(0).

Proof of Lemma 3.7. We let u € L' "1 W1P(Q) and we extend u to u € L' NW1P(Qy5) as
in Lemma 3.6, with ¢ := reach(2)/2. By the Gagliardo—Nirenberg—Sobolev inequality

(see [ |) on the hypercube Qs = [—\/‘;—N, \/%)N, we have

17l 2 @5) < CUIVENZs s IEll 3o, + Cllalis)-

We then cover () with the hypercubes Qs(c) = c+ Qs € Qs centered at points ¢ on the

grid C :== QN §ZN. Since a > N+1, we can check that

r—1
ro =

> p. 3.17
1+ =p ( )

2\’*
@\H

By superadditivity of s +— s7 and of s — s"*, we obtain

lullr @) < D Nallir @y

ceC
< &SIVl fos o 1T, + il 05 e
ceC
_nr(l—« 1 «@
< OVl Il + Ol o lal7s 5,
ro r(l—a
< C"(IVull oy + lulla) ™ el - O

“Note that 7 is not defined on 99, but this set is negligible.
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Proposition 3.8. Assume that f : RV x Ry x RN — R, satisfies (H1) and (H}) for
some p € (1,400). Consider a vanishing sequence (un)neN in VVli)’C1 (Qn, Ry), where the
Q, C RN are open sets with C' boundary and such that inf,ey reach(9€,) > 0, and a
sequence (®p,)nen of Borel maps @, : Q, — RN such that Supyeq, | Pn(y) — xo| — 0 as
n — +oo for some xg € RN. If 6, = an up, > 0 for every n and (0p)nen is bounded,
then:

hmlnf/ f(® un(y), Vun(y)) dy > (20, 0,0),

n—-+oo 0 n
where f' (z9,0,0) was defined in (1.4).

Proof of Proposition 3.8. Without loss of generality, we may assume after extracting a
subsequence that:

= sup / f(@n(y), un(y), Vuy(y)) dy + 0, < +00. (3.18)
We consider the sequence of measures (v, )neny € M4 (RY x R x RY) defined by

1
Uy = 9—(<I>n,un, Vun)s(un LYLQ,), n€N.

/

We are going to show in several steps that v, N d(20,0,0) and deduce the result. It
suffices to show that the three projections v}, = (7)1, @ € {1,2,3} converge narrowly
to 0z,,00 and g respectively. Indeed, this would imply that (v,) converges narrowly
to a measure concentrated on (z9,0,0), hence to (4, 0,0) since the v, are probability
measures. First of all, since (v,) has bounded mass and (6,,) is bounded, we may take

c/
a subsequence (not relabeled) such that v, — v and 6, — 6 as n — oo for some
veML(RY xR xRY) and 6 > 0.

Cl
Step 1: v} - §,,. This is a direct consequence of the fact that v} is concentrated on
®,(RN) for every n and dist(®,(RN),z0) as n — oc.

C/
Step 2: v2 = §y. By (3.18) and our assumption (H4), there is a constant K1 > 0 with
/ |Vu,|P < Kl/ Uy, Vn € N. (3.19)
Qn Qn

We deduce from Markov s inequality, and Lemma 3.7 applied with r = p(1 + %), corre-
sponding to a = N+1’ that
1 1

([77’ +OO)) 0 Unp = 07 u}l_ru:l
{unZW} n {unZ’ﬂ}

1 T
= G Jo,

C r(l )

< o (IVunllzon) + lunllzaon) el

Q§°

!

< g (L 07 fun 72

()’

3
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where in the last inequality, we have used the identity ar = p and (3.19).
Since (un)nen is vanishing and (6,)nen is bounded, the last term in the previous

Cl
inequality goes to zero as n — oo and it follows that 12 — 4.

c/
Step 3: v3 - 8. Fix M > 0 and 1 > 0. One has by (3.19),

yf;([M, +00)) = i Uy < i Uy + i Up,
On J{1Vun| =M} On J {un <n¥n{|Vun |20} O J {un>n}

< %M{wuu > M}) + va([n, +00))

n 1 2
< - P
= G, M /Q [Vl + 27 (. 40))

By the previous step, we know that lim,, 1o v2([n, +00)) = 0, hence taking the superior
limit as n — 400 then n — 0 we get lim,_, 1o 3 ([M, +00)) = 0. Since this is true for

/

C
every M > 0 we obtain v — §o.

