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Abstract

We study the one-dimensional symmetry of solutions to the nonlinear Stokes equation

~Au+VW(u)=Vp inR?
Vu=0 in R?,

which are periodic in the d — 1 last variables (living on the torus T¢~!) and globally minimize
the corresponding energy in Q@ = R x T4 i.e.,

1
E(u):/QE\VuF—i—W(u)dx, Vou=0.

Namely, we find a class of nonlinear potentials W > 0 such that any global minimizer u of
E connecting two zeros of W as x; — oo is one-dimensional, i.e., u depends only on the x;
variable. In particular, this class includes in dimension d = 2 the nonlinearities W = %wz with
w being a harmonic function or a solution to the wave equation, while in dimension d > 3,
this class contains a perturbation of the Ginzburg-Landau potential as well as potentials W
having d + 1 wells with prescribed transition cost between the wells. For that, we develop
a theory of calibrations relying on the notion of entropy (coming from scalar conservation
laws). We also study the problem of the existence of global minimizers of E for general
potentials W providing in particular compactness results for uniformly finite energy maps u in
Q connecting two wells of W as x; — +oo.
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1 Introduction

Let d > 2 and Q = R x T?"! be an infinite cylinder, where T = R/Z is the flat torus. The purpose
of this paper is to investigate the one-dimensional symmetry of divergence-free periodic solutions
u: Q — R? to the nonlinear Stokes problem

{—Au-l—VW(u) =Vp inQ, 0

V-u=0 in Q,

where W : RY — R is a nonnegative potential and p : Q — R is a pressure. A solution « of (1.1)
is a critical point of the functional

E(u) :/Q%yvu|2+vv(u)dx, we i) (QRY), (12)
where | - | is the euclidean norm and
AL (Q,RY) = {u cHL (QRY) : Vue LX(QR) and V-u=0in Q} .
As boundary condition at x| = =4-co, we impose that our configurations u connect two wells u™ €
R? of W where ul+ = u; = a € R (due to the divergence constraint on u). Namely, we impose that

the x’-average of u is a function in x; € R having the following limit at infinity:

lim u(xy,xX)dd' =u®, Wu) =0, (1.3)

X|—>doo Td—1
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where X’ = (x2,...,x;) denotes the d — 1 last variables in T¢~!. The existence of two wells u™ € RY
satisfying the above boundary condition (1.3) is actually a necessary condition for every finite en-
ergy configuration u € H al,iv(Q, R4 ) under suitable assumptions on W (see Lemma 3.5 and Lemma
3.7 below).

Our aim is to analyze the following De Giorgi type problem for global minimizers of E on
H}. (Q,RY) under the boundary condition (1.3):

Question 1 (one-dimensional symmetry of global minimizers): under which conditions on the
potential W, is it true that every global minimizer u of E over the set of divergence-free maps
satisfying the boundary condition (1.3) is one-dimensional, i.e., u = u(xy)?

We will also discuss the more general existence problem:

Question 2 (existence of global minimizers): under which conditions on W, does there exist a
global minimizer of E on Hc}iv(Q, Rd) under the boundary condition (1.3)?

Our study of the one-dimensional symmetry of minimizers uses a kind of calibration method
which proves on the one hand that any optimal one-dimensional transition layer u connecting
u™ at f-oo is a global minimizer of E, and on the other hand that any global minimizer of E on
H c}iv(Q,Rd ) under (1.3) is one-dimensional. Thus, this method solves both Question 1 and Ques-
tion 2. However, the one-dimensional symmetry of global minimizers requires strong assumptions
on W whereas the general existence problem in Question 2 only requires generic assumptions on
W. For this reason, Question 1 and Question 2 are studied independently.

1.1 Motivation

The above questions arise naturally in the study of certain phase transition models, in particular,
in the theory of liquid crystals or micromagnetics.

i) In dimension d = 2, for the Ginzburg-Landau potential W (x) = ;(1 — |u|?)?, the system
(1.1) is well known as the Aviles-Giga model (see [6]) that can be seen as a “baby” model for
the stable states in smectic liquid crystals. In the last twenty years, there has been an intensive
research on the asymptotic behavior of the rescaled energy

) £ 1
uSEH;iV(Q,RZ)H/ SV W) dx, @ CR2, (1.4)
Q

in the limit € | 0. More precisely, it is expected that the limit configurations write u = (—dr @, d; @)
where @ solves the eikonal equation, while the limit energy concentrates on the jump singularities
of u and is proportional to the cubic cost [u* —u~|* of each jump of u. This study was carried
within the framework of the I'-convergence in a series of papers proving compactness results
(see [4, 21, 40]), lower bounds (see [7, 41]) and upper bounds for BV limit configurations (see
[18, 46]). However, the question of proving the upper bound for general limit configurations u of
finite energy (not necessarily in BV) is still open. A challenging problem is the understanding of
the structure properties of the limit configurations (see [16]) as well as the lower semicontinuity
of the limit energy functional for general potentials W (see [4, 7, 12, 37]).

