UNIFORM BOUNDEDNESS PRINCIPLES FOR SOBOLEV MAPS INTO
MANIFOLDS

ANTONIN MONTEIL AND JEAN VAN SCHAFTINGEN

ABSTRACT. Given a connected Riemannian manifold N, an m—dimensional Riemannian manifold
M which is either compact or the Euclidean space, p € [1, +o0) and s € (0, 1], we establish, for the
problems of surjectivity of the trace, of weak-bounded approximation, of lifting and of superposition,
that qualitative properties satisfied by every map in a nonlinear Sobolev space W**(M, N') imply
corresponding uniform quantitative bounds. This result is a nonlinear counterpart of the classical
Banach-Steinhaus uniform boundedness principle in linear Banach spaces.

1. INTRODUCTION

When s € (0,1) and p € [1,+0c0), the Sobolev space W*?(M, N') of maps between the
Riemannian manifolds M and N can be defined as

W*P(M, N) = {u : M — N is measurable and & ,(u, M) < +oo },

where & , is the Gagliardo energy for fractional Sobolev maps defined for a measurable map
u: M- N as

d
(1.1) o, M) = // A (40, 1" dx dy,

dM (x y)m+sp
with d ,; and d ,, being the geodesic distances induced by the Riemannian metrics of the manifolds
N and M and m = dim M. When the manifold N is embedded into a Euclidean space R by a bi-
Lipschitz embedding and N is identified to this embedding’s image, we have WSP(M, N') = {u €
WSP(M,RY) : u € N almost everywhere in M} and the corresponding energies are comparable.
When s = 1 we can assume by the Nash embedding theorem [53] that the manifold N is
isometrically embedded into RY, and we can define

WIPM, N) = {u e WIP(M,RY) : u(x) € N for almost every x € M}
and

Sl’p(u,M)=/ | Dul?.
M

The space, the energy and the topology on this space are independent of the embedding and can be
defined intrinsically [30].

1.1. Extension of traces. We first consider relationships between a qualitative and quantitative
properties for the problem of surjectivity of the trace. In the setting of linear Sobolev spaces, given
s € (0,1), p € (1,+00) and a manifold M which is either compact or the Euclidean space, the
classical trace theory states that the restriction of continuous functions in C(M X [0, +o0), R) has a
linear continuous extension to the trace operator tr : WSsH/PP(M % (0, +00), R) = WSP(M, R)
and that the latter trace operator is surjective [1, Theorem 7.39; 32, Chapter 10;/61, Theorem 2.7.2].
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2 UNIFORM BOUNDEDNESS PRINCIPLES FOR SOBOLEV MAPS INTO MANIFOLDS

By the proof of the surjectivity or by a straightforward application of Banach’s open mapping
theorem (see for example [26, theorem 2.6]), which can be deduced from the Banach—Steinhaus
uniform boundedness principle, every function u € W*?(M, R) can be written as u = tr U, with a
function U € WS+1/PP(M x (0, +o0), R) whose norm is controlled by the norm of the function u.
When dealing with nonlinear Sobolev spaces W*?(M, N) into a compact Riemannian manifold
N, the trace operator remains a well-defined continuous operator. The question of its surjectivity
is more delicate: if s = 1 — %, sp<mandif 7|(N) = -+ =~ ”ij—l(N) ~ {0} — that is for every

j € N'such that j < p — 1, every continuous map f from the j—dimensional sphere into A has a
continuous extension from the (j + 1)—dimensional ball to N —, then the trace operator is surjective
[40, Theorem 6.2]. This topological condition is almost necessary: if the trace is surjective, then
m(N) is finite and 7,(N) = -+ 2 7,1 (N) = {0} [8] (see also [12]).

In order to study quantitatively the problem, we introduce the extension energy, defined for every
r € (0,1] and g € [1, +00) such that rg > 1, for every manifold M and every measurable map
u: M- N by

5 (u, M) = inf {8,’q(U, MXR,) 1 UeW"(MxR,, N)and trU = u} € [0, +oo]

(The condition rq > 1 guarantees that the trace is well-defined.). In particular, the surjectivity of the
trace operator can be reformulated by stating that if & ,(u, M) < +oo then Sffl /pp(u, M) < +o00.
Our first nonlinear uniform boundedness principle states that the surjectivity of the trace implies

a linear uniform bound:

Theorem 1.1. Let s,r € (0,1], p,g € [1,+00), m € N,, M be a Euclidean space or a compact
Riemannian manifold of dimension m and N be a connected Riemannian manifold which is compact
if either sp>mors=p=m= 1. If sp=rq— 1 and if every map in W5P(M, N') is the trace
of some map in W"I(M X (0,+c0), N'), then there exists a constant C > 0 such that for each
measurable function u : B™ — N with either sp < m or Es,p(u, B™) < 1/C, then

EXw,B™) < C & ,(u,B™),
where B™ stands for the unit ball in R™.

When s = 1— , r =1, p = g, the manifold A" is compact and 7;(N') = - =~ 7, _;(N) ~ {0},
the estimate of was already known as a byproduct of the proof of the surjectivity of
the trace by Hardt and Lin [40, proof of Theorem 6.2]; some flavour of is present in
Bethuel’s counterexample [8]]. shows that these linear bounds are an essential feature
for this class of problems.

In the case where the trace operator is not surjective, since wha-l(M, N) c Wi-Vaeam, N,
one can still wonder whether any map in this smaller space is the trace of a map in W 9(M x
(0, +00), N). shows that this would still imply a weaker uniform estimate.

The smallness restriction on the energy when sp > m is related in the proof to scaling properties
of Sobolev energies and ensures that moving a map to smaller scales decreases the Sobolev energy.
Moreover, extension results for sp > m are proved by patching a nearest point retraction of an
extension together with a smooth extension of a smooth map [[12, Theorems 1 and 2] for which
there does not seem to be an immediate linear bound; when sp > m a compactness argument leads
to a nonlinear estimate of the norm of the extension by the norm of the trace which has no reason
to be linear [57, Theorem 4]. When s = 1 — 1/p and N is a compact Riemannian manifold such
that either z;(N') is infinite or 7 ; (N') 2 {0} for some j < p — 1, there exists a sequence (1), N
W =1/pp(B™ ') such that [8} (1.36)]

W, BT
(1.2) lim inf

—00 (-1
n—eo gh UL B

ruling thus out the extension of the estimate of when sp > m for large Sobolev energies.

>0 and  lim &_;, ,(u,, B") = +oo,
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In the limit case s — 1 and p — 400, the problem of quantitative bounds has some analogy with
the construction of controlled Lipschitz homotopies to constant maps [35]], whose answer depends
on the finiteness of the first homotopy groups of the target manifold N [34].

1.2. Weak-bounded approximation. Smooth functions are known to be dense in the Sobolev
space W*P(M, R) with respect to the strong topology induced by the norm. The strong approxi-
mation problem asks whether any Sobolev map in W*?(M, N') can be approximated in the strong
topology by smooth maps in C®(M, N'). When sp > m, and N is compact, the answer is positive
and related to the fact that maps in W*P(M, N') are continuous when sp > m and have vanishing
mean oscillation (VMO) when sp = m [59, §4]. When sp < m, the answer is delicate and depends
on the homotopy type of the pair (M, N') [7,29,38]. In the particular case where the domain M
is a ball, a necessary and sufficient condition for strong density is that =, ~ {0}, that is, every
continuous map f € C(S Lspl | ') is the restriction of some continuous map FF e C (BLsP+1 ) N,

When strong density of smooth maps does not hold, one can still wonder whether a map u €
WSP(M, N') has a weak-bounded approximation, that is, whether there exists a sequence () ien
in C®(M, N') that converges almost everywhere to u and for which the sequence of Sobolev
energies (& ,(u;));ey remains bounded. When p > 1 and the manifold N is compact, the weak-
bounded convergence is equivalent to the weak convergence induced by the embedding of N in the
Euclidean space R". In the nonintegral case sp & N, amap u € W?(M, N') has a weak-bounded
approximation if and only if it has a strong approximation [7, Theorem 3 bis]. The remaining
interesting case is thus the integral case sp € N.

Hang and Lin have given a necessary condition on the homotopy type of the pair (M, N') so
that each map in W !»(M, N') has a weak-bounded approximation [38, Theorem 7.1]. Every map
in WhP(M, N') is known to have a weak-bounded approximation when N = S? [6; (7, Theorem 6;
27) or ) (N) = - = 7, |(N) = {0} [37] (see also [20, Theorem 1.7;|39, Proposition 8.3]), when
p =2[56] and p = 1 [55,[56]. On the other hand, when m > 4 there exists a map u € W13(M, S?)
that does not have any weak-bounded approximation [9]]. In the fractional case, it is known that any
map in W1/22(S2, S') has a weak-bounded approximation [58]].

Following Bethuel, Brezis and Coron [[10124,25]], we define the relaxed energy for every manifold
M and every measurable map u : M — N by

Ssre;(u, M) :=inf {liminf & p(t,, M) @ foreachn € N, u, € C*(M, N)
> n— 00 >
and u,, — u almost everywhere as n — oo }

A map u € WS (M,N') has a weak-bounded approximation in W*P(M, N) if and only if
5;;1(1,1, M) < +o0.

Theorem 1.2. Let s,r € (0,1], p,q € [1,4+), m € N, M be a Euclidean space or a compact
Riemannian manifold of dimension m and let N° be a connected Riemannian manifold. If sp =
rq < m and if every map u € WSP(M, N') has a weak-bounded approximation in W"1(M, N),
then there exists a constant C > 0 such that for each measurable function u : B™ — N, one has

£, B") < C €, ,(u, B").

extends trivially to the case where sp > m and the target manifold N is compact,
since every map has then a strong approximation and thus for every u € WS?(B™, N), 8;3} (u, B™) =
& p(u,B™). In the situation where sp = m and the manifold N is not compact, either N is
sufficiently nondegenerate at infinity to satisfy the trimming property that implies that every map
has then a strong approximation [22] and therefore the relaxed energy coincides with the Sobolev
energy, or the trimming property fails and there exists a map that has no weak-bounded approximation
[23].

also implies that if every map in W!?(M, N') has a weak-bounded approximation
in the larger space W *?/$(M, N'), with s € (0, 1), then a similar uniform boundedness principle
has to hold.
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When s =r=1and p =g, is due to Hang and Lin [39} Theorem 9.6];

is also present in the final step of the construction of the counterexample to the weak-bounded
approximation in W3(M,S?) [9].

1.3. Lifting. Another situation in which Sobolev maps enjoy a uniform bound principles is the
lifting problem. Given a manifold F and a Lipschitzmap = : 7 — N, it can be checked immediately
that if ¢ € W5P(M, F), then 7 o o € W5P(M, N'). The lifting problem asks whether every map
u € Ws?(M, N') can be lifted to a map ¢ € WSP(M, F) such that 7 o ¢ = u on M, that is, there
exists ¢ such that the diagram

M—"=N

| A

F

commutes. In other words, we wonder whether the composition operator ¢ € W5?(M,F) —
ro@ € WSP(M,N) is surjective.