/

Step 4: conclusion. By the previous steps, we deduce that v, N O(20,0,0) @S M —
+00. We define g : RV x R x RV — [0, +00] as the lower semicontinuous envelope of
RY x R% x RY 5 (z,u,8) — %f(:v,u,f) By (H1), we have g(z,u,§) = %f(z:,u,f) if
u > 0, and by (1.4), we have g(z,0,0) = f’ (x,0,0) for every z € RY. Hence, by lower
semicontinuty of g and Fatou’s lemma, we get

liminf/ f(®p, un, Vuy,) > liminf Mun

Qn

n—00 n—00 {un>0} Up,

= lim inf g(z,u, &) dvy(z,u, §)

n=00  JRN xRxRN

> / g(.’E,U,g) d(;(:to,o,()) = fL(l'D,0,0),
RN
which ends the proof of the lemma. O

We now establish our main energy lower bound along sequences with bounded mass
(not necessarily vanishing):

Proposition 3.9. Assume that (f.)e>o is a family of functions f- : RV xR,y xRN — R,
satisfying (H1), (H2), (H4) and (HG) for some limit f. Let (ep)nen be a sequence
of positive numbers going to zero, (Rp)nen and (rn)nen be two sequences in (0, +o0]
such that lim, oo Ty, = limy, 00 Ry — 1 = 400, (Un)nen be a sequence of functions
Uy € M/ﬁ;cl(BRn7R+) with finite limit mass m = lim, 0 fBrn Up, and (Pp)nen be a
sequence of Borel maps ®,, : B, — RN such that

sup |®,(y) — xo] —— 0 for some zo € RY. (3.20)
yGBRn n—oo
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Then there exists a family (u')o<i<k of functions in W/'l})’g(RN, R4) with k € NU {400},
such that m; = [pn u’ € (0,400) for every i, and

m=m, + Z m;  with my, > 0, (3.21)
0<i<k

lim inf fer (P Un, Vug) > my ' (20,0,0) + Z f(zo,u’, Vu'). (3.22)

n—oo
Bg,, 0<i<k /RY

Proof. We first assume, up to subsequence, that the left hand side of (3.22) is a limit.
We apply the profile decomposition Theorem 3.2 to the sequence of positive measures
Un = Up E‘]Er where, without loss of generality, we assume the extraction o to be the
identity for cgnvenience, and we use the same notation as in Theorem 3.2. In particular,
for each bubble B = B, (z¢), with 0 < i < ky,, we have z!, € suppu, C B,,. By
assumption, we have lim,_,o (R, — ) = +00; hence, up to reducing the radii of the
balls B! if necessary, in such a way that their radii still diverge (see Remark 3.4), we
can assume that

B! CBr,1, 0<i<ky,. (3.23)

For each 0 < i < ky, we let u’, :== u,(- + 2%). Assuming without loss of generality
that the left hand side of (3.22) is finite, we get that the sequence (ul),, is bounded in
I/Vl1 P(RN) by (H4). Hence, after a further extraction if needed, we get that (u’)n,en — u’
weakly in VVli’Cp(]RN) for some limit v, for every 0 < i < k = lim k,,. Setting m; = fRN u’
for every i, by (D) in Theorem 3.2, we have

My =M — E m; = lim Uy .
n—oo ;
0<i<k By, \Uo<i<ky B

Fix € > 0. We decompose the energy as

fs(q)nyunvvun) :/ fs(q)naunyvun)
Bg, Br,, \Uo<i<ky, B,
+ > / fo(® zl),ul, Vb)), (3.24)
0<i<kn

Note that the domains €, := Bpg, \ U0§i<kB1i1 satisfy inf, cyreach(0€2,) > 0 as no-
ticed in Example 3.5, thanks to (3.23) and (B), (C) in Theorem 3.2. Hence, applying
Proposition 3.8 to the Lagrangian f., we obtain

lim inf [ (@, un, Vug) > my(f2)(20,0,0). (3.25)
n—00 ;
BRr,, \Uo<i<k, Bh
Moreover, by lower semicontinuity of integral functionals (see | , Theorem 4.1.1]),

in view of (3.20), we have for each 7 with 0 <1i < k,

n—o0 RN

liminf/B | fo(@n (- + 28, ul Vb)) > fe (o, u?, V). (3.26)
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Finally, by (3.24), (3.25), (3.26), (H6) and by monotone convergence, we deduce that

lim inf fen (®pytin, Vuy) > hm (mv(fa) (20,0,0) + Z fe (zo,u’, Vu' ))

n—oo
Bry, 0<i<k

= myf (20,0,0) + Z/ f(zo,u’, Vub). O

0<i<k

3.3 Existence of optimal profiles

For the existence of an optimal profile in (1.2), we need a criterion that rules out splitting
and vanishing of minimizing sequences:

Lemma 3.10. Let H : Ry — Ry be a concave function. Then H is subadditive, and if
for some 0 < @ < m one has H(m) = H(m — 0) + H(0), then H is linear on (0,m).

is non-increasing. Hence,

Proof. By concavity, t — @

Hm) = 010 | _ gy Hm) _ pHO)

- - 7 + (m —0)

But, by assumption, the last inequality is an equality which means that H(m
% In particular, the monotone function ¢ — (t) must be constant on [#, m

ie.
H must be linear on [0, m]. By concavity this is only p0551ble if H is linear on [0, m]. O
We can now state and prove our existence result:

Proposition 3.11. Assume that f : RY x Ry x RN — R, satisfies (H1), (H2), (H/})
and (H5). Let (:1;0, m) € RN x Ry. If Hy(xo,-) is not linear on [0,m] then (1.2) admits
a solution u € VVIOC (RN, Ry), i.e. [pvu=m and [pn f(z0,u, Vu) = Hy(zg, m).

Proof. If m = 0, we take u = 0. If m > 0, we apply Proposition 3.9 in the following
situation: f. = f, R, = +o00, ®,, = 20, (up)nen is a minimizing sequence for the
minimization problem in (1.2), and (7,,)nen is a sequence of positive radii going to +oo
such that lim,_, | B, Un =T We obtain

Hf($07 )>m’uf (CL‘(),OO + Z / f.%'(),u VU)

0<i<k

with k& € N U {+oo}, ut € VVl P(RN,R;) and m = Y g<icp,mi + my, where m; =
fRN u'. By Proposition 2.8 and Proposition 2.9, in view of our assumption (H5), we have
fL(20,0,0) > Hj(x0,0). Moreover, by lemma 2.4, we have m, H}(x0,0) > Hy(xo, my).
Hence, by definition of Hy,

Hy(zo,m) > myf’ (20,0,0) + ) / flzo,u', V') > Y Hp(wo,ms) + Hy(wo, my).
0<i<k 0<i<k
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Since the concave function Hy(xo,-) is not linear on [0,m], by Lemma 3.10, we have
either £ = 1 and m, = 0, and we are done, or k¥ = 0 and m = m,. But in the latter
case, we would have H(xo,m) = mH}(zo,0) which implies that the monotone function

t— M is constant on [0,m], i.e. that H¢(xo,-) is linear on [0,m]. This contradicts

our assumption. ]

4 T'-convergence of the rescaled energies towards the H-mass

We establish lower and upper bounds for the I' — liminf and I" — lim sup respectively,
from which we deduce the proof of our main I'-convergence result. The upper bound on
the I" — lim sup holds under more general assumptions and will be needed in Section 5.5.

4.1 Lower bound for the I — liminf

Given a Borel function f: RN x R. x RV — R, we define

Hy (2,m) = inf{ Hy(a,m), f_(2,0,0)m}, «€R, meRs, (4.1)

recalling that Hy is defined in (1.2) and f’ (z,0,0) in (1.4). Notice that under (H5), in
view of Proposition 2.8 and Proposition 2.9 we have H; (z,m) = Hy(z,m).

Proposition 4.1. Assume that (f.)e>o is a family of functions f- : RV xRy xRN — R,
satisfying (H1), (H2), (H4) and (H6) where f = lim._,o fo. Let (en)nen be a sequence
of positive numbers going to zero, (un)nen be a sequence in Wﬁ)cl (RN, R,), and let

en() = fo, (x,eNuy (z), N TV, (1), N, e RY,

C/ C/
be the energy density of un. If up LY =% u € ML (RY) and e, LY =% e € M (RY),
then
e > HY (u). (4.2)

In particular, T'(C)) — liminf._,o & > M.

Proof of Proposition 4.1. Set H := H;. To obtain (4.2), it is enough to prove that if
ro € RV is an atom of u, i.e. u({zo}) > 0, then

e({zo}) = H(zo, u({zo}))- (4.3)
and that if zg € suppwu is not an atom of u, then
) > H'(x,0). (4.4)
Indeed (4.3) implies that e > (H(u))® (the atomic part of the measure H(u)) while

(4.4) implies that e > H'(-,0)u? = (H(u))?, by Radon-Nikodym theorem (see | ,
Theorem 2.22]); these two relations yield e > (H(u))® + (H(u))? = H(u) as required.
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We fix xg € suppu and proceed in several steps.