In this theory, a key point relies on the one-dimensional symmetry of minimizing transition
layers ue connecting two limit states u~,u™ € S! (i.e., W(u™) = 0). A partial result was proved
by Jin-Kohn in [41]: the optimal one-dimensional transition layer is a global minimizer of the
2D energy E on H). (,R?) under the boundary constraint (1.3). In this paper, we will prove the

3
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complete result in Corollary 2.7 below, namely, every global 2D minimizer of E over H). (Q,R?)
within (1.3) is one-dimensional, meaning that no 2D microstructure is expected to nucleate be-
tween u~ and u™" at € > 0 fixed. (However, in the limit € — 0, the symmetry result fails as the
2D microstructure of the cross-tie wall is asymptotically also a global minimizer of the limiting
energy, see Appendix C.)

ii) In dimension d = 3, the system (1.1) can be seen as a reduced model in micromagnetics
in the regime where the so-called stray-field energy is strongly penalized favoring the divergence
constraint V - u = 0 of the magnetization u (the unit-length constraint on u being relaxed in our
system (1.1)). One of the main issues consists in understanding the behavior of the magnetization
u describing the stable states of the energy E, the potential W playing the role of the anisotropy
favoring certain directions of u (i.e., the zeros of W are the “easy axes” of the magnetization).
A rich pattern formation is expected for the magnetization, the generic state consisting in large
uniformly magnetized 3D regions (called magnetic domains) separated by narrow transition layers
(called domain walls) where the magnetization varies very rapidly between two directions u~
and u™ (see e.g. [22, 35] for more details). In this theory, a challenging question concerns the
symmetry of domain walls. Indeed, much effort has been devoted lately to identifying on the
one hand, the domain walls that have one-dimensional symmetry, such as the so-called symmetric
Néel and symmetric Bloch walls (see e.g. [20, 39, 36]), and on the other hand, the domain walls
involving microstructures, such as the so-called cross-tie walls (see e.g., [2, 47]), the zigzag walls
(see e.g., [38, 45]) or the asymmetric Néel / Bloch walls (see e.g. [24, 23]). Our paper aims to
give a general approach in identifying the anisotropy potentials W for which the domain walls are
one-dimensional in the system (1.1).

1.2 Relation with the famous De Giorgi conjecture

If one removes the divergence constraint in our model (1.1), the problem reduces to the study of
one-dimensional symmetry of solutions u : R — R¥ of the equation

—Au+VW(u)=0 inRY, (1.5)
for a nonnegative potential W : RY — R

i) In the scalar case N = 1 and W (u) = ;(1 — u?)?, the long standing De Giorgi conjecture
predicts that any bounded solution u that is monotone in the x; variable is one-dimensional in
dimension d < 8, i.e., the level sets {u = A} of u are hyperplanes. The conjecture has been solved
in dimension d = 2 by Ghoussoub-Gui [31], using a Liouville-type theorem and monotonicity
formulas. Using similar techniques, Ambrosio-Cabré [5] extended these results to dimension
d = 3, while Ghoussoub-Gui [32] showed that the conjecture is true for d = 4 and d = 5 under
some antisymmetry condition on u. The conjecture was finally proved by Savin [48] in dimension
d < 8 under the additional condition limxl_&oou(xl,x’ ) = +1 pointwise in x’ € R~ the proof
being based on fine regularity results on the level sets of u. Lately, Del Pino-Kowalczyk-Wei
[19] gave a counterexample to the De Giorgi conjecture in dimension d > 9, which satisfies the
condition limy, 4o u(xy,x") = £1.

Finally, we mention that if the convergence limy, s e u(x1,x") = %1 is uniform in x" and |u| <
1, then the one-dimensional symmetry holds without the monotonicity assumption d;u > 0 and
there is no restriction on the dimension d (this is the so-called Gibbons’ conjecture), see e.g.
(8,9, 26, 15].
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ii) Less results are available for the vector-valued case N > 2. In the case N =2 and W (uy,up) =
%u%u%, the system (1.5) corresponds to a phase separation model arising in a binary mixture of
Bose-Einstein condensates; one-dimensional symmetry of solutions has been shown in [10, 11]
in dimension d = 2 under some monotonicity / growth / stability conditions on solutions u. Sev-
eral extensions, eventually in higher dimensions d > 2 can be found in [27, 28, 50]. In the case
of more general potentials W and N > 1, one dimensional symmetry for solutions u of (1.5) has
been proved in [29] for low dimensions d provided that each component u; of u (1 <k < N) is
monotone.