This lifting problem has been the object of a detailed study when N is the unit circle S! and
7 : R = Slisits universal covering, defined by () = (cost, sint) for every t € R. In this case,
when the manifold M is simply-connected, every map in W?(M, S') admits a lifting if and only
ifeithers=1andp >2,ors < landsp < 1,ors < 1andsp > m [[16]. Similar results hold for the
universal covering 7 : F — N when the fundamental group r,(N) is infinite [11]; when 7;(N)
is a nontrivial finite group, it is not yet known whether the condition sp & [1, m) is necessary when
s < 1. These results apply to the case of the universal covering of the projective space R P" by the
sphere S™ when m > 2 [41|52].

Another lifting problem that has been studied is the lifting problem for fibrations. For the Hopf
fibration 7 : S* — S2, in contrast with the universal covering, some gauge invariance property
shows that the existence of one lifting implies the presence of a continuum of liftings and a lifting
isknowntoexistwhens =1land 1 <p<2<morp>m>3orp>m=2]l1], and known to be
impossible for some map if 2 < p < m [9]11]].

To quantify the lifting of a Sobolev map we define the lifting energy of amapu : M — N by

E;i;t(u, M) :=inf {é's,p(qo, M) : @ : M — Fis measurable and 7 o ¢ = u} .

When s = 1 and p > 1, the lifting W'»(M, S!) preserves the Sobolev energy; when s < 1 and
sp < 1, the existing bounds on liftings of maps in W*P(M, S') are linear [[16] (see also [51]) and
suggest the following uniform boundedness principle:

Theorem 1.3. Let s,r € (0,1], p,q € [1,4+0), m € N,, M be a Euclidean space or a compact
Riemannian manifold of dimension m, N and F be Riemannian manifolds with N' connected and,
if either sp>mors =p=m= 1, compact,and = : F — N. If rq = sp and if for every map in
WSP(M, N) there exists o € W9(M, F) such that o @ = u, then there exists a constant C > 0
such that for each measurable function u . B™ — N, if either sp < m or &, B") < 1/C,

E}fgt(u, B") < C &, ,(u,B™).

The restriction sp < m for avoiding the smallness condition comes again from the scaling
properties of Sobolev spaces. For the lifting problem of maps in W (M, S!), it is known that when
s € (0,1) and p € (1, +0c0) with sp > 1, there exists a sequence of maps (u,,),cn in W*P(M, sh
such that [45, Theorem 1.1;|51} Proposition 5.7]

&) .
(13) llfl;rlglf W >0 and nlLIEO gs,p(un) = +o00.

The exponent 1/s in the denominator rules out the possibility of a linear upper bound when s < 1.
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1.4. Superposition operator. The superposition problem asks whether for a given function f :
N — F,onehas fou € WH(M,F) for each u € W3P(M, N). In analogy to the previous
theorems, we have a uniform bound principle:

Theorem 1.4. Let s,r € (0,1], p,q € [1,+0), m € N,, let M be an m-dimensional Riemannian
manifold which is either R™ or compact, N' and F be Riemannian manifolds and assume that N'
is connected and, if either sp > mor s = p=m = 1, compact. If rq = sp < m and if a measurable
map f : N — Fis such that f ou € W"I(M, F) whatever u € WSP(M, N), then there exists
a constant C > 0 such that for every measurable function u . B™ — N, if either sp < m or
& ,(w) < 1/C, then

& (fou,B") <CE ,(u,B™).

Theorem 1.4|implies that, with the same assumptions and for each x,y € N, dp(f(x), f(»)) <

C'd \r(x, y)?/9 when sp < m or d \r(x, y) remains small (see [Theorem 4.5). In particular, when
p > g, the map f is constant. When p = q, f is Lipschitz; this necessary condition is well-known

for Sobolev functions [2,13,(14,141,143]].

1.5. General uniform boundedness principle. The similarity of the statements of
to [L.4] is not a coincidence, but comes from the common properties of the extension, relaxed,
lifting and composition energies, which are nonnegative functionals that do not increase under the
restriction of functions.

Definition 1.5 (Energy). The map G is an energy over R™ with state space N' whenever G maps
every open set A C R™ and every measurable mapu : A — N tosome G (u, A) € [0, +oo] such that
if A C B are open sets and if the map u : B — N is measurable, then one has G (u| 4, A) < G (u, B).

For the sake of simplicity, when the map u : B — N is measurable and A C B C R™ are open,
we write G (u, A) rather than G (u] 4, A).

Theorem 1.6 (Nonlinear uniform boundedness principle). Letm € N, s € (0,1], p € [1, +00), N
be a connected Riemannian manifold which, if either sp > m or s = p = m = 1, is compact, and let
G be an energy over R™ with state space N'. Assume that for every measurable map u : R™ — N

(i) (superadditivity) if the sets A, B C R™ are open and if AN B = @, then
G(u, AU B) > G(u,A)+G(u, B),
(ii) (scaling) for all A > 0, h € R™ and any open set A C R™,
G, h+ AA) = A" PG (u(h + A-), A).

If for every measurable function u : B™ — N, & p(u,B™) < +oo implies G(u,B™) < +oo0 and
&, p(u, B™) = 0 implies G (u, B™) = 0, then there exists a constant C € [0, +o0) such that for every
measurable map u : B™ — N, if either sp < m or 8S,p(u, B™) < 1/C,

Cu,B™) < CE& ,(u,B™).

Compared to the statements of the classical uniform boundedness principle in Banach spaces,
the nonlinear uniform boundedness principle of replaces the linearity assumption
with some superadditivity and some scaling assumption. When dealing with functions spaces, the
scaling in the linear target has been replaced by a scaling in the domain.

Equivalently, is a general tool to construct a counterexample out of the failure of
a linear estimate. When sp < m, these counterexamples form in fact a dense set (Theorem 3.3).
Similar density of counterexamples have been obtained recently for the Lavrentiev phenomenon
for harmonic maps [44]]. When sp < m and the energy G is lower semi-continuous,
and its consequences to [I.4] still hold under the weaker assumption that the set
{u e WsP(B",N) : Cu,B™ < +oo} has at least one interior point in W*S(B™, N') (see
below).

If the energy G is lower semi-continuous — which is indeed the case in all the examples considered
in the present work — then either a linear energy bound holds or the set of maps in W (B™, N')
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of infinite energy is a dense countable intersection of open sets, and thus this set is comeagre in the
sense of Baire whereas the set of maps whose energy G is finite is meagre.

Following the strategy of Hang and Lin [39] (see also [8.,09]]), will be proved by
assuming by contradiction the existence for each n € N of a Sobolev map u, € W*(B™, N)
such that G (u,,B") > 2" ,(u,, B™) and then reaching a contradiction by constructing a map
u € WSP(B™, N') such that G (u, B™) = 40 in two main constructions:

Opening: The sequence (u,,),cy i transformed by an opening of maps (in the sense of Brezis
and Li [28]) and some gluing of maps in a sequence (#i,),cn Of maps that all take a fixed
value near the boundary (see Steps 1-3 in the proof of Section [3).

Patching: We patch together rescaled translations of the elements of the sequence (ii,,),cy in
such a way that they fit together in the unit ball, the total Sobolev energy remains bounded
(by a kind of sub-additivity property: see Lemma[2.3)) but, by superadditivity, the energy G
is infinite (see Step 4 in the proof of Theorem [3.1] Section 3)).

A substantial contribution in the present work is the possibility to handle the fractional case
0<s<1

The global strategy of the proof of is also somehow reminiscent of the original
proofs of Hahn and Banach of the uniform boundedness principle, where worse and worse elements
are summed up by the gliding hump technique to obtain a contradiction [5,36] (see also [60]).

When 0 < s < 1, the proof only uses the fact that N is a Lipschitz-connected metric space, that
is a metric space of which any pair of points is connected by a Lipschitz-continuous path.

The strategy of proof also covers the case s = 0, corresponding to superposition operators in L?
spaces (see and the case s > 1, for which the resulting theorem involves an estimate by
the Sobolev on a larger ball and a lower-order term (see [Section 6).

1.6. Structure of the article. is devoted to the two main tools we need: opening lemma
and weak subadditivity of Sobolev energies. We use them in[Section 3|to prove our general uniform

bound principle and we give several applications in[Section 4]including to[I.4] We
then investigate the generalization of our method to the limiting case s = 0 (Section 5)) and to higher

order Sobolev spaces (Section 6)).

2. TOOLBOX

2.1. Opening of Sobolev maps. The aim of the opening construction, introduced by Brezis and
Li 28], is to perform a singular composition of a Sobolev map u € W*P(M, N') with a smooth
function: given a smooth function ¢, we want to control the composite map u o ¢ in Sobolev energy.
For a fixed change of variable ¢ which is not a diffeomorphism, in general u o @ has infinite energy.
It turns out however that it has finite energy if we take @ out of a suitable family of changes of
variable.

Since the image under ¢ of sets of positive Lebesgue measure can be negligible, the singular
composition does not preserve equivalence classes of maps equal almost everywhere. In order to
avoid this problem, we will not put our maps in equivalence classes and we will consider measurable
maps defined everywhere in their domain.

Lemma 2.1 (Opening of maps). Letm € N, s € (0,1], p € [1,+0), 4 > 1 and n € (0, A). There
is a constant C > 0 such that for every p > 0, every measurable map u [B;”p — N and every

Lipschitz-continuous map ¢ . B” " there exists a point a € [Bnmp such that

(o~ Bl
& p(uo(p(- = a) +a),B)) < CLip(@)”E, ,u, B}),
where for every r > 0, B! := {x € R" : |x| <r}.
In the statement the dependence of the point a on the map u is essential; modifying # merely on
a Lebesgue null set could change the choice of this point a.

The assumptions on the map ¢ ensure that if a € [EB% and x € [B;", then p(x —a)+a € [Bj‘p and
thus the left-hand side of the inequality is well defined.
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Proof of[Lemma 2.1 We define for each point a € ng the map ¢, = (p(- —a) +a) : [EB’" - [B;"p
We will prove an averaged estimate

2.1) f &0 0, B)) da < CLip(g) 7€, ,(u. B},).

np/2

In the case s = 1, we follow [21, Lemma 2.3]: by the chain rule for Sobolev functions, we have
|D(uo @,)| < Lip(@) |Du| o @, in [EB;” and so by definition of ¢,

/ 81’p(u0(pa,[EB?) da = / |D(uo ¢,)(x)|” dxda
m m Bm
np n

< Lip((p)p/ < | Du(a + @(x — a))|? dx> da
m Bm

By a change of variable y = x — a and by interchanging the order of integration, we deduce that

/ & puo @, BY) da < Lip(e)” / < / | Du(a + o) dy) da
m B m

np (I+mp

= Lip(p)” / § &1,y (u By (@(»)) d

(I+mp

We finally have, by monotonicity of the Sobolev energy,

/ & @y, B da < Lip()” / &, (wB])dy
np

(I+mp

= C'"(Bﬁ+n>p) Lip(g)” el,p(u, B;"p).

The conclusion follows with C = 2™(1 + %)’”.

When 0 < s < 1, we define for x,y € [EB;” and a € [EB:I"p/2 the set

42

B” 1= Blo,w-g.0)l ) CR™  withpg := 7 - 2.