Step 1: blow-up near xy. We first take two sequences of positive radii (Ry)seny — 0 and
(r¢)een such that for every £ € N, r; € (0, Ry),

e(0BR,(z0)) = w(0By,(x0)) =0, (4.5)
and

e(Br, (o)) e(Br(z0))

lim )

(=00 u(By,(z0))  roo+ w(Br(20))
This last property is obtained by taking first a sequence (p;)y such that
i sup CBRE)) _ - €(Bp(20))
R0+ u(Br(xo)) =00 u(By,(10))

(4.6)

= lim sup

~—

)

then using monotone convergence the measures to get first 7, then Ry such that 0 <

re < Ry < pg, u(By,(20)) > (1= 27 )u(By, (x0)) and e(Bg,(w0)) > (1 = 27")e(B,, (o).
By weak convergence and (4.5), according to [ , Proposition 1.62 b)], we have
for every £ € N,

nlggo en(Br,(z0)) = e(Br,(z9)) and lim Up, = u(By,(20)).

n—00 By, (z0)

Hence, there exists an extraction (ng)seny € % such that

lim —& = 400 and lim Re—re _ +00, (4.7)
{—o00 Ep, l—oo £,
satisfying the following conditions:
u({zo}) = lim Uung, e({xo}) = lim e, (Br,(10)), (4.8)
BTZ (370 {—00
and
lim sup e(BRz(xo)) — lim ene(BRz(xO)) (4.9)

=00 U(Bre(l’o)) {—o0 fBr (o) Un, .

We may rewrite the mass and energy in terms of the re-scaled map vy defined by

ve(y) = el un, (w0 +en,y), y RN, LEN (4.10)

as follows:
/ U, :/ vy, (4.11)

By, (z0) B 1
ng e
and
enBra) = [ fuu 00+ En ), Torla) dy (4.12)
671R€

e
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Step 2: proof of (4.3). By Proposition 3.9, we have

e({zo}) = ZILIEO eny(Br,(z0)) > my fL(20,0,0) + Z H¢(xg,m;). (4.13)
0<i<k

Here k € NU {+o0} and m = my, + > g<;<f Mi, With m; > 0, m, > 0 and

m = lim ve = u({zo}).
{—o0 B 1
€ne ’I‘Z
Since the function H = Hf_7 defined in (4.1), is the infimum of two functions which
are concave in the mass m, it is itself concave in m hence subadditive. From (4.13) we
thus arrive at

e({zo}) = Hy (x0, mv) + Z H (zo,mi) = Hy (aco,mv+ Z ml) = Hj (o, u({zo})).
0<i<k 0<i<k

Step 3: proof of (4.4). Fix £ > 0 and assume that m = u({zo}) = 0. In that case, we
apply Proposition 3.8 to the sequence of functions (vy)gen defined on the sets Qy, = B_—1

6né Ty
and the function f. to get, thanks to (H6):
B ne (B
lim sup (Brlzo)) = lim SAPRAT0)) (Br (o))
R—0+ ’LL( R(I‘O)) {—00 fBre(mO) ung
o 1
>timint [ Lo+ 2y 0l Vo)
{—o0 fB . Ve JB 1
€ny 7L Eny "L
Z (fE)L(‘rO? 07 0)
Taking the limit € — 07, we deduce by (H6) and (4.1):
B
tim sup SLEEEOD). o 1 (4 0.0) > (H7Y (20, 0). (4.14)

r—o+ W(Br(zo))
In view of the discussion at the beginning of the proof, we have now proved (4.2).

Step 4: lower bound for the T' — liminf. We justify that (4.2) implies the lower bound

I'(Ch) — liminf. 0 & > M/ . Indeed, fix u € M4 (RY) and consider a family (ue)eso
weakly converging to u as € — 0. We need to show that M (u) < liminf. o & (u.).
Assume without loss of generality that the inferior limit is finite and take a sequence of
positive numbers (g, )neny — 0 such that this inferior limit is equal to lim,, .0 &, (ue,, ).
Now the energy density e, associated to u, = u,, has bounded mass and up to extracting
a subsequence one may assume that it converges weakly to some measure e € M, (RV).
By the previous steps, e > H(u), and by lower semicontinuity and monotonicity of the
mass:

lm it € () = i inflleal > el > 1w = MY (w) 0
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4.2 Upper bound for the I' — lim sup

In this section, we introduce the following substitute for (H6), where f, (f:)s>0 are Borel
maps from RY x R, — RN to R,

(U) there exists C' < 400 such that for every z,y € RV, u € R, and £ € RV,

limsup f&(‘r +€y)u7§) S f(xvuag) and fé‘(y’u7£) S Cf(‘r7u7§) VE > 0

e—0t

Proposition 4.2. Assume that f, (f-)es0 satisfy (U). If u € M (RY), then there exists