As mentioned above, an important observation in the study of De Giorgi type problems is the
relation between monotonicity of solutions (e.g., the condition dyu > 0), stability (i.e., the second
variation of the corresponding energy is nonnegative), and local minimization of the energy (in the
sense that the energy does not decrease under compactly supported perturbations of u). We refer
to [1, section 4] for a fine study of these properties. In particular, it is shown that the monotonicity
condition in the De Giorgi conjecture implies that u is a local minimizer of the energy (see [1,
Theorem 4.4]).

In the context of our system (1.1), we need a stronger condition: u is assumed periodic in the
d — 1 last variables and u globally minimizes the energy in Q. At our knowledge, there are no
Liouville type theorems or monotonicity formulas for (1.1) in order to mimic the general strategy
used for (1.5). In fact, the divergence constraint in (1.1) creates a phenomenological difference
with respect to (1.5). For example, if d = N = 2 and W is the Ginzburg-Landau potential, the
Aviles-Giga model (1.1) has a solution connecting two zeros u™ # u~ of W (with uf“ = u ) that
is one-dimensional and globally minimizes the energy on H). (Q C R%,R?) (see [41]), while the
energy (1.2) has no one-dimensional global minimizer u under the boundary condition (1.3) (no
divergence constraint here) because u™ and u~ belong to the same connected component of zeros
of W and, obviously, u cannot be constant.

2 Main results

We start by presenting the results for Question 2, and then the results for Question 1.

2.1 Existence of global minimizers for general potentials W

For the existence of a global minimizer of E under both the divergence constraint and the boundary
condition (1.3), we will need some assumptions about the behavior of W near the sets RZ and
S, C RY, defined by

Ré:={z=(a,xX)eR? : ¥ eR" 1}, §,:={zeR?: W(z) =0}, 2.1)

where a := uf = u; . Note that if u is an admissible one-dimensional map, i.e. u = u(x;) and
V-u=u(x;) =0, then u is constant in R. In particular, u; = a (due to (1.3)), that is u(x;) € RY
for all x; € R. This partially justifies the fact that we mainly require assumptions on the restriction
of W to a neighborhood of R? in R?. In particular, we assume:

(H1) S, is a finite set,

(H2) liminf W(z;,7) > 0.

z1—a, ‘Z/‘*)oo
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First, we state the answer to Question 2 in the case where W has only two zeros #~ and ™ in R,
and next, we present the general case where S, is an arbitrary finite set.

The case of two-well potentials W in RY. If S, = {u~,u"}, this assumption together with (H2)
are sufficient to prove existence in Question 2.

Theorem 2.1. If W : R? — R, is a continuous function such that for some a € R,

(H1’) S, has exactly two distinct elements u~ and u™,

and (H2) is fulfilled, then there exists a solution of the minimization problem

inf{E(u) :ue HL (Q,RY) with (1.3)}. ()

The proof is based on the following general compactness result which is somehow reminiscent
from [24, Lemma 1] and [34, Lemma 4.4]. For that, we introduce the following notation: let

HY(Q,RY) := {u cHL (QRY) : Vue Lz(Q,RdXd)} ,
and the x’-average of every u € H 110 (Q, R?) is a continuous function in R denoted by
u(xy) = /d 1u(xl,x’)dx/, x1 €R. (2.2)
Td—

If in addition V -u = 0, then the first component % - e; of the average it is constant in R (see
Lemma 3.1). The boundary condition (1.3) will be denoted shortly! by 7(+eo) = u™.

Theorem 2.2 (Compactness of bounded energy sequences). Let W : RY — R, be a continuous
function, a € R and assume that (H1’) and (H2) are satisfied. Let (u,),>1 be a sequence in
H'. (Q,R?) such that u,(£e0) = u* € S, for each n > 1 and

1
SUpE (i) = sup | =|Vin|*> + W (1) dx < oo.
n>1 n>1JQ2

Then there exists a sequence (ty),>1 in R such that (uy(- +1t,,-))n>1 weakly converges (up to a
subsequence) in H'(Q,RY) to a limit u € H' (Q,RY) satisfying

E(u) <liminfE(u,), V-u=0 and (deo)=u".

n—oo
The case of multi-well potentials W in R%. The case where S, has three or more elements

requires more attention. In this case, even the existence of global minimizers in the class of
admissible one-dimensional maps 7, i.e.