( @, (x) + @,(y)
a,x,y 7

2

For such points x, y, a, we observe that |@,(x) + ¢,(»)| < p(24 — n). In particular,

lp,(x) + o, |@,(x) =@,
5 +

<pi-m(z+ %) = ip.

and therefore By , € BTp. By the triangle inequality and by convexity of the functionz € R +— |[¢|?,
m m m
we have for every x,y € [Bp, ae Bnp/2 and z € Ba’x’y ,
d (10 @y (x),u0 ()" <277 (d yr (10 0, (x),u(2))" + d (u(z),u0 @, (»)").

m .
By averaging over z € B o We obtain

d
€, (10 9, BY) = / / (o)), u(@, ()" dxdy

|X — |m+sp

d
/ / f ~ (@ (), u(z))” 4z dx dy
" m n |X— |m+sp

d
—Cl/ / / N u(qoa(x)) u(z)) dz dxdy.
nJor Jer | 1@0.(%) = @, |x — y|mrer
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‘We next observe that if z € B”

a,x,y
|%w—ds¢ﬂ*wmw %m+%w_4
2 2
<(3+5)100 - 0,01 = 57 10,09 = 2,001

and therefore

d
Epuop,, BN <C, / / / v (o0, )" dzdxdy.

| @a(x) = z|™x = y|mesr

By Fubini’s theorem, this can be rewritten as

d
2.2) £, (U0 9, B < € / / / x (U(0s00), )" dydxdz,

100 — 2l — gl

where Y, , C R" is the set of points y for which z € B”

a.x.y ax,y’
Yo ={y€B) 1 Blo,(x0)+ 9,0 —22] < 2|p,(x) — 9, )] }-
Since [@,(x) + @,(y) — 22| 2 2|@,(x) — z| = [@,(x) — @,(y)|, we have
Yor: S{VEBY 1 9,(x) — 2| < G3lp,(x) — 0,0}
C{yeR™ : |g,(x)—z| < CsLip(p)|x — y|}.

We compute
d d Li P
2.3) / _ b / y -, p(@) _
e XD T Jn By, g o0 1X = V1P g (x) = 2P
C3Lip(9)
By combining (2.2) and (2.3)), integrating over a € B” o/ and by the changes of variable y = x—a €
B™ and w = a+ @(y) € B” , we are led to the estimates

1+ =1’

|, (x) — z|™*sp

d v (u(a + @(»)), u(z))”
sp
< CsLip(p) /f,",,/z /m /m 2+ o0) — 2" dydzda

d , P
< CsLip(@)°*? / / (). u(2)) dzdwdy
m Bm m

|w_ z|m+sp

d
/ & p(uo @, B))da < CsLip(p)*” / / / v (). u2))” dxdzda
Bm m m m

a+he G-H»
< C5L1p((p)sp£m([B(l+ 0, ) E; (U, BTp)'

The conclusion follows with C = C5(1 + %)’”. O

2.2. Gluing interior and exterior estimates. The next lemma will allow us to combine construc-
tions performed on different parts of the domain. Whereas when s = 1 it is sufficient to have traces
matching on the boundary, the nonlocality of the fractional case s € (0, 1) invites us to consider a
gluing with a buffer zone B”' \ B' in the energies.

Lemma 2.2 (Gluing along a buffer zone). Let m € N, s € (0,1], p € [1, ). There exists a
constant C > 0 such that for every n € (0, 1), every open set A C R™, every measurable function
: A~ N and every p > 0 such that B/} \ [B'" CA,

_Cc
(1= !

cn™ —m
- )€ AN BL).

&, A) < (1 + >8s’p(u, ANBT) + <1 +
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The constant C in the statement of only depends on the dimension m, on the regularity
s € (0, 1] and on the integrability p € [1,400). It does not depend on the set A nor on the map u
nor on the radius p nor on 7.

We will apply in the case where A is the entire Euclidean space R™ and a ball
B C R™ with p < R.

Proof of[Lemma 2.2 When s = 1, we have & ,(u, A) < & ,(u, ANBY) + & ,(u, A\ B:{"p) and the
conclusion follows with C = 1.

For 0 < s < 1, we have by additivity of the double integral defining the fractional Sobolev energy
&

5,p?

24) £ WA <E WANB™ +E (wA\B")+2 d””(x)u(y))dd-
( . ) &p(”’ )— s,p(u’ n P)+ s,p(u’ \ ”p)+ A\Bm Aan |x_y|m+sp X y$

it will thus be sufficient to estimate the last integral on the right-hand side. We notice that for
eachx € AN Bn’"p, yE A\ [EB;” and z € [EB;" \ [EB% C A, we have, by convexity of the function
teR - [P,

(2.5) d (), u(y)Y’ < 2P (dyr (u(x), u(2))" + d (u(z),u(»))").

By averaging the inequality (2.5) over z € Bf \ [E%Z; we estimate the integral in the right-hand side

of 2.4) as

d y (u(x), u(y)
2.6) / / al - Ay (40, u0)" NPT dxdy
A\Br J AnB, |x — y|m+sp
d u(x) u(z)
<2 1<f / / al - Ay (0, )" dx dydz
Br\Br J A\B" J AnBy, Cx =yl
d  (u(z), u(y)
f / / N - ) dxdydz>.
Br\Br Ja\B" J AnBr |x — y|m+sp

For the first integral in the right-hand side of (2.6), since for each x € AN [Ei:l”p andy € A\ B,
one has |x — y| > (1 — i7)p, we first have by integration over y

d u(x) u(z)
/ / / N - ) dxdydz
B\Br J A\B" J AnBY, Cx =yl

< L/ / dN(u(x) u(z))pdx dz
= A =mp Jaman Janan ’

Moreover, by dividing by the measure of the set [B;" \ [FBZ’/) and noting that for each x € An [EB;,”/) and
z€B\ [EB:I"p, one has |x — z| < 2p, we conclude that

d u(x) u(z)
f / / N " ) dxdydz
m\gr S a\gr J AnBr S x =yl

@.7) / / i (160 u(2))" dxdz
(1— )51’(1— n™) Jemar Jangr Clx—zjmtr

U AN Bm)

D
(- n>sv+1
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We consider now the second integral in the right-hand side of (2.6). We note that if x € AN [EB:,”/)
andye A\ [EB’", then |x — y| > |y| — np > 0, and thus

d y (u(2), u(y) d y (u(2), u(y)
/ / / A (42, u)" dxdydz < Cyn"p™ / A (2, u)" NPT dyda,
Br\Br JA\Br J AnBr =yl gy, Javer (V] —np)ymtsr

Next,if ye A\ B and z € BY \ Bnmp’ we have
ly — z| < dist(y, B ) + dist(z, B ) < 2dist(y, B} ) = 2(]y[ — np)

and therefore
(2.8)

d yr (u(2), u(y) d yr (u(2), u(y)
f / / N ) dxdydz < / / N ) dydz
Bm\Bm A\B’” AOB”’ |x — |m+sp l —-nm Bm\Bm A\B”‘ |Z — |m+sp

< Tﬂé’”’(u, A\B ).

The conclusion follows then from (2.4), (2.6), (2.7) and (2.8) with C = 2max{C,, C4}. O

2.3. Patching countably many Sobolev maps. We want to estimate the energy of a map obtained
by patching countable many maps different from a common constant value on disjoint sets A;. If
we apply the gluing technique from above (Lemma 2.2)) countably many times (which essentially
means, for each i, estimating the total energy of u by the energy on A; plus the energy out of A,),
since the constants appearing in the statement are larger than 1 when s € (0, 1), the constant coming
from the iterative process will be unbounded and will thus give no estimate in the limit. In order to
deal with this situation, we derive a specific bound for the patching of a countable family of maps.

Lemma 2.3 (Countable patching). Let m € N, s € (0, 1], p € [1,+0), let M be a Riemannian
manifold, I be a finite or countably infinite set, and for eachi € I, letu; : M — N be a measurable
map. If there exist b € N and a collection (A, )ier of open subsets of M such that if x € M \ 4;
withi € I, u(x) =bandifi,j € I withi # j, A ﬂA =@, then, ifu : M — N is defined by

") = {u,.(x) ifx € A,

b otherwise,

we have

&), M) < C Y E, (u, M)

iel

withC=1ifs=1and C =27 ifs € (0, 1).
Proof. First, we consider the case where s = 1 and the set / is finite. Foreachi € I,if & ,(u;, M) <
+00, then the function u is weakly differentiable on the set M \ jel\i) A j» which is open since 1
is finite, and its energy on this set is controlled by &, ,(u;, M). Therefore the function u is weakly
differentiable and, by additivity of the integral, we have

Epu M) <Y &, M),
iel
If the set I is countably infinite, we can write that I = N and we can define

; {u,.(x) ifx € A;andi € {0,...,n},
u'(x) = .
b otherwise,
By the first part of the proof
E, WM< Y E L M) <D E L M)
i€{0,...,n} ieN

The conclusion follows from the fact that (u"), oy converges almost everywhere to u and the lower
semi-continuity of the Sobolev energy under the almost everywhere convergence.
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We assume now that 0 < s < 1. We write, by additivity of the integral and the fact that
u(x) = u(y) if (x,y) € M\ Ui 4) X M\ U;es 4

d yr (u(x), u(y)
E . M)y= Y E u A)+ Y / / Z/M(x y)mﬂp) dxdy

iel ijel
d y (u(x), u(y)
// mH) dxdy.
i1 /4 Jmu dp e, yymese

i#j
jel !

We first observe that, by assumption,

(u’ A[) = gsyp(uj’ Aj),

/ / d - (u(x), u(y))” / / d (%), u;(»))”
dxdy.
M\Ujer 4; M(x yymese M\U d pq(x, y)mtsp

jer Aj

and

Finally, if i, j € I and i # j, we have
d v (u(x), u(y))
/ / daGeyyrr XY
<2P1<// dN u(x)b // dN-bu(y) dxdy>
dM(x y)m+sp dM(x y)m+sp
_2p1<//dNu(x>u<y> //dNu(xm(y)) dxdy>.
dM(x y)m+sp dM(X y)m+9p

Therefore, we have

d v (%), 4,(»))"
Epu, M) < Y E (, A)+20 ) / / dxdy

m+sp
iel ijel dp(x, )

i#j
d y (;(x), u; ()
// mH) dxdy,
i€l M\Ujer 4; d p(x, y)"eer

which implies that & ,(u, M) < 27 Yicr E U, M). O

2.4. Extension. In the application of the opening construction (Lemma 2.1)), because the change
of variable ¢, is completely known a priori, we will need to define our map u on a slightly larger
domain and with a control on the energy.

Lemma 2.4 (Extension). Letm € N, s € (0,1], p € [1,+0) and A > 1. There exists C > 0 such
thatifp > Oandu : B — N is measurable, there exists v [EB"’ — N such that v = u on [B;" and

(0 B) S CE (1, BY),

Proof. This proof is classical. For the convenience of the reader, we sketch an argument based on
Euclidean inversion. By scaling we can assume that p = 1 and we define the map v : BY — N by
setting

u(x) if [x| <1,
29) o) = o

u(x/|x|?) if |x| > 1.
If s = 1, one can check that

| Du(x)|? 2(m—p)
E1 (0B = Bm'D”'“/Bm\Bm oy 0 S (14 20702) & B,
1
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xdy.