CI
g(RN,RJ’_) such that ue LY > u when ¢ — 0 and which satisfies

(ue)e>0 € Wli)

lim sup & (u.) < Mrise(q),
e—07t

where Hyysc < Hy stands for the lower semicontinuous envelope of Hy, defined in (2.6).
In other words, we have I'(C}) — limsup,_,q & < MHsisc,

Proof of Proposition 4.2. Let F' = T'(C;) — limsup,_,o&. As an upper I-limit, F is
sequentially lower semicontinuous in the narrow topology. Hence, by Proposition 2.7, it is
enough to prove that F(u) < M/ (u) whenever v is finitely atomic. Let u = 2%, m;d,,
with & € N, m; > 0, ; € RY, and assume without loss of generality that z; # xj
when i # j and M/ (u) < 4o0. Fix n > 0. For each i = 1,...,k, there exists
u; € I/Iflég(RN7R+) such that [py u; = m; and [pn f(@i, ui, V) < H (i, mg) +1. We
define for every i =1,...,k,

ul(z) = e Nu(e Yo — ), xRV, (4.15)
and
u. =sup{ul : i=1,...,k}, (4.16)
which converge narrowly as measures to u as € — 0. We have by change of variables:

k

k k
Eoue) <3 Eulue, {ul = u}) < E(ul) =Y / £ (@i + ez, us, V).
i=1 i—1 /RN

i=1
Using our assumption (U) and the dominated convergence theorem, one gets as ¢ — 0:
k k
RN

e—0 i=1 i=1

The conclusion follows by arbitrariness of n > 0. O

28



4.3 Proof of the main I'-convergence result

We now explain how Theorem 1.2 follows from Proposition 4.1 and Proposition 4.2.

Proof of Theorem 1.2. The lower bound I'(Cj) — liminf. 0 & > M5 follows from
Proposition 4.1, and the upper bound I'(C;) — limsup,_,q & < MH7se from Proposi-
tion 4.2, where the assumption (U) is a consequence of (H3) and (H6). By Proposi-
tion 2.8 and Proposition 2.9, thanks to our assumption (H5), we have HJ? = Hy, and
Hy > Hy s by definition. The result follows because the weak topology is weaker than
the narrow topology. O

5 Examples, counterexamples and applications

5.1 Scale-invariant Lagrangians and necessity of assumption (H5)

Our assumption (H5) is not very standard, but we need a condition of this type in order
to get I'-convergence of the rescaled energies £. towards My, as shown by the following
class of scale-invariant Lagrangians:

. WP gl if u >0,
ol €)= f,§) with  f(u €)= { < (1)
0 else,
where p € (1,N), N € N* and p* = p]_V . By straightforward computations, & (u) =

P
= [on f(u, V) for every £ > 0 and u € WLP(RN) in that case.

Moreover the abbomated cost function Hy is not trivial. Indeed, applying the Gagliardo—
Nirenberg—Sobolev inequality,

1

([ )"

L

to the function v = u»*, we obtain that for every u € VV;’CI(RN, Ry )) N LYRN),

loc

1
<c( | |[voP)’, vuer nwil®Y),
]RN

£ P P
(L) = (o) oy =(52) e
RN p {u>0} p

Hence, for every m > 0, we have Hy(m) > 0, and even Hy(m) < 400 since any function
u =P, with v € WHP(RN,R,), has finite energy. Replacing u by mu in the infimum
defining Hy in (1.2), we actually obtain

Hy(m) =m'"NH(1), 0< Hf(1) < 400, (5.2)

In that case, it is clear that the I'-limit of &, = &£ in the weak or narrow topology
of M (RY), that is the lower semicontinuous relaxation of &, does not coincide with
MH7; indeed, the first functional is finite on diffuse measures whose density has finite
energy, while the second functional is always infinite for non-trivial diffuse measures
since H}(0) = +oo.
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These scaling invariant Lagrangians are ruled out by our assumption (H5). All the
other assumptions are satisfied except (H4). Note that the following perturbation of f,

Flu,€) = (1+ % V) gp

satisfies all the assumptions except (H5), and provides a counterexample to the I'-
convergence. Indeed, MH; > My, is still infinite on diffuse measures, while (the
relaxation of) & 7ls finite for any diffuse measure whose density has finite energy.

We stress that an assumption like (H5) is actually needed, even for the lower semi-
continuity of the function Hy — recall that if My, is a I-limit, then it must be lower
semicontinuous by | , Proposition 1.28], which in turn implies that the function H
is lower semicontinuous by Proposition 2.7. Indeed, consider the Lagrangians

flz,u,&) = (1+ up(pi**l))mp(w)’

with p € CO(RY, (1, N)) such that p(0) = p € (1, N) and p(z) > p when  # 0. Then,
we have H¢(0,m) = ml_%H(l), but H¢(z,-) = 0 if  # 0 as can be easily seen via the
change of function eNu(e ), with € > 0 small.