inf{/R%w(z)FJrW(y(t))dz : ye H'(R,RY) and y(=oo) :ui}, (2.3)

'Tf E(u) < +o0, we will see in Lemmas 3.5 and 3.7 that the limits %(d-e0) = lim, ,+..%(t) always exist provided
that (H1) and (H2) hold true.
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is not guaranteed without additional assumptions on W. For instance, in dimension d = 2, ¥
writes ¥(¢) = (a,7>(t)) € R2 and the Euler-Lagrange equation %5 = d,W (a,7») has no solution if
W vanishes at three points (a,u; ), (a,b) and (a,u; ) with u; < b < uj. In order to avoid this
obstruction in our d-dimensional minimization problem (&?), we will impose the strict triangle
inequality on the transition cost between the wells of W in S,. For that, we first introduce the
energy functional restricted to an arbitrary interval / C R: for every map u € H}, (I x TY~1|R?),
we set

1
E(u,I) ::/ ~ |Vul? + W (u) d.
IxTd—1 2

We define the transition cost cy : RS x RY — R as follows: for all 7, z+ € R,

ew(z 7)== inf{E(u,I) CI= (), ue HL (I x T4 RY),

a(tt) = 75, with 1= € Rif W(z5) > 0, resp. 1= = oo if W(zF) = o}, 2.4)

which means that the energy E (u,/) is minimized
eon/=RifW(z )=W(z")=0;
eon/=R;if W(z7)>0but W(z")=0;
eon/=R_if W(z7)=0but W(z") > 0;
e over all bounded intervals I C Rif W(z~) > 0and W(z") > 0.

When minimizing the energy on a bounded domain (¢~,¢%) x T¢~!, one can actually impose a
more general boundary condition u(t*,-) = v* (as a trace on {r*} x T¢~!) for maps v~ and v*
belonging to the set 2

HY(T! RY) = {v eH (T RY) & fpoivi(x)dy = a} ;
this yields a pseudo-distance dy on H} (T?~! R¢) defined for all v* € H} (T~ R9) by 3

dy (v= v ) = inf{E(u,I) CI=[ 7] CR,
we Y (Ix T4 RY), u(rt, ) = vi} € [0, +]. (2.5)
Obviously, if v = z* with z* € S, then dy (v=,v") > cw (27,2 "), whereas the opposite inequality

is more delicate (see Proposition 2.4 below).
Our answer to Question 2 in the case of multiple-well potentials W inside R¢ is the following:

Theorem 2.3. Let W : RY — R, be a continuous function such that for some a € R, S, contains at
least two distinct wells u~ and u™, and the assumptions (H1) and (H2) are fulfilled. In addition,
we assume

(H3) forall z € S,\ {u*}, dw(u=,z) +dw(z,u™) > dw(u",u™),

ZFor technical reasons, we restrict to H' maps on the torus T¢~! instead of H 1/2 maps which is the natural trace
space for our admissible configurations.

3Note that dy might be infinite at some points because W (u) is not necessarily L' for every u € H' (I x T¢~!,R¢)
and every continuous W.
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(H4) dy is lower semicontinuous in H' on the set S, x S, in the following sense: for every ¥ es,
and for every sequences (vi),>1 in H} (T9=1,R?) strongly converging to z* in H'(T4~1),
one has

dw(z,z") < lirlgiogfdw(v;,vj).

Then the problem () has a solution, i.e., there exists u € H). (Q,R?) such that E (u) = cw (u™,u™)

and () = u™.

In this multiple-well context, the triangle inequality (H3) is essential. It insures that, if the
energy of an admissible function u with %(4eo) = u™ is almost minimal (i.e., E(u) — cw (u™,u™)
is small enough), then the path ¢ — u(t,-) cannot get too close in H'(T?~!) to a zero of W other
than u~ and u™. We also observe that, under the assumption (H4), one has dy = cy on S, x S,:

Proposition 2.4. IfW : R? — R, is a continuous function such that the assumption (H4) is fulfilled
for some a € R, then one has dw(z~,z") = cw(z~,2") for every z* € S,.

The assumption (H4) always holds in dimension d = 2 for a continuous potential W, while in
higher dimensions d > 3, a growth condition on W should be assumed in addition:

Proposition 2.5. Ler W : R? — R, be a continuous function. If d > 3, assume the following
growth condition: *

2d
there exist C >0 and g € (1, ﬂ) st W(z) <C(1+4]z9), VzeR. (2.6)
Then for every a € R, zt € S, and for every sequences (v,f)neN - H; (T9=1,R?) converging
strongly in H' to 7%, one has dw(z~,z") = lim, dw (v, ,v). In particular, the assumption
(H4) holds true.