1/4

When 0 < s < 1, we have by a change of variable
d y (u(x), u(y) d y (u(x), u(y)
£, ,(v,BM) = / / N / / N i dxdy
o Jon X =y v Jap, T/ IxP? = ylmesolxm
/ / d y (u(x), u(y))”
B\er, Jemsy, [X/1XI2 = p/1yPImse x|y 2
We observe that if x, y € B, we have |x|? |x/|x]|> = y|? = |x = y|>+ A = |x|[>) (1 =|y|?) > |x—y|?
and |x|? |y|* [x/|x[* = y/|yI*|* = |x = y|?; therefore,
d y (u(x), U(J’) d y (u(x), u(y)
(uB'")—// 2l // N " ey
m m |x — y|m+sp m ',"/,1 Ix — y|m+sp|x|m sp
/ / d y (u(x),u(y))’
B\BY,, JBY\B] |x = y|"msp|x|m=sp|y|m=sp
< (L4 22m=P+) & (u, BY). O

dxdy

1/4

3. GENERAL UNIFORM BOUNDEDNESS PRINCIPLE

3.1. Obtaining a single obstruction. We will prove a slightly refined version of the contraposite
of

Theorem 3.1. Letm € N,, s € (0, 1], p € [1,+0), N be a connected Riemannian manifold, and
let G be an energy over R™ with state space N'. Assume that for every measurable mapu : R™ — N
(i) (superadditivity) for all open sets A, B C R™ with disjoint closure,
Gu,AU B) 2 G(u, A) + G(u, B),
(ii) (scaling) for every A > 0, every h € R™ and every open set A C R™, one has
Gu,h+ AA) = A"V G (u(h + A-), A).
Subcritical case: If sp < m and if there exists a sequence (u,),cy Of measurable maps from
B™ to N such that for each n € N, é's,p(u,,, B™) > 0, G(u,,B™) < +o0, and
. G(u,, B
lim ——— = 400,
n—o0 gs,p(un’ Bm)
then for every b, € N and every € > 0 there exists a measurable map u : R™ — N such
that é's’p(u, R™ <g u=b,in R"\ B’l"/z and G (u, B™) = +oo0.

Critical case: If sp = m, s < m, and if there exists a sequence (u,),cy of measurable maps
from B™ to N such that for each n € N, 8S’p(un, B™) > 0, G(u,,B") < +o0, and

: G(u,,B™)
lim & ,(u,,B")=0 and lim ————— =400,
n—oo 5P n—00 Es p(uyp B™ )
then for every b, € N and every € > 0, there exists a measurable map u : R™ — N such
that & ,(u,R™) <&, u=>b,inR™\ [EB1/2 and G (u, B™) = +oc0.
Supercrltlcal case: If sp > mors = p = m = 1, if N is compact, and if there ex-

ists a sequence (u,),en of measurable maps from B™ to N such that for each n € N,
& p(u,, B™) >0, G(u,, B™) < 400, and

. g (u,,B")
lim & (u,,B")=0 and lim ————
n—oo 5P n—0o 85 p(uyp B™ )

thenfor every € > 0, there exists b, € N' and a measurable map u : R™ — N such that
sy R™) < g u=>b,inR™\ [IEBI/2 and G (u, B™) = +o0.



UNIFORM BOUNDEDNESS PRINCIPLES FOR SOBOLEV MAPS INTO MANIFOLDS 13

The proof of follows the proof of the uniform boundedness for the weak-bounded
approximation problem when s = 1 [39| Theorem 9.6].

Proof of[Theorem 3.1|in the subcritical case sp < m. By passing if necessary to a subsequence, we
can assume that for each n € N, there exists a function u,, : B™ — N such that

0 < & ,(,, B™) < u™"G (u,, B") < +o0,
where the parameter y > 1 will be fixed later in the proof.

Step 1: Extension. By|Lemma 2.4} for each n € N, there exists a function u?*" : B — N such that

n

u* = u, on B" and

8&1,(142’“, [EBg") <C 8s,p(un, B™).
In particular, we have,
(31) gs,p(ueXt, B;’l) S Clgs’p(un’ Bm) S Cl/’l_ng (uyp Bm) = Cl)u_ng (uZXt’ Bm)

n

Step 2: Opening. We prove that we can make the map ufl’“ constant out of the ball B}. We take a
Lipschitz-continous map ¢ : By' — B such that ¢(x) = x if [x| <2, and ¢(x) = 0if |x| > 3. By

withp=5,757 = % and A = % there exists a point a, € BY' such that

Ep(uS o (p(- —a,) +a,),BY) < CE S, B).

n

By the conditions that we have imposed on ¢, if |x| < 1 then @(x — a,) + a, = x and
(4 o (p(- — a,) + a,))(x) = uS'(x) = u,(x),
whereas if |x| > 4, then |x — a,| > 3 and @(x — a,) + a,, = a, and thus
(uS o (p(- — a,) +a,))(x) = b, :=u(a,).
We define the map )" : R” — N by
L () = uxt ((p(x -a,)+ an)) if x € BY,
" b, if x € R™\ By
By construction, u,"" = u =u, in B” and u,"" = b, in R"\ B,'. Moreover, by |Lemma 2.2}
&, R™) < C3€, (1S o ((- — a,) +a,), BY).
Finally, we have by (3.1)),
(32) gs,p(u;)lpnv Rm) S C3C2 8S’p(uZXt, Bg") S C3C2C1M_n g(un’ Bm) = /’l_nC4 g (uzpn’ Bm)’
with C4 = C3C2C1.

Step 3: Clustering the maps. We fix a point b, € N'. Since the manifold N is connected, for each
n € N, there exists a smooth map v, : R™ - N such that v, = b, in B’l”/z and v, = b, in R™ \ BY".

We have by and by the smoothness of v,
E 0 R™) < Cs(& (v, BY) + & ,(v,, R" \ BT")) = Cs&, ,(v,, B)) < +c0.

The ball [EB’I"/2 contains a cube Q of side-length 1/ \/E that can be decomposed for each k € N, into

k™ cubes of side-length 1/(k \/E). In particular, there is a set P, C [EB’I"/2 such that #P, = k™ and

m
the balls (Bl/(zk Jr

)(c))cE p, are disjoint subsets of B'I”/z. We define for each ¢ € P, the map

Uy sec(X) = uP (16kA/m(x — ¢)).

and we observe that v, , .(x) = b, if x € R™ \ B” (c). We define now

1/(4k+/m)

v x) ifc € P, and x € B" c),
o = { e N k'
v,(x) otherwise.
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On the one hand, by an application of we have

EupUnis R < C( £, 0, R + N £ (0,00 R™) )

cEP,

= Co(&,, (0, R™ + £, RM ).

ks
(164/myn-=sp

On the other hand, we have

P
m m - opn pm
&, p(Unio RT) = ; es,p(un,k,c, B \@(c)) v £, U, B,
Since & ,(u,’", B™) = &, ,(u,,B™) > 0, this implies that we can choose k = k(n) € N, in such a
way that

P

=55 Es
(16y/m)

where the constant v > 0 will be fixed at the end of the proof. By superadditivity of the energy G,
we have

v < &0, R™) < 2Cq @, R™),

m m _L opn mm
G - BY) 2 2 g<vn’k’c’Bl/(16kﬁ)(c)> B (16\/;)m-SPg(u"p > B).

cEP,
We have therefore by (3.2),

V< E (U0 R™) < 42 Cg Cy G (0,4 BM.
We define the map uS™"" : R™ — N for every x € R™ by

M (x) = 0,4 (x/ D),
where A € (0, 1] is chosen by scaling in such a way that
3.3) v=E ™ R™) < p™"Cr G (ST, B™),
with C; = 2 C¢ C,. By construction, one has also uflls“ = b, out of B".

Step 4: Gluing the maps. If Q denotes a cube of side-length 1/ \/Z contained in B’l”/z, by dyadic
decomposition the cube Q contains a family of cubes of sidelengths (27"~!/ ﬁ)neN and thus, if we
set p, =272/ \/E, there exists a sequence of points (a,,),cy such that the balls (B 5 (an))
disjoint balls contained in the open ball [EB’I”/2
the map u : R™ — N for each point x € R™ by

clstr ( X—=4, . m
u(x) = {M” ( P) ) leEBPn(a”)’

are
neN
and the sequence (a,),cyn converges to 0. We define

n

N otherwise.

If we take y = 2™7P, we have by countable superadditivity (which is a consequence of finite
superadditivity by the monotone convergence theorem for series), translation-invariance and scaling
of the energy G, in view of (3.3),
_ vu"
CwB™ 2 Y G (B (a,)) = ), Al PCW B 2 Y — i = oo
neN neN neN C7 (2n \/;)

On the other hand, by choosing v > 0 small enough, we have by and by (3.3) again

£, (. R™) <27 3 prre, W RM <20 Y ——Y o <6 < too,

neN ’ neN (2n+2 ﬁ)m_sp -

since sp < m. ]
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We now consider the critical case s = m/p and s < m (the last inequality excludes the case
s = p=m = 1). In this case, the Sobolev energy is scaling invariant and it is not always possible to
obtain a Sobolev map with finite energy by gluing an infinite number of rescaled copies of the u,,
We use the assumption that (€,,/, ,(u,,, B™)),en goes to 0 to bypass this limitation and the followmg
classical result:

Lemma 3.2. Letm € N, s € (0,1] and p € (1,+00). If sp = m, then there exists a sequence of
maps (W,),en in C(R™, [0, 1]) such that for eachn € N, w, =1 on B" and

lim & ,(w,,R™) =0
n—oo >

The construction is classical and is related to the nonembedding of the critical Sobolev spaces
into L* and the null critical capacity of points. A direct way to construct such maps is to set
w, = w(% In|x|), where the function w € C*®(R, [0, 1]) satisfies w = 1 on (-0, 0] and w = 0 on
[1,4+00). When s = 1 and p = m > 1, the property follows by direct computation; when s € (0, 1)
the property follows from the fractional Sobolev embedding theorem.

Proof of[Theorem 3.1|in the critical case sp = m and s < m. By passing if necessary to a subse-
quence, we can assume that there exists a sequence of measurable maps u, : B™ — N such
that

M &, (0, B =0 and 0 < &,/ 1, B") < 276w, B") < +o00.
By Step 1 and Step 2 of the previous proof of [Theorem 3.1 Min the subcritical case sp < m (these

steps do not use sp < m), we have existence of some maps u," : R”™ — N such that u,”" = u, in
B, u,’" =:b, € N'inR™\ B} and

(3.4) WP, R™) < C1 &, p(Uys B") < C127"G ()P, B™).