5.2 General concave costs in dimension one

It has been proved in | ] that for any continuous concave function H : Ry — R
with H(0) = 0, there exists a function ¢ : Ry — R, such that ¢(0) = 0, u — L:) is
lower semicontinuous and non-increasing on (0, +00), and for every m > 0,

H(m):inf{/R|u/\2+c(u) : uEVVli’Cl(]R,]RJr), /Ru:m}.

The Lagrangians of the form f.(x,u,&) = [£]? + ¢(u), in dimension N = 1, satisfy all our
assumptions (H1)—(H6), hence our I'-convergence result stated in Theorem 1.2 yields the
I'-convergence of the functionals

£.(u) = / S+ e m Ry,
R

towards M for both the weak and narrow convergence of measures. Therefore, we may
find an elliptic approximation of any concave H-mass. Let us stress that c is determined
in | | from H through several operations including a deconvolution problem, but
no closed form solution is given in general; nonetheless, an explicit solution is provided
if ¢ is affine by parts.

However, in dimension N > 2, we have no positive or negative answer to the inverse
problem, consisting in finding f satisfying our assumptions with H; = H, for a given
continuous concave function H : Ry — Ry with H(0) = 0. Note that, unlike the one-
dimensional case, we cannot reach a function H having a non-trivial plateau with a
Lagrangian of the form f(z,u,&) = |VulP + ¢(u), with p € (1,400) and ¢ : Ry — R4
lower semicontinuous, in dimension N > 2.
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Indeed, assume by contradiction that Hy(m) = hg € (0,400) for every m € [my, ma,
with 0 < my < mg. Then, we get that f satisfies all our assumptions ((H5) being satisfied
with p(u) =u*ifa € (%, 1+ %), for example ae = 1), and we deduce by Proposition 3.11
that there exists u € WHP(RN, R ) such that £f(u) = Hy(ms) and [px u = mg. By the
Pélya-—Szegd inequality, up to replacing u by its symmetric decreasing rearrangement,
we can assume that u(z) = w*(|z|) with «* : Ry — R4 non-increasing. Removing a slice
of the form {—n < z; < n} to the function u, and gluing together the two portions on
either side of this slice, we obtain a function with slightly less mass, if 7 > 0 is small,
and with less energy; since Hy is constant on a left neighbourhood of mg, this means
that the energy of u on this slice must vanish and, in particular, that u is constant here.
Since u is radial, this means that u is constant on RY, a contradiction with the fact that
Jan w=mg € (0,400).

5.3 Homogeneous costs in any dimension

In this section, we provide Lagrangians f to obtain the a-mass M® = M*~*" in any
dimension N for a wide range of exponents, including super-critical exponents a €

(1 - %, 1}. We consider for every p € [1,+00),s € (—o0,1] and N € N*, the energy
defined for every u € VVll’l(RN ,Ry) by

ocC

Enx () 1= /R sl V) = /R VUl (5.3)

Notice that for p > 1, fn p s satisfies all our hypotheses (H1)-(H5) (without dependence
on z), (H5) holding in dimension N > 2 with p(t) = t for example. Thus by Theorem 1.2
the re-scaled energies I'-converge to the Hy,  -mass, with Hp, .

One may compute Hy, _ substituting u by v such that u = mANv(A-) in (1.2), where

s/p—1

A= mIFN-sNTp (5.4)

Straightforward computations give [y v =1if [pxu =m, and

N 1 +
Enp,s(u) = m ,p,S)SN,p78(v), where «(N,p,s) = eI

SAERSARS
2| 2o

thus

Hpyps(m) = cN7p7Sma(N’p’5), where cnps = Hnps(1).

We look for cases when the cost is non-trivial, i.e. neither identically zero nor infinite
on (0,+00). Take an auxiliary exponent ¢ € [1,400) and a € [0,1] such that 1 =
aq + (1 — a)s. By Holder inequality,

a 11—«
Jor= Jommm = (L) (L)
RN RN RN RN
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Moreover, choosing g € (1,p*) if p < N and any g € (1,+00) if p > N, by the Gagliardo—
Nirenberg—Sobolev inequality, for every u € Wﬁ)’cl NLY (RN, R,),

1

q 1-
</RN uq> = |lul|ze < CHVU||€PHUHL16’

with 8 € (0,1) such that % =p (% - %) + (1 — 3). Hence,

1—qa(1-P) % 1-a
o) e () (L)
RN RN RN

and the cost is non-zero for every m > 0.