2.2 One-dimensional symmetry of global minimizers

In order to prove symmetry of global minimizers of (&), we develop a calibration method for
divergence-free maps in any dimension d > 2; this method is reminiscent in dimension d = 2
from the couple (entropy, entropy-flux) used in scalar conservation laws (see e.g. [7, 41]). More
precisely, if d > 2, our key object is the so-called entropy designing a €' map ® : RY — R¢ such
that for every smooth divergence-free map u : Q — R? with V - [®(u)] being integrable on Q, one
has

V@) ar<E@ @.7)

(see Definition 4.5 for a precise statement and comments). If u satisfies the boundary condition
i(4o0) = u™ € S, then the LHS of (2.7) is independent from u since

/Qv- [ ()] dx = Dy (ut) — Dy (u). 2.8)
Next to the first condition (2.7), we impose the following second condition, called saturation

condition for entropies P:
@ (u") — @y (u”) =E(u'?), (2.9)

4With the convention % = +4ooifd =3.



R. Ignat and A. Monteil De Giorgi conjecture for Stokes problem

provided that there exists a minimizing one-dimensional transition layer u'? of (2.3). Note that the
existence of an entropy satisfying the saturation condition implies that u'? is a global minimizer
of (£2) (for details see Propositions 4.7 and 4.8). Moreover, if u is another global minimizer
of (), then (2.7) has to be an equality; this equality is the corner stone in our proofs for the
one-dimensional symmetry of u (see e.g. Proposition 4.19).

The existence of an entropy P is a delicate issue and requires strong assumptions on W. Even
if there is no general recipe, we will present three situations where we are able to determine
potentials W for which entropies ® do exist.

Situation 1. Strong punctual condition (&};,,). We look for continuous potentials W for which
there exist ¢! maps ® : RY — R satisfying the saturation condition (2.9) and the punctual esti-
mate

(Eurg)  ToVD(2)]> <2W(z) forevery z € RY, (2.10)

where Iy is the orthogonal projection onto the set of traceless matrices:

Tr(U)

U =U — I;, UeR¥™

and /; stands for the identity matrix in R4*d_Then (2.10) is a sufficient condition for & to be an
entropy. Indeed, for all smooth u : @ — R with V-u = 0, one has Vu = (dju;); ; € Im(Ip) and
therefore,

V- [®(u)] = V®(u) : TIgVu =ToVP(u) : Vu

1 (2.10) 1
< S(VuP +0Ve@)) < SVul+ W), @11

where U7 is the transpose of a matrix U and the Euclidean scalar product on R?*¢ is denoted by
U:v=Tr(UvVh)= Y UV
i,je{l,...d}
We refer to Section 4.3 for more details.

Situation 2 (resp. 3). Entropies with symmetric (&j,,,) (resp. antisymmetric (&) Jaco-
bian. Let IT (resp. IT17) be the projection of R?*? on the subspace of symmetric (resp. antisym-
metric) matrices, that is

1
14U = E(U:I:UT) for every U € RY*4,

We want to find potentials W for which there exist maps ® € %' (R¢, R?) satisfying the saturation
condition (2.9) and one of the conditions
(Eym) V®(z) is symmetric and [TI)VD(z)|* < 4W (z), Vz € RY,
resp.  (Euym) IoVP(z) is antisymmetric and [TI)Vd(z)|* < 4W(z), Vz € RY. (2.12)
Then (&sym) (resp. (Susym)) is a sufficient condition for @ to be an entropy. Indeed, if ¢ €

¢ (RY,R?) satisfies V®(z) € Im(ITF) for every z € R?, then for all smooth u : @ — R? with
V-u =0, one has

V- [®(u)] = V(u) : Vu! =TTEVD(u) : TgVu! = MoVP(u) : TTVul . (2.13)
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By Young’s inequality and (&sym) (resp. (Susym)) in (2.12), it yields
/v.[q><u)]dx< 1<2||nivu||22 L Ve ) <E(w)
o ) L*(Q) " 9 L*(Q)) =

due to the following identities valid for u € H}, (Q,R¢) with it € L*(R,RY) (see Proposition 4.12)

_ 1
IVl 72 ) = TVl foq) = zuvuniz(m. (2.14)

Following the criteria (&5rg) in (2.10), or (Eym) (resp. (Susym)) in (2.12), we will construct
potentials W for which all global minimizers of () are one-dimensional. We present these results
in dimension d = 2 and then in dimension d > 3. All our results also hold true in the €—rescaled
model (1.4) for € > 0 fixed. One important observation is that the existence of an entropy &
satisfying the saturation condition (2.9) and one of the conditions (&5, ), (&sym) Or (Eusym) implies
that any global minimizer of (4?) satisfies the following first order PDE, which encodes the Euler-
Lagrange equation (1.1), the (second order) stability conditions and the equipartition of the energy
density, i.e. 3|Vu|?> =W (u) a.e. in Q:

1. if ® € €1 (RY,RY) satisfies (&), then any global minimizer u of () solves

1
W (u) = 5yHOch(u)F and Vu! =TIpV®(u) ace. in Q; (2.15)

2. if ® € €1(RY,R?) satisfies (&5ym), then any global minimizer u of () solves

W(u) = %|H0VCI>(14)|2 and 201" Vu! =TIoV®(u) a.e. in Q; (2.16)
3. if ® € €1 (R, RY) satisfies (&sym), then any global minimizer u of (?) solves
W(u) = %|H0vq>(u)|2 and 2IT"Vu = I1yVd(u) ae. in Q (2.17)
(see Proposition 4.16).

Symmetry results in dimension d =2. We prove one-dimensional symmetry in the minimiza-

tion problem (&) for potentials W = %wz, where w solves the Laplace equation or the wave

equation and satisfies the following growth condition:
there exist C, > O such that W(z) < ceP vz e R (2.18)
Theorem 2.6. Assume that W = %Wz where w € €2 (R?,R) solves
Aw =0 w+dow=0 (resp. Ow=0w—0npw=0) inR?

and let u* = (a,u5) € R? be two wells of W, i.e. W (u™) = 0, such that w > 0 on the open segment
(u™,u™). Assume that u is a global minimizer of (&) and either u € L or W satisfies the growth
condition (2.18). Then u is one-dimensional, i.e., u = g(x|) where g is the unique minimizer in
(2.3) (up to translation in xi-variable).

10
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The proof of Theorem 2.6 is based on the construction of an entropy ® such that

_ (o) w() 2
Vd(z) = (:FW(Z) —a(z)> for all z € R*, (2.19)
for some scalar function o that solves the same equation as w. The sign F = + in (2.19) corre-
sponds to Situation 2 of an entropy ® with symmetric Jacobian which applies if w solves the wave
equation, resp. the sign F = — corresponds to Situation 3 of an entropy ¢ with antisymmetric
Jacobian (i.e., ® is holomorphic on R?) which applies if w is a harmonic function in R?. The
one-dimensional symmetry will follow by investigating the equality in (2.7) (in particular (2.16)
and (2.17)).

If w is harmonic, due to the classical maximum principle, the set {W =0} = {w = 0} cannot
contain an isolated point or a closed curve. In fact, if w is not constant, then {w = 0} is a union
(possibly infinite) of noncompact smooth curves (without end-points). An example is given by
w(z1,22) = z122, where {w = 0} is the union of two orthogonal straight lines 3. In the case of

L2
the wave equation, we recover the Ginzburg-Landau potential for w(z) = % and therefore, the

one-dimensional symmetry of global minimizers in the Aviles-Giga model: ©

Corollary 2.7. Let W(z) = % and u* = (a,%b) € R? be two wells of W with a*> +b* = 1.
Assume that u is a global minimizer of (). Then u is one-dimensional, i.e. u(x) = g(x;) with
g € €= (R,R?) being the unique minimizer of (2.3) (up to translation in x-variable).

We will provide a symmetry result also for more general potentials W = %wz, where w solves
the Tricomi equation.

Theorem 2.8. Assume that W = %wz where w € €*(R? R) satisfies the Tricomi equation
dw— f(z1)dw=0 foreveryz=(z1,22) € R?, (2.20)

for a €" function f:R — R with |f| <1 in R. Let u™ = (a,uit) € R? be two wells of W, i.e.
W (u™) = 0, such that w > 0 on the open segment (u™,u™). If u is a global minimizer of ()
and either u € L or |Vw| satisfies the growth condition (2.18)7, then u is one-dimensional, i.e.,
u = g(x1) where g is the unique minimizer in (2.3) (up to translation in x\-variable).

Remark 2.9. 1) If f = £1 1n (2.20), we recover the case of w satisfying the wave equation and
the Laplace equation, respectively. Another example is given by the potential W = %wz with

)
W= I‘S’CTIZ’% and the constant § € (—1,1)\ {0} (here, f = § in (2.20)).

ii) We point out that the symmetry result for global minimizers of () fails in general for

potentials W (z) = 1w?(z) where w € ¢?(R?,R) satisfies the Tricomi equation for some large

s2 2
function f. Indeed, Jin-Kohn [41] proved that for w = I&lexz where f = 0 > 1 is large, the

one-dimensional transition layer between the wells (0,£1) in direction x; is no longer a global
minimizer because two-dimensional microstructures are energetically less expensive. 8

>The potential W (u) = %u%u% appears naturally in phase separation models, see Example 4.24.