Step 3: Clustering the maps. Since the manifold N is connected, for each n € N, there exists a
Lipschitz-continuous curve y, : [0, 1] — N such that y,(0) = b, and y,(1) = b,. We define for

each # € N, the mapping v, , =y, 0w, : R" — N, where the map w, is provided by
By construction, we have U,.0(x) = b, on B" and v, ,(x) = b, on R™ \ [EB’” for some Rf

(1,+0). We take k € N, and pick a family of k disjoint balls [EB;"I (cy), .- [EB (ck) in B _, with

1/2°
ClyevosCy € B’I”/z and py, ..., p; > 0. We define for eachi € {1, ...k} the map

m/p p

Ui i(X) = uP (p (x—0)>

1

and we observe that v, , ;(x) = b, if x € R™ \ [EB;’t_ /z(ci). We define now

Vi) ifie{l,... .k} and x € B"(c;),
n,k f(x) = o . P
U,r(x)  otherwise.

On the one hand, by an application of[Lemma 2.3|and by scaling invariance, we have
gm/p,p(un,kf’ ") < 2,;( m/pp(Un o R") + Z m/p, p(Unkt’ R™ ))

< C2<L1p(yn) /(W R+ KEpy o (P, R’"))
On the other hand, by superadditivity of £,,, , and by an application of[Lemma 2.2} we have

EnfppWnieerR") 2 2 /oo (Vn ki [EBZ(Ci)) = kEyp " By) 2 GRE,y (", R™).
i=1
Since 0 < & /pp(uﬁp“, R™) — 0 as n —» oo and Em/p’p(wf, R™) — 0 as £ — oo, by passing to a
subsequence if necessary, one can assume that there exist k = k(n) € N, and £ = £(n) € N, such
that
Lip(y,)" €y p (W R™) < 27" < KE,, ), P, R™) < 27"y,
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where v > 0 is a constant to be fixed at the end of the proof. In particular, by scaling invariance, the

map u™" 1=, 00 oo (Ry) satisfies

gm/p’p(uzlstr’ Rm) < C22_n+2\/.
By superadditivity and scaling invariance of the energy G, and by (3.4), we have furthermore
(3.5) G W™, B™) > kG (P, B") > k2"C['E,,, @, R™) > vC! > 0.

By construction, we have also uils“ = b, in R" \ B™.

m
1/2
(Pp)nen 10 (0, +00) such that the balls (B pn(an))nEN are disjoint balls contained in the open ball

[EB’]"/2 and the sequence (a,,),ey converges to 0. We define the map u : R™ — N for each x € R™

by

Step 4: Gluing the maps. There exist a sequence of points (a,,),cn C B, and a sequence of radii

clstr ( X—=an H m
u(x) = {M” ( ) ) leEBPn(a")’

n
N otherwise.

We have by superadditivity, translation invariance and scaling invariance of the energy G, in view
of (3.3).
GwB" 2 Y G (uB) (a,) = ) G, B") = +oco.
neN neN

On the other hand, we have by [Lemma 2.3} if v > 0 is small enough,

Enyppls R™) <27 Z gm/p,p(“lem, R™) <2°C,v Z 272 < g < +o0.
neN neN

m

Since we have also u = b, out of BY /2

this concludes the proof in the critical case. O

We finally consider the case where sp > mors =m=p = 1.

Proof of| in the supercritical case sp > m or s = m = p = 1. By passing if necessary
to a subsequence, we can assume that there exists a sequence of measurable maps u,, : B™ - N

such that
lim & ,(u,,B") =0 and 0<§& (4, B") < u™"Gu,, B") < +oo,
omcy, :

with p > 1 that will be determined at the end of the proof. By Step 1 and Step 2 of the proof of
Theorem 3.1|in the subcritical case, we have existence of some maps u,’ : R” — N such that

uy =u, inB",w" =: b, €N inR"\ B} and

(3.6) & P R™) < C € (u,, B") < Crp™ "GP, B™).

Step 3: Fixing the boundary value. Since the manifold N is compact, by passing if necessary to a
subsequence, one can assume that the sequence (b,,),p converges to some point b, € N asn — oo.
We consider a function w, € CCI(R", [0, 1]) such that w, = 0in R™ \ Bf and w, = 1 on [EB’I”/T
Since N is connected, for each n € N, there exists a Lipschitz-continuous curve y, : [0,1] - R
such that y,(0) = b,, y,(1) = b, and Lip(y,) < 2d /(b,, b,). Then the map v, =y, o w, satisfies

&, 0y R™) < Lip(y, P&, ,(w,) < Cod pr(b,,, b,)".

L
> 16

opn [ x .
v,,(x) = {u” (;) if x € By,
n.p

If sp > m, for every p € (0, =), we define now

v,(x) if x € R™\ [EB’I”/Z.

By an application of we have
U R") < 27(£, (0, R) 4 £,/ R

L_g wom, R™)).

psp—m S.p

< C3(dN(bn,b*)p +
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O]

Since 0 < :S‘S’p(unpn, R™) — 0 and d,-(b,,b,) = 0as n — oo, by passing to a subsequence if

necessary, one can assume that there exists p = p(n) € (0, %) such that

Es’p(u

np>

1 -
R™) <2C; po= E WP R™) < v,

where v > 0 is a constant whose value will be fixed at the end of the proof. Moreover, by scaling of
the energy G and by (3.6)), we have

—1,,n
1 Clu
G0y, B™) 2 G (U (/). B) = om0 (B 2 pip_m £, " R™).
We have therefore
Es p(Uy ps R™ <vu™™ and Es p(Up ps R™) < C4y_"g(v,,’p, B™).

We define the map uz* : R™ - N for every x € R™ by
b
Uy (x) = v, ,(x/ ),

where A € (0, 1] is chosen by scaling in such a way that
(3.7) v = &,y R™) < Cy u™"G (uy, B™),

By construction, we have also uf,* = b, out of B™.
If s = p=m =1, we proceed as in the proof of [Theorem 3.1|when sp = m, with w, instead of
wy, relying on the smallness of Lip(y,,) instead of the smallness of the energy & ,(w,).

Step 4: Gluing the maps. There exists a sequence of points (a,,),en Such that the balls (B p"(an))nEN

with p, =272/ \/E are disjoint balls contained in the open ball B'I”/z and the sequence of points
(a,)pen converges to 0. The map u : R™ — N is defined at each point x € R™ by
b*

B otherwise.

If we take u > 27~™ we have by countable superadditivity, translation-invariance and scaling of
the energy G, in view of (3.7),

C (”Z*’ Bm) S V(2n+2 \/a)sp—m
LS Y L

G(u,B™ > Z G (u, [EB;”H(an)) = Z — — 100
neN neN Pn neN 4
On the other hand, we have by and by the inequality (3.7) again
b sp—m
E, (U, R™) (27+2+/m)
E uRM <2 N Dt L mory Nt <e < to,
neN flp " neN "
if v > 0 is small enough, since sp > m. (I

3.2. Density of counterexamples. We use now [Theorem 3.1|and ingredients of its proof to prove
that when sp < m, Sobolev maps with infinite energy G are dense.

Theorem 3.3 (Density of counterexamples). Let m € N,, s € (0,1], p € [1,4+), N be a
connected Riemannian manifold, and let G be an energy over R™ with state space N'. Assume that
for every measurable map u : R™ — N

(i) (superadditivity) for all open sets A, B C R™ with disjoint closure,
Gu,AUB)>G(u,A)+G(u,B),
(ii) (scaling) for all 2 > 0, h € R™ and any open set A C R™, one has
Cu,h+ AA) = A" PG (u(h + A-), A).
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Assume furthermore that sp < m, s < m and that there exists a sequence (u,),cn of measurable
maps u, . B™ — N such that for each n €N, & ,(u,,B™) > 0, G (u,, B") < +0o, and

. Gu,,B™)
lim =

°© , mm J i my _ . _
n—o0 8S,p(uanm) +o00, with ,,ILIEOSs,p(“mB y=0 ifsp=m.

Then, for every € > 0 and if the map v : B™ — N is measurable and & ,(v,B™) < +o0, there
exists a measurable map u : B™ — N such that

(i) u=vonB™\ B,

(ii) & ,(u,B™) <& (0,B™) + ¢,
(iii) G(u,B™) = +c0.

Theorem 3.3|implies that there exists a sequence (v,,),ey Such that v, = v on B \ [Bi'l"/n and

limsup,_,, & ,(v,) < & ,(v), which implies in particular that the sequence (v,),ey converges
strongly to v in W*P(B™, N).

Proof of[Theorem 3.3] We proceed in two steps: we first open the map v by making it constant in a
neighbourhood of 0 and then we insert a singularity of [Theorem 3.1

Step 1: Opening. We choose a Lipschitz-continuous function ¢ : R™ — R™ such that ¢(x) =0

if |x] <£3/10 and @(x) = x if |[x] > 1/2. Given 6 € (0, 1), we define ¢; : Bga/lo - B;nﬁ/lo by

@5(x) = 6¢p(x/6). We apply with p =46/5,n=1/8 and A = 5/4, and we obtain the

. . m
existence of a point a € B /10 such that

(3.8) Ep(v0(@5(- = a) + a), Bl 5) < CiLip(@)” &, ,(v. BY),

m

since Lip(gps) = Lip(¢). We observe that for x € B 45/5°

( " x if |x| > 36/5 (sincethen |x —a| >36/5— |a| > 6/2),
xX—a)+a=
s a if|x| <£6/5 (sincethen |x —a| <6/5+ |al <£36/10).

Step 2: Inserting the singularity. Since sp < m and s < m, we apply [Theorem 3.T]in the critical or
subcritical case, with b, = v(a) and we obtain a map w : R™ — N such that w = b, on R™ \ B",

G(w,B™) = +oo0 and & ,(w, R™) < &, where £ > 0 will be fixed at the end of the proof. We define
the map u : B™ — N for x € B" by

v(x) if [x| > 45/5,
u(x) =qu(@s(x —a)+a) if6/5<|x| <43/5,
w(10x/5) if |x] <8/5.

By a double application of [Lemma 2.2} we have for every ¢ € (6, 1),
£y B)) < Gy (&, ,(u.B) \ Bgnﬁ/s) + & pu, [EBZS/S \ [EB?/IO) + & pu, B?/s ).
Since u = von B \ [B%;'l&/s, u = v(@z(- —a)+a) on BT&/S \ B:sn/lo and u = w(10x/6) on [EB’é"/S, and
since o > 6, this implies by (3.8)
&, BY) < C5(&, ,(0.BM) + &, ,(w,R™) < C5(&; ,(v,B") +&).
We assume now that ¢ > 26, and we apply [Lemma 2.2|with p = o and n = §/6 < 1/2. We obtain
Epu,B™) < Cu& ,(u,BY) + (1 + Csn™)E; ,(u, B™ \ BY')

5 m
<&, 0B+ Co((2) £, 0. B") + £, 0. BN +¢).
In order to obtain the conclusion, we first fix o € (0, 1) such that

£ (v.B™) < -2,
(0 B0) < 3
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next 6 € (0, 1) such that § < %, 6 < eand

3

(é)mg (0, B™) <
(02 PR - 3C6’

this allows us then to construct the points a € [EB;"/10 and b, = v(a) and the obstruction w with

4. CONCRETE UNIFORM BOUNDEDNESS PRINCIPLES

4.1. Extension of traces. We apply to prove a uniform boundedness principle for
the extension problem (Theorem I.T].

Proof of[Theorem 1.1| Let m € N,, s € (0,1] and p € [1,+0c0) and assume by contradiction
that the linear bound does not hold. Then by [Theorem 3.1{ with G = Ef’;‘ there exist a map

u € WsP(R™, N)and b, € N such that 8f’;‘(u, B™) = 400 andu = b, in R™ \ B™. If M = R"
we have a contradiction. Otherwise, M is a compact Riemannian manifold, for which we consider
alocal chart @ : BJ' — M. We define the map & : M — N by

-1 : m
ﬁ(x):{u((D (x)) if x € DB,

b, otherwise.