In the case s € [0, 1], any u = v" with v € C}(RY) is a competitor with finite energy,
thus Enp s is non-trivial for every p € [1,400). In the case s < 0, consider the competitor
u:x— (1 —|z[)] for v > 0 to be fixed later. Then [pn|Vu[P < +oo if and only if
t — (1 —t)0~DP is integrable at 17, ie. (y —1)p > —1 <= ~ > 1—1/p, and
f{u>0} u® < 400 if and only if ys > —1 <= ~ < —1/s. Therefore, one may find v > 0
satisfying both conditions, and ensure that Hy,  _ is non-trivial, if

—p <s5<0.
To summarize, we have shown that Hy, _ is non-trivial if:
se(=p,1].

Since a = (NN, p, s) is monotone in s, one may easily compute the range of . If p and

N are fixed, o ranges over (ﬁ,l} when s € (—p/,1]. Notice that when N = 1

we obtain the whole range « € (0, 1], and at least the range [1 - NLH’ 1} for every p in

N-1

Nt 1} when p ranges over (1 + o]

dimension N > 2. Finally, we obtain a range o € (
in dimension N.

5.4 Branched transport approximation: H-masses of normal 1-currents

Branched Transport is a variant of classical optimal transport (see | | and Sec-
tion 4.4.2 therein for a brief presentation of branched transport, and | | for a vast
exposition) where the transport energy concentrates on a network, i.e. a 1-dimensional
subset of R, which has a graph structure when optimized with prescribed source and
target measures. It can be formulated as a minimal flow problem,

min {M{{(w) s div(w) = p~ — /ﬁ},
where p* are probability measures on R?, H : R? x Ry — R, is mass-subadditive, and

the H-mass M’ is this time defined for finite vector measures w € M(R%,R%) whose
distributional divergence is also a finite measure; in the language of currents, it is called a
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1-dimensional normal current. Any such measure may be decomposed into a 1-rectifiable
part 8¢ - H' LY where 0(z) > 0 and &(x) is a unit tangent vector to ¥ for Hl-a.e. z € ¥,
and a 1-diffuse part w™ satisfying |w"|(A) = 0 for every l-rectifiable set A:

w:0§-H|1M+wJ‘.

The H-mass is then defined by:
MH (1) = / H(x, 0(x)) dH () + / H (2, 0)djw, (5.5)
> R

In the case H(z,m) = m® with 0 < a < 1, a family of approximations of these
functional has been introduced in | |:

Jpa €M Vw|? + e 2 wl? ifwe VVI})’CQ(Rd,Rd),

i (5.6)
400 otherwise,

56,6(“’) = {

with f = %, v =(d—1)(1—«) and y2 = 3—d+a(d—1). It has been shown in
[ ; | that the functionals Fj . I'-converge as e — 07, in the topology of weak
convergence of u and its divergence, to a non-trivial multiple of the a-mass M¢ = M
with H(x,m) = m® in dimension d = 2. The result extends to any dimension d, by
[ ], thanks to a slicing method that relates the energy £g. with the energy of the
sliced measures u = (w - v), supported on the slices V, = {x € R? : z-v =a} ~ RV,
for any given unit vector v € R?, defined by

Erolw) = [ VP 4l
]RN

The functionals 5’5’5 I'-converge as ¢ — 07, in the weak-x topology of C}, to cM® for some
non-trivial ¢, as shown in Section 5.3, and one may recover every a-mass in this way for
a € (%, 1}, and in particular every so-called super-critical exponents for Branched
Transport in dimension d, that is o € (1 — 1/d, 1].

The same slicing method would allow to extend our I'-convergence result stated in
Theorem 1.2 to functionals defined on vector measure

£ () = { Jaa fe(z, e M| (), e Vo|(z))e' = deif w € Wi (RY,RY), 5.7

400 otherwise,

for Lagrangians f. — f fitting the framework of Theorem 1.2. The expected I'-limit, for
the weak topology of measures and their divergence measure, would be the functional
M{{f , with Hy defined in (1.2). Note that this approach would provide approximations
of H-masses for more general continuous and concave cost functions H : Ry — R4
satisfying H(0) = 0. By | |, we would obtain all such H-masses when N = 1
(corresponding to d = 2).
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5.5 A Cahn-Hilliard model for droplets

Following the works | | in the one-dimensional case and | ] in higher dimen-
sion, we consider functionals on M (R™) of the form:

/ eTP(W(u) +e|Vul?) if ue W (RN, R,),
RN

Wa(u) - (5'8)