®As stated by R.V. Kohn in [42] (based on a personal communication from S. Serfaty), in the £-rescaled Aviles-
Giga model (1.4), the two-dimensional microstructure of the cross-tie wall has asymptotically the same energetic cost
as the one-dimensional transition layer in the limit € — 0, see Appendix C.

"Note that (2.18) is asked for |Vw| and not only for w as in Theorem 2.6; this is because in Theorem 2.6, i.e. when
f is constant, we get from the optimality conditions (2.16) and (2.17) that global minimizers belong to L;; . using only
the growth of w. For non-constant f in Theorem 2.8, the growth condition on Vw is needed in order to deduce the
regularity of global minimizers, see Remark 3.13.

8 A similar counter-example was constructed in [17] in a model for the two-gradient theory of phase transitions.
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Symmetry results in dimension d > 2. Following the criterium (&jy,,) in (2.12), we can con-
struct a family of potentials W in any dimension d > 3 for which the answer to Question 1 is
positive. These potentials are the generalization of the 2D case of potentials W = %wz where w 1s

a solution to the wave equation. As in 2D, we will impose a growth condition on the potential W':

C Pl ifd =2,

. 221
C[1+|z|*] ifd >3, (@21

3C,B >0,VzeRY, W(z) < {

where 2* = % is the critical integrability exponent for the Sobolev embedding H'(RY) —

L (R?). Moreover, we need to assume the existence of an entropy ® € €' (R?,R¥) satisfying
the saturation condition (2.9); more precisely, the minimal energy of one-dimensional transition
layers between two zeros u™ € S, of W (see (2.1)) is given by the geodesic pseudo-distance geodyy
between u™ in the hyperspace RY endowed with the pseudo-metric 2W go (with g being the stan-
dard euclidean metric), i.e.,

geod?, (u,u™) := inf{ /_ ]1 VW) ) dr -
yeLip([—l,l],RZ),y(il):ui}. (2.22)

Theorem 2.10. Let ® = (®y,...,®,) € € (R, R?) be a map such that for every z € R, V®(z)
is symmetric and

816131(z) == 8d<I>d(z). (2.23)

Consider the potential

| =

W == Y [0;@i2) (2.24)
1<i<j<d

and two wells u™ € RZ N{W =0} of W for some a € R. If the saturation condition
@ (u") — P (u") = geod, (u,u™) (2.25)

is satisfied and if u is a global minimizer of () such that either (u € L”(Q,R?) and W €
€*(RY,Ry)) or W satisfies the growth condition (2.21), then u is one-dimensional, i.e. u = u(xy).

In order to build explicit examples of potentials W for which Theorem 2.10 applies, we con-
sider entropies ® € €' (RY,R?) of the form ®(z) = V¥(z) for all z € RY, for some ¥ € €2 (RY).
Then, V® = V2¥ is symmetric and the condition (2.23) becomes in terms of ¥:

om¥Y=-=9u,Y. (2.26)
By analogy with the wave equation in R?, solutions of (2.26) can be written

P)= Y felowz) zeR,

oc{1}4

where (f5)¢ is a family of scalar functions defined over R. In particular, we recover the following
extension of the 2D Ginzburg-Landau potential in any dimension d > 3:

1
Wy(z) := ;‘<|Z|2 12+ +23), z=(21,2,7") eRL L = (z3,...,2),

12
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corresponding to

_ﬂ2<ﬁ+%
2\ 3

We highlight that the saturation condition in Theorem 2.10 is not always satisfied; in fact, we will
see that for the perturbed Ginzburg-Landau potential W3 in 3D, the saturation condition fails for
the wells u™ = d-e3 of W, ie., @ (u") — Py (1) = 0 < geod, (u,u") and in that case, there are
no minimizers of (), see page 61.