Since M is compact, we conclude by a counterpart of the gluing technique of O

Theorem 4.1. Let s,r € (0,1], p,q € [1,4+), m € N, M be a Euclidean space or a compact
Riemannian manifold of dimension m and N be a connected Riemannian manifold. If sp = rq—1 <
m and s < m and if every map in a nonempty open subset of WP(M, N) is the trace of some
map in W"4(M x (0,+00), N), then there exists a constant C > 0 such that for each measurable
function u : B™ — N such that, if either sp < m or Ss,p(u, B™) < 1/C, then

82’;t(u, B™) < C &, ,(u,B™).

Proof of[Theorem 4.1 We assume by contradiction that the estimate does not hold. Let v €

WSP(M, N')and let @ : B — M be alocal chart. We apply Theorem 3.3|to the map v o @ with

the energy 82’;‘, and we obtain a sequence of maps (u,),ey, such that u, = vo® in B \ [EB’I”/n,
EX(u,, B") = +oo and limsup,,_, ., X (u,, B") < EX(v 0 @, B™). We define now v, : M — N

r.q
by

-1 : m
Un(x):{un(cp (x) if x € D@E"),

v(x) otherwise.

Since v, = v in ®(B™ \ [B’l"/n), we deduce by a counterpart of that

limsup & ,(v,, M) < & ,(v, M)
n—0oo
and thus the sequence (v,),ey, converges strongly to v in W*HP(M, N) but for each n € N,
Ere’;t(vn, M) = +o0, which contradicts the assumption. [l

In view of the estimate (T.2) of Bethuel [8} (1.36)], [Theorem 4.1|implies that if N is compact, if
sp = p—1 < dim(M) and if either ; (N') is infinite or nj(N) # {0} forsome j € {2, ..., |p] -1},

then the set of maps in W !=1/PP(M, N') that are not traces of maps in W "»(M x R,,N)is dense.
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4.2. Weak-bounded approximation. The proof of [Theorem 1.2]is similar to the proof of

with G = :S'r“;l. The counterpart of [Theorem 4.1|is

Theorem 4.2. Let s,r € (0,1], p,q € [1,4+), m € N, M be a Euclidean space or a compact
Riemannian manifold of dimension m and let N be a connected Riemannian manifold. If sp = rq <
m and if every map in a nonempty open set of WSP(M, N') has a weak-bounded approximation
in WHi(M, N'), then there exists a constant C > 0 such that for each measurable function
u: B™ > N, one has

1
Err;(u, B™) < C & ,(u,B™).

In view of the failure of a linear bound for the weak-bounded approximation problem in the space

W3(@™, S?) when m > 4 [9], we obtain as a consequence of Theorem 4.2|the density of mappings
that have no weak-bounded approximation in W '3(M, S?) when dim M > 4.

4.3. Lifting problem. [Theorem 1.3|is also proved as|Theorem 1.1} with G = E}i(flt. The counterpart

of [Theorems 4.1|and 4.2]1s

Theorem 4.3. Let s,r € (0,1], p,q € [1,4+), m € N, M be a Euclidean space or a compact
Riemannian manifold of dimension m, N and F be Riemannian manifold manifolds with N°
connected and n © F — N. Ifrq = sp < m, s < m and if for every map u in a nonempty
open subset of WSP(M, N') there exists ¢ € W"I(M,F) such that = o @ = u, then there exists
a constant C > 0 such that for each measurable function u : B™ — N, if either sp < m or
& ,u,B") < 1/C,

EN'u,B") < C € ,(u,B™).

In view of the estimate (1.3)) of Merlet [45, Theorem 1.1] and of Mironescu and Molnar [51],
Proposition 5.7], mplies that maps in W (M, S') having no lifting in W*?(M, R)
are dense when s € (0,1) and 1 < sp < dim M.

When sp > 2 and M is simply—connected, mappings in W$?(M, S') still have a lifting in the
larger space W*P(M, R) + WP (M, R) [15, Theorem 4;|17, Theorem 3; |18, Theorem 3;/19, Open
Problem 1; 46, Theorem 3.2; 47, Theorem 1; 48; 49; 54, Theorem 2]. By considering the energy

g(ue A) = inf{gs,p((pla A) + g],sp((pZ’ A) . u=mrxwo ((pl + (pZ)
@1 € WH(A,R), o, € WHP(A,R)},
with z(¢) := (cost,sint) for all # € R, we recover the known linear estimates in this setting:

Theorem 4.4. Let s € (0,1], p € [1,+00), m € N,, and let M be a m-dimensional Riemannian
manifold such that either M is compact or M = R™. If for every map u € W*P(M,S") there
exists a lifting @ € WSP(M,R) + W1P(M, R) such that u = r o @ almost everywhere in M,
then there exists a constant C > 0 such that for every measurable function u : B" — S', if either
sp < mor ESP(u,B™) < 1/C, there exist o, € WP(B",R) and ¢, € Wlse(B™ R) such that
u=mo(@ + @, and

8s,p((p17 [Bm) + Sl,sp((p27 Bm) S Cgs’p(ue Bm)

4.4. Superposition operators. The proof of [Theorem 1.4]is obtained by considering the energy
Cu, A) =€, ,(fou) in{Theorem 3.1} When sp < m and s < m, it is possible to prove the uniform

bound on the assumption that the superposition operator acts on a nonempty open set.

Theorem 4.5 (Acting condition). Let s,r € (0,1], p,q € [1,+o0) and m € N, with rq = sp, let
M be an m-dimensional Riemannian manifold which is either R™ or compact, N' be a connected
Riemannian manifold which is compact if sp > morifs = p = m = 1, F be a Riemannian
manifold and let f : N — T be a Borel-measurable map. If for every u € WSP(M, N),
fou€ W"i(M,T), then there exists a constant C € [0, +0), such that for every x,y € N, if
either sp < mord(x,y) < 1/C, then

4.1) dr (f(x), f() < Cdpr(x, ).
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Moreover, when sp < m and s < m, the above statements are satisfied if there is a nonempty open
set U C WSP(M, N) such that for every u € U one has f ou € W"I(M,F).

In particular, if the superposition operator given by f maps W*P(M, N') into W"4(M, F) and
if p > g, then f is constant on N

When sp > m, if p = q or if N is compact (which is our assumption when sp > m), it is easy to
see that one can avoid the smallness condition on d y+(x, y) in the conclusion of Theorem 4.5|

When sp = m and N is not compact, the Holder continuity condition of [Theorem 4.5|implies
that for every x,y € N,

(4.2) dp(f(x), f() < C(dp(x, P9+ dyp(x, ).

If p = g, the Holder continuity condition of implies that f is Lipschitz-continuous;
this condition is well-known to be necessary [2}|13}/14},41}143].

When s < 1, the condition @.I)) can be observed to be sufficient by a direct computation with
the Gagliardo energy and relying, when sp = m, on and the fractional Gagliardo—Nirenberg
interpolation inequality.

When r < s = 1, the exact characterization of the superposition operators acting from the space
WP(M, N') to W4(M, F) remains open; when N' = F = R and f(¢) = |#|?/9, it is known that
f maps WIP(M,R) to W"4(M, R) [50].

Proof of[Theorem 4.5] By [Theorem 1.4] there exists a constant C; > 0 such that for every measur-
able function u : B™ — N,

E o (fou,B™) < Ci & ,(u, B™).

We fix two points a, = (_2, ..»0) and we choose a function w € C*(B™, [—1, 1]) such that
w==+1on [B'l”/ 4(a 4). Forx,y € J\f , we consider a Lipschitz-continuous curve Yxy - [-1,1] > N
satisfying Yey(—D = X, 7, ,(1) = y and Lip Yxy < dy(x,y). Such a curve exists since N is
path—connected and a continuous path can always be reparametrized by arc-length. Since v, , is

Lipschitz-continuous, we have

&, )7y 0 W, B™ < (Lipy, Y&, ,(w,B") < € (10, B")d y(x, y).
Next, we observe that foy, ,ow = f(x) on [EB1/4(a ) and foyry,ow = f(y) on [EB1/4(a+).

Therefore, we have when r € (0, 1),

drdo

/ dp (0, f)*
(a_)

|l — U|m+rq

alf oryow BN 22 [

By, (ap) JBY),
> 2L B Yy (f (0. f )"
When r = 1, we have by Holder’s inequality,
EV(f oy, 0w, B
Em(Bm)q—l

EM(foy, ow B") >
and

gl,l(foyx’yo w, BM) > /

1
[-1.31B],

|D(f o7y 0wl dx > L™ B Ndr (f (), f()-

The assertion (@.1)) then follows from the previous inequalities.
The last statement follows from O

5. THE LIMITING CASE s =0

We consider the question about what the uniform boundedness becomes in the limit case s = 0.
Looking at the proof it appears that the clustering step requires the condition s > 0 to
increase the energy. In order to bypass this difficulty, we assume that we have maps u : B™ — N
with a large Lebesgue energy /B,,, [ul?.
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Theorem 5.1. Let m, N € N,, p € [1,4c0) and let G be an energy over R™ with state space R™ .
Assume that for every measurable map u : R™ — RN

(i) (superadditivity) if the sets A, B C R™ are open and if AN B = @, then
Gu,AUB)2Gu,A)+G(u, B),
(ii) (scaling) for all A > 0, h € R™ and any open set A C R™, one has
G, h+ AA) = A"G(u(h + A-), A).
If for every u € LP(B™, RN), G (u,B™) < 400, then there exists C € [0, +o0) such that for every
u e LP(B™, RN), one has
Q(u,[B’")gC<1+ |u|”>.
B

allows one to recover classical results on superposition operators in Lebesgue
spaces. Given a Borel-measurable function f : RY — R’ and for every open set A C R” and
every measurable functionu : A — RN, we set G(u, A) = / Al foul?. By if for every
u e LP(B",RN), we have f ou € LP(B™, R?), then there exists a constant C € [0, +o0) such that
for every u € LP(B™, RN) the following uniform bound holds:

foulr <c(1+ [ ul?).
Bm [E[gm
By taking u to be a constant function, this implies in turn that for every t € RN,
lfOI < C'(1+]11),
which is a classical necessary and sufficient condition to have a superposition operator acting from

LB, RN) to LP(B™, R?) [42, Theorem 2.3] (see also [3, Theorem 3.1]).