400 otherwise,

where W : Ry — Ry is a Borel function satisfying W (t) ~y— 400 u® for some exponent
s € (—o0,1). In | : ], it is in particular proven, under some assumptions
on the slope of W at 0 and its regularity, that the family (W;).>0 I'-converges to a

non-trivial multiple of the a-mass, a = %, when s € (=2,1) and p = p(s,N) ==
N(1-s)

NTTNI=5)" In this section, we recover this I'-convergence result using our general
model.
Replacing ¢ with & = &l

for every u € VVli)C1 (RN, R,):

N+2)+N(1-5) and noticing that 1 —p = %a one gets

W=(u) = /RN ng(lfs)W(u) + €N+2|Vu‘2 _ /

ox ([aNSW(eS*NaNu)] + ]€N+1Vu\2) e N

= fSW(:U, eNu, 5N+1Vu)5_N,
RN

where fV is defined for every x € RV, u € R, ¢ € RY by
YV (@, u, &) = Wo(u) + [€* and We(u) = eV W (e Nu).

Therefore if we take f. = fEW in our general model (1.3) we exactly get Wz = &.. The
fact that W(u) ~ u® as u — oo implies that W, converges pointwise to the map
ks :u— u®if u >0, ks(0) = 0, hence f1V converges to fs : (z,u, &) — ks(u) + €]

Theorem 5.1. Assume that W : Ry — Ry satisfies:
(HW1) W is lower semicontinuous,

(HW2) {W = 0} = {0},

(HW3) W (u) ~y—stoo u° for some s € (—o0, 1),

W (u)

uS

(HW}) sup < 400,
u>0

(HW5) 0 < liminf 2.
u—0t u

Then (W:)eso I'-converges to MHss | for both topologies Cy and Cj, and if s € (—2,1]
1—s/24s/N

then MHss is a nontrivial multiple of M® where o = T=s/351/N -
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To prove this theorem, we start with a simple lemma.

Lemma 5.2. Assume that W satisfies (HW1)-(HW5). Then for every § € (0,1), there
exists cg € (0,4+00) such that for every e > 0 and every u € R4,

S(uP A cse NIy < W (u). (5.9)

Proof. Fix 6 € (0,1). There exists M > 0 such that éu® < W(u) for every u > M.
Besides, the map w : u +— W (u)/u is lower semicontinuous and positive on (0, M| by
(HW1) and (HW2), and since liminf,_,o w(u) > 0 by (HW5), w is necessarily bounded
from below on (0, M] by some contant ¢ > 0. As a consequence W.(u) > du® if u > eV M
and We(u) > eV~ Dy if u < N M, hence:

VueR, W.(u)>d6(usAceN079)q). O

Proof of Theorem 5.1. By (HW4), there exists a constant C' such that f/V < Cf, for
every ¢, and since f/V does not depend on the z variable and converges pointwise to fs,
(U) is satisfied and our I" — lim sup result stated in Proposition 4.2 yields

M > T(C)) — limsup &..

e—0

Fix § € (0,1). By Lemma 5.2, there exists ¢s such that
vou € £ (@) 2 08 + (ut A sV ) = 2 (@ u,6).

It is easy to check that f2 satisfies (H1), (H2) and (F4) for every € > 0. Moreover f2 1 6 f,
and (f2)"(-,0,0) = dcse N9 1 00 = (6f5)"(+,0,0) as &€ — 0, thus (H6) holds for the
family (f°)e0, and by applying our I' — liminf result stated in Proposition 4.1 to the
energies Eg induced by fg we get:

[(Cy) — liminf & > I'(C)) — liminf £ > Msss.

We get the result by taking the limit § — 1, noticing that (fs)"_(-,0,0) = 400, so that

Hy, = Hgy, = 0Hy, and Mos = MOHrs = gMHrs. O
Remark 5.3. We recover the I'-convergence results of [ | and | | when s €
(—2,1) under slightly more general assumptions: besides (HW2) and (HW3), the au-

thors impose the existence of a nontrivial slope lim,_q Wéu) € (0,+00) and a regularity

condition (either W is of class C! or continuous and nondecreasing close to 0), which
are stronger than (HW1), (HW4) and (HW5). Let us stress however that these works
also tackle the cases s < —2 in any dimension, where the exponent p has to be fixed to
p(—2,N), and the case s = —2 in dimension one, where a logarithmic factor must be
introduced, replacing e~ with e ?(=2D|loge|~! = e=1/2|loge|~!. This implies that in
our model we get a trivial I'-limit when s < —2, namely Hy, = 400 on (0, +00).
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