Proof of[Theorem 5.1] We assume by contradiction that there exists a sequence (v,,),ey Of mea-
surable maps from B to RN such that for each n € N, we have G(,,B™) < +oo, and such

that
) G(v,,B™)
lim ———— = +o0;
n—oo
v+ [ o
Bm

we are going to construct a function u € LP(B”, R™) such that G (u, B") = +o0.
By rescaling v, if fB,,, |u,| > 1 and passing to a subsequence if necessary, we can assume that
for each n € N, there exists a function u,, € L?(B", R™N) such that

lu,|” <1 and 2" < G(u,, B™) < +oo0.
Bm
If O denotes a cube of side-lenght 1/ ﬁ contained in B™, by dyadic decomposition, this cube O
contains a family of cubes of sidelengths (27"~ / \/ﬁ)neN and thus, if we set p, = 27""2/ \/E, there
exists a sequence of points (a,),cn Such that the balls (B 5 (an))neN are disjoint balls contained in
the open ball B™. We define the map u : B™ — R for each point x € B™ by

u(x) = {Z"(x;:’n) ifx € B (a,),

otherwise.

We have by countable superadditivity, translation-invariance and scaling of the energy G,

Gw,B" 2 Y G (B (@)= Y oG (u,,B") >Z<2 ~ ) 2" = oo,

neN neN neN

On the other hand, we have

Iul”—Zp /Iu |”<Z 2\/n—2> < +00,

neN neN m
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thus ending the proof. U

6. HIGHER ORDER SPACES

If NV is a connected Riemannian manifold embedded in a Euclidean space RY by a smooth
embedding, and if M is m-dimensional Riemannian manifold which is either Euclidean or compact,
the nonlinear Sobolev space WS?(M, N') can be defined extrinsically by

WSP(M,N) = {u € WSP(M,R") : u(x) € N for almost every x € M} ,

where WP(M, R") is the usual linear higher order Sobolev space, that is the space of measurable
maps u : M — RY such that & ,(u, M) < +oco.

Here, if s € N is an integer, the homogeneous Sobolev energy & , is defined for every measurable
map u : M — RY by

/ |D*ulP if the s""-order weak derivative D*u belongs to L?,
Epu, M) =5/ m
+o0 otherwise,

where D*u is understood as a s-linear map on R” valued in RY, and | - | is any norm on the linear
space composed by s-linear maps. If s & N is not an integer, we set

E L] L(DElu, M) ifue WP, RY),
& pu, M) = ’ ,
+o0 otherwise,

where &,_ ;) , with s — [s] € (0, 1) has been defined in (L.I) and DBy is a function from M
valued in the normed linear space composed of | s|-linear maps.

A generalization of [Theorem 1.6]is the following

Theorem 6.1 (Higher order nonlinear uniform boundedness principle). Let m € N,, s € (1, +00),
p € [1,+00), N be a connected Riemannian manifold, which if sp > m or s = m = % is compact,

and let G be an energy over R™ with state space N'. Assume that for every measurable map
u:R" > N
(i) (superadditivity) for all open sets A, B C R™ with disjoint closure,
Gu,AUB)>Gu,A)+G(u, B),
(ii) (scaling) for all A > 0, h € R™ and any open set A C R™,
G, h+ AA) = A" PG (u(h + A-), A).

If for every measurable function u : B} — N, & p(u, BY) < +oo implies G(u,B™) < +o0 and
Esvp(u, [EB’Z”) = 0 implies G (u,B™) = 0O, then there exists a constant C € [0, +o0) such that for every
measurable map u . B? — N, if either sp < m or Ss’p(u) < 1/C, then

(6.1) Gu,B") < C (& ,w.BY) + & ,u.B))).
Compared to the conclusion of has two weaknesses: the right-hand

side contains a lower order energy &) ,(u, B)') and the energies in the right-hand side are evaluated
on a larger ball than on the left-hand side. There are several ways to mitigate this issue.

Remark 6.2. |Theorem 6.1|implies that if u : B}' — N is constant in the annulus B \ [EB’l"/z, then
Cu,B™) < CE, ,(u, BY).

Indeed, if we consider the extension @ : B! — N of u by the same constant, we have by a direct
computation and by the Poincaré inequality,

E,,@ B + & @B < & ,u,BM.
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1
Remark 6.3. Whens <1+ g we can conclude that

Gu,B") < C (& ,,B)) + & ,u,B).

Indeed following the proof of we use the construction by Euclidean inversion of
v: B} — N by @3). We have then

/ / |Dv(y)—Dv(x)|1’dxdy<2p_1/ / | Do(y)|? + | Du(x)|P dx dy
p\Bn Jpn |x_y|m+(s—1)17 - pm\a Jon Ix_y|m+(s—1)p
_ dx
<o / Do(y)? / A )y
d
+/ |Dv(x>|"</ —y> dx
m B;"\Bm Ix_y|m+(s—l)p

| Du(x)|? dx
mr (1= [xe~Dp

=4
By the Hardy inequality for fractional Sobolev spaces [33}, (17)], we have

| Du(x)|? dx m m
R ]

The proof of is rather similar to that of (corresponding to the case

s < 1). The main change is in the opening lemma and this is why we need the additional term

&) p(u, BY) in the estimate of G (u, B™). Here, we will not give a detailed proof of we
only state and prove an opening lemma for higher order Sobolev maps.

Lemma 64. Let m € N, s € (1,400), p € [1,+0)and A > 1, n € (0,4). For every ¢ €

C °°([EBE’i T [Bz_n)p), there exists a constant C > 0 such that for every p > 0 and every measurable

map u . BTP — N, there exists a point a € [B;"p such that
& puo(@(-—a)+a),B)) < C(& (u, BY) + & p(u, B;”p)).

The lower-order term in comes from the estimate of Lemma 6.4l This lower-order
term cannot be removed: if u is linear and ¢ is not a polynomial of degree at most [s]| — 1, where
[s] stands for the smallest integer greater than or equal to s, then & ,(u, [B;”p) = 0 and for every
ae By, & (uo(p(-—a)+a).BT)>0.

Pl'”OOf of[Lemma 6.4 We .deﬁne for each a € B, the map ¢, = (¢(- —a) + a) : B — B} . We
will prove the average estimate

(6.2) f &0, B))da < C(&,,BY) + & ,w,B})).

np/2

In the case s € N, we follow [21, Lemma 2.3]; by an easy induction over s and a rather classical
approximation procedure, one gets the following claim:

Claim 1. For every u € Ws”’([EB'"p, RY), @ € C°°(BZ1, [B;”p), for almost every x € [B%Z2 and h =
(hy,....hy) € (R™),

N

63)  D'wop)hl=Y, Y ¢ (D u)e)[D"lo)hy ], ..., D' p)ihy, 1],

k=1 JEP,(s)
where Py (s) is the set of all partitions J = (J,...,J}) of {1,...,s} in k non empty sets, the
¢,y € R are some constants depending on k,J, and hy = (h;);c; for every non empty subset

Jc{l,..,s)
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As a consequence of for almost every x € B, we get the estimate

Do)l < Y eyl (D m)@@)] D) oe)] - | D).

k,j],....,jke{ll,...,s}
Jrtetj=s

By Young’s inequality for products, we have
D) ()] -+ | Diegp()] < 2L ID“Q)(X)I“ ot 2 ID’k(p(X)Ifk

and thus
s s—k+1

D wog)| <C; Y, Y, D u)@e)] [D'elT.
k=1 I=1
Applying the inequality to our functions u and ¢, and integrating the inequality over x € [EB;” and
ae [BZ; P yield a constant C, (depending on ¢) such that

/ & o, B)da= / |D*(uo @,)|” dx da
m > , m Bm
np/2 np/2

<C22/ / | D*ul(a + @(x — a)) dx da.

nﬂ/2

By changes of variable y = x—a € B”{ 1, and w = a+@(y) € B” (-1’ , we are led to the estimates

(6.4) / 8Sp(uo @q,B))da < Cy Z / | D ulP(w) dw < Cy (&) ,(u, BY )+E, ,u,B])).
B e

This ends the proof in the integer case.

When s is not an integer, we estimate the norm of the difference DBl(uo @ )(x) — DBl(uo @)).

We use in order to express Dl (u o @,)(x) as a linear combination of expressions of the form

F(x) 1= LOXOH(x), ..., H ()] with L(x) = (D*u)(@,(x)) and H,(x)[k] = DYil(@,)(x)[h, ].

We recall that if ® is a multilinear map defined on a cross product of linear spaces A; X -+ X A

anda = (ay,...,a;), b=(by,...,b) € A; X --- X A then

®(a) - D(b) = ) D(by, ..., b_1, ¢ = b apyy, ..., ap).

In particular, we have the estimate

|F(x) = F)] < |L(x) - L<y>|H|H,(x>|+Z<|L<y>||H (x) - H<y>|H|H,<x>|>
I#m

Since @ is smooth, each map H; is smooth thus yielding a constant C5 > 0 depending on ¢ such
that

DY (o ¢, )(x) = DB wo ¢, )(»)]

]
< Cs( D 1D )@y (x)) = (DFu)(@, ()] + (D u)(@, )] |x - y|>.

k=1
Thus, by integration we get

6.5 €&

151, (PP o p,), BY)

s] Ls] X

|(D*u)(p,(»)]? dx dy
m

< C6 1; 8? Ls] p(D uo@,, B )+ C6 Z /B’"x[EBm |x — y|m+(5—[SJ—1)P
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Since m + (s — |s| — 1)p < m, the second term in the right-hand side of (6.5)) is lower or equal than

& 15)
dy
C6 ]; /m |(Dku)((pa(x))|p dx / |y|m+(s LsJ o = C7 2 /m |(Dku)((pa(X))|p dx,

whose average over B?p , iscontrolled by &; ,(u, [B'/’fp)+ 5.p(Us Bﬁ”p), by the same changes of variables

that that leading to @
Moreover, by the proof of Lemman the average over B”

side of (6.3) is lower or equal than

w2 of the first term in the right-hand

Ls]
Cy ) &,y (DA, BY) < Co(€,,w, BY) + €, BY)),
k=1
thus ending the proof. O

Remark 6.5. In the proof of outlined above, it appears that the Sobolev maps are only
precomposed. This implies that all the pointwise estimate in the proofs for when s € N, are still
valid for intrinsic covariant derivatives [31]] and thus holds for intrinsic weak covariant
derivatives.

REFERENCES

[1] R. A. Adams and J. J. F. Fournier, Sobolev spaces, 2nd ed., Pure and Applied Mathematics, vol. 140, Else-
vier/Academic Press, Amsterdam, 2003. 11
[2] S.E. Allaoui, Remarques sur le calcul symbolique dans certains espaces de Besov a valeurs vectorielles, Ann.
Math. Blaise Pascal 16 (2009), no. 2, 399-429. 15, 21
[3] J. Appell and P. P. Zabrejko, Nonlinear superposition operators, Cambridge Tracts in Mathematics, vol. 95,
Cambridge University Press, Cambridge, 1990. 122
[4] J. M. Ball and A. Zarnescu, Orientability and energy minimization in liquid crystal models, Arch. Ration. Mech.
Anal. 202 (2011), no. 2, 493-535. 14
[5] S.Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales, Fund. Math.
3(1922), no. 1, 133-181. 16
[6] F.Bethuel, A characterization of maps in H' (B>, S*) which can be approximated by smooth maps, Ann. Inst. H.
Poincaré Anal. Non Linéaire 7 (1990), no. 4, 269-286. 13
, The approximation problem for Sobolev maps between two manifolds, Acta Math. 167 (1991), no. 3-4,
153-206. 13
, A new obstruction to the extension problem for Sobolev maps between manifolds, J. Fixed Point Theory
Appl. 15 (2014), no. 1, 155-183. 12, 6, 19
, A counterexample to the weak density of smooth maps between manifolds in Sobolev spaces, available at
arXiv:1401.1649. 13,4, 6, 20
[10] F. Bethuel, H. Brezis, and J.-M. Coron, Relaxed energies for harmonic maps, Variational methods (Paris, 1988),
Progr. Nonlinear Differential Equations Appl., vol. 4, Birkhduser, Boston, Mass., 1990, pp. 37-52. 13
[11] F. Bethuel and D. Chiron, Some questions related to the lifting problem in Sobolev spaces, Perspectives in nonlinear
partial differential equations, Contemp. Math., vol. 446, Amer. Math. Soc., Providence, R.1., 2007, pp. 125-152. 14
[12] F. Bethuel and F. Demengel, Extensions for Sobolev mappings between manifolds, Calc. Var. Partial Differential
Equations 3 (1995), no. 4, 475-491. 12
[13] G. Bourdaud, Fonctions qui opérent sur les espaces de Besov et de Triebel, Ann. Inst. H. Poincaré Anal. Non
Linéaire 10 (1993), no. 4, 413-422. 15, 21
[14] G. Bourdaud and W. Sickel, Composition operators on function spaces with fractional order of smoothness,
Harmonic analysis and nonlinear partial differential equations, RIMS Koky{iroku Bessatsu, B26, Res. Inst. Math.
Sci. (RIMS), Kyoto, 2011, pp. 93-132. 15, 21
[15] J. Bourgain and H. Brezis, On the equation divY = f and application to control of phases, Journal of the American
Mathematical Society 16 (2003), no. 2, 393-426. 120
[16] J. Bourgain, H. Brezis, and P. Mironescu, Lifting in Sobolev spaces, J. Anal. Math. 80 (2000), 37-86. 14
[17] , On the structure of the Sobolev space H'/> with values into the circle, C. R. Acad. Sci. Paris Sér. I Math.
331 (2000), no. 2, 119-124. 120
[18] ., H'Y? maps with values into the circle: minimal connections, lifting, and the Ginzburg-Landau equation,
Publ. Math. Inst. Hautes Etudes Sci. 99 (2004), 1-115. 120
, Lifting, degree, and distributional Jacobian revisited, Communications on pure and applied mathematics
58 (2005), no. 4, 529-551. 120

(7]

(8]

(9]

[19]


arXiv:1401.1649

UNIFORM BOUNDEDNESS PRINCIPLES FOR SOBOLEV MAPS INTO MANIFOLDS 27

[20] P. Bousquet, A. C. Ponce, and J. Van Schaftingen, Density of smooth maps for fractional Sobolev spaces W*? into
¢ simply connected manifolds when s > 1, Confluentes Math. 5 (2013), no. 2, 3-22. 13

, Strong density for higher order Sobolev spaces into compact manifolds, J. Eur. Math. Soc. JEMS) 17

(2015), no. 4, 763-817. 17, 24

, Density of bounded maps in Sobolev spaces into complete manifolds, Ann. Mat. Pura Appl. (4), posted on

2017, DOI 10.1007/s10231-017-0664-1. 13

, Weak approximation by bounded Sobolev maps with values into complete manifolds (2017), available at
arXiv:1701.07627. 13

[24] H. Brezis, Relaxed energies for harmonic maps and liquid crystals, International Symposium in honor of Renato
Caccioppoli (Napoli, 1989), 1991, pp. 163-173. 13

(21]

[22]

(23]

[25] , New energies for harmonic maps and liquid crystals, Functional analysis and related topics (Kyoto, 1991),
Lecture Notes in Math., vol. 1540, Springer, Berlin, 1993, pp. 11-24. 13
[26] , Functional analysis, Sobolev spaces and partial differential equations, Universitext, Springer, New York,

2011. 12

[27] H. Brezis, J.-M. Coron, and E. H. Lieb, Harmonic maps with defects, Comm. Math. Phys. 107 (1986), no. 4,
649-705. 13

[28] H. Brezis and Y. Li, Topology and Sobolev spaces, J. Funct. Anal. 183 (2001), no. 2, 321-369. 16

[29] H. Brezis and P. Mironescu, Density in W*P(Q; N), J. Funct. Anal. 269 (2015), no. 7, 2045-2109. 13

[30] A. Convent and J. Van Schaftingen, Intrinsic co-local weak derivatives and Sobolev spaces between manifolds,
Ann. Sc. Norm. Super. Pisa CI. Sci. (5) 16 (2016), no. 1, 97-128. 11

, Higher order weak differentiability and Sobolev spaces between manifolds., available at arXiv:1702|
07171 126

[32] E. DiBenedetto, Real analysis, 2nd ed., Birkhduser Advanced Texts: Basler Lehrbiicher, Birkhduser/Springer, New
York, 2016. 11

[33] B. Dyda, A fractional order Hardy inequality, lllinois J. Math. 48 (2004), no. 2, 575-588. 124

[34] S. Ferry and S. Weinberger, Quantitative algebraic topology and Lipschitz homotopy, Proc. Natl. Acad. Sci. USA
110 (2013), no. 48, 19246-19250. 13

[35] M. Gromov, Quantitative homotopy theory, Prospects in mathematics (Princeton, N.J., 1996), Amer. Math. Soc.,
Providence, R.I., 1999, pp. 45-49. 13

[36] H. Hahn, Uber folgen linearer Operationen, Monatsh. Math. Phys 32 (1922), 3-88. 16

[37] P. Hajtasz, Approximation of Sobolev mappings, Nonlinear Anal. 22 (1994), no. 12, 1579-1591. 13

[38] F. Hang and F. Lin, Topology of Sobolev mappings. 11, Acta Math. 191 (2003), no. 1, 55-107. 13

]
]

(31]

[39 , Topology of Sobolev mappings. I1I, Comm. Pure Appl. Math. 56 (2003), no. 10, 1383-1415. 13, 4, 6, 13

[40] R. Hardt and F.-H. Lin, Mappings minimizing the L? norm of the gradient, Comm. Pure Appl. Math. 40 (1987),
no. 5, 555-588. 12

[41] S. Igari, Sur les fonctions qui opérent sur ’espace A?, Ann. Inst. Fourier (Grenoble) 15 (1965), no. 2, 525-536. 15,
21

[42] M. A. Krasnosel’skii, Topological methods in the theory of nonlinear integral equations, translated by A. H.
Armstrong, Macmillan, New York, 1964. 122

[43] M. Marcus and V. J. Mizel, Complete characterization of functions which act, via superposition, on Sobolev spaces,
Trans. Amer. Math. Soc. 251 (1979), 187-218. 15, 21

[44] K. Mazowiecka and P. Strzelecki, The Lavrentiev gap phenomenon for harmonic maps into spheres holds on a
dense set of zero degree boundary data, Adv. Calc. Var. 10 (2017), no. 3, 303-314. 15

[45] B. Merlet, Two remarks on liftings of maps with values into S*, C. R. Math. Acad. Sci. Paris 343 (2006), no. 7,
467-472. 14, 20

[46] P. Mironescu, Sobolev maps on manifolds: degree, approximation, lifting, Contemporary mathematics 446 (2007),
413-436. 120

[47] , Lifting default for S'-valued maps, C. R. Math. Acad. Sci. Paris 346 (2008), no. 19-20, 1039-1044. 120

[48] , Lifting of S"'-valued maps in sums of Sobolev spaces (2008), available at/hal: 00747663\ 120

[49] ______, Decomposition of S'-valued maps in Sobolev spaces, C. R. Math. Acad. Sci. Paris 348 (2010), no. 13-14,
743-746. 120

[50] , Superposition with subunitary powers in Sobolev spaces, C. R. Math. Acad. Sci. Paris 353 (2015), no. 6,

483-487. 121

[51] P. Mironescu and I. Molnar, Phases of unimodular complex valued maps: optimal estimates, the factorization
method, and the sum-intersection property of Sobolev spaces, Ann. Inst. H. Poincaré Anal. Non Linéaire 32 (2015),
no. 5, 965-1013. 14, 20

[52] D. Mucci, Maps into projective spaces: liquid crystal and conformal energies, Discrete Contin. Dyn. Syst. Ser. B
17 (2012), no. 2, 597-635. 14

[53] J. Nash, The imbedding problem for Riemannian manifolds, Ann. of Math. (2) 63 (1956), 20-63. 11

[54] H.-M. Nguyen, Inequalities related to liftings and applications, C. R. Math. Acad. Sci. Paris 346 (2008), no. 17-18,
957-962. 120


arXiv:1701.07627
arXiv:1702.07171
arXiv:1702.07171
hal:00747663

28 UNIFORM BOUNDEDNESS PRINCIPLES FOR SOBOLEV MAPS INTO MANIFOLDS

[55] M. R. Pakzad, Weak density of smooth maps in W' (M, N) for non-abelian z,(N), Ann. Global Anal. Geom. 23
(2003), no. 1, 1-12. 13

[56] M. R. Pakzad and T. Riviere, Weak density of smooth maps for the Dirichlet energy between manifolds, Geom.
Funct. Anal. 13 (2003), no. 1, 223-257. 13

[57] M. Petrache and J. Van Schaftingen, Controlled singular extension of critical trace sobolev maps from spheres to
compact manifolds, Int. Math. Res. Not. IMRN 2017 (2017), no. 12, 3467-3683. 12

[58] T.Riviere, Dense subsets of H'/?(S?, S'), Ann. Global Anal. Geom. 18 (2000), no. 5, 517-528. 13

[59] R. Schoen and K. Uhlenbeck, Boundary regularity and the Dirichlet problem for harmonic maps, J. Differential
Geom. 18 (1983), no. 2, 253-268. 13

[60] A. D. Sokal, A really simple elementary proof of the uniform boundedness theorem, Amer. Math. Monthly 118
(2011), no. 5, 450-452. 16

[61] H. Triebel, Theory of function spaces, Monographs in Mathematics, vol. 78, Birkhéuser, Basel, 1983. 11



	1. Introduction
	1.1. Extension of traces
	1.2. Weak-bounded approximation
	1.3. Lifting
	1.4. Superposition operator
	1.5. General uniform boundedness principle
	1.6. Structure of the article

	2. Toolbox
	2.1. Opening of Sobolev maps
	2.2. Gluing interior and exterior estimates
	2.3. Patching countably many Sobolev maps
	2.4. Extension

	3. General uniform boundedness principle
	3.1. Obtaining a single obstruction
	3.2. Density of counterexamples

	4. Concrete uniform boundedness principles
	4.1. Extension of traces
	4.2. Weak-bounded approximation
	4.3. Lifting problem
	4.4. Superposition operators

	5. The limiting case s = 0
	6. Higher order spaces
	References