Following the criterium (&) in (2.10), we present another situation where the answer to
Question 1 is positive, consisting in a family of potentials W with finite number of wells X :=
W~1({0}). In this situation, the minimal energetic cost between two wells u™ € X is expected
to be given by the geodesic distance geody, between u~ and u™ in R? endowed with the metric
2W go (recall that g is the standard euclidean metric): 9 for every 7,z € R4,

seody () :=inf{ [ AW

W,(2) = P - 1), = (z1,0,") € RY.

y e Lip([-1,1L,RY), y(1) =25}, @.27)

We will prove that for any affine basis X in R¢ and any given metric § on X, there exists a potential
W such that geody, coincides with  on X and the optimal transition layers between any two wells
of X are one-dimensional. For that, we need to set some notation as the transition direction
between two wells u* € X is not necessarily e;: if u™ € X, v e S9! with v - (ut —u")=0and
R € SO(d) such that Rv = ey, then we set the rotated cylinder Qz = R~'Q and the energy on Qg

1
Ex(u) ;:/ SIVuP £ W) dx, Vou=0, (2.28)
Q2
where the minimisation of Ep is considered over divergence-free maps u € H, C}iv (Qg,RY) that are
periodic in the directions R~ ey, k = 2,...,d and satisfy the boundary condition
lim u(tv+0)d#?" (o) =u*. (2.29)
t—deo JRp-1Td-1

Theorem 2.11. Let X = {xo, ...,x;} be an affine basis in R? and let § be a metric on X. Then there
exists a Lipschitz potential W : R? — R, such that W (z) = 1 for |z| large enough, X =W ~1({0}),
geody, = & on X x X and for every u™ € X, v € S~V with v- (u™ —u~) = 0 and any R € SO(d)
such that Rv = ey, ifu € H;iv(QR,Rd) is a global minimizer of Eg in (2.28) over divergence-free
configurations with the boundary condition (2.29), then u is one-dimensional, i.e., u = g(x-V)
where g € H'(R,RY) with g(40) = u™ and Eg(u) = 8(u~,u™).

The proof of Theorem 2.11 is based on the criterium (&) for the existence of entropies.
More precisely, we construct a potential W of the form %\V(p|2 for a scalar function ¢ : RY — R
such that |@(u™) — @(u™)| = 8(u~,u™) for every two wells u* € X; the corresponding entropy &
for a pair of wells u™ € X and a direction v € SY~! with v (u™ —u~) = 0 is given by ® := v
which satisfies (2.10) and the saturation condition (2.25).

In dimension d > 3, we will show that the criterium (&) in (2.12) is too rigid in order to
construct entropies ® leading to potentials W for which the answer to Question 1 is positive (see
Proposition 4.29 and Corollary 4.30).

Note the difference with respect to the geodesic distance geod(, defined in (2.22) where the curves ¥ are confined
in the hyperspace RY.

13
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Approximation argument. In order to remove the smoothness condition on the admissible
maps u imposed in the definition of entropies (2.7), a key ingredient is the following regularization
procedure that insures the avoidance of the so-called “Lavrentiev gap” with respect to the general
set of admissible maps (not necessarily smooth) with finite energy {u € H L}iv(Q, RY) : E(u) < oo},
This is done under the growth condition (2.21) imposed on the potential W.

Lemma 2.12. Let W : R¢ — R be a continuous potential, u* € S, for some a € R and u €
H!. (Q,RY) be a map such that E(u) < o and u(£e0) = u™. If either W satisfies (2.21) or (u €
L=(Q) and W € €*(R4,R.,)) then there exists a sequence (u)y>1 C €= NL*NH} (Q,RY) such
that g (£0) = u™ for each k, and

wp —u in H'(QRY),  egon(tr) — egen(n) in L'(Q),
k—>oc0 k—yoo

where egen(u) stands for the energy density, i.e. eqen(t) = 5|Vul> +W(u). In the case where the
growth condition (2.21) holds true, then one can impose in addition that uy, satisfies wy(+t) = u™
forallt >t with t; large, for every k € N.

Change of variables under rotation. The fact that we consider an infinite cylinder Q oriented
in x;-direction, is an implicit way of fixing the direction of the transition between u~ and u™*. Of
course, one can always reduce to this case by rotation as follows. Let v € S?~! be a new transition
axis and let R € SO(d) be a rotation such that Rv = e;. Define the rotated domain

Qr:={xx =R 'x: xeQ},

which can be seen as a cylinder, infinite in the direction v. To be more precise, Qg is the set of
equivalence classes in R? endowed with the equivalence relation (x ~g y iff R(x —y) vanishes in
Q =R x T¢"1). Let us take an admissible configuration

u:Q— R such that V-u=0,
and define the rotated map ug by
ug : Qr — R%, ur(xg) = R_lu(RxR), XR € Qg.
Thus, ug is still divergence free thanks to the elementary computation,
V- ug(xg) = Tr(Vug(xg)) = Tr(R™'Vu(Rxg)R) = V-u(Rxg) =0, xg € Q.
Set Wg : RY — R, the new potential defined by
Wr(zr) = W(Rzg), zr € R

Then for any u € H}, (Q,R?), one has
1 1
E(u):/ —]Vu]2+W(u)dx:ER(uR):/ ~ \Vug|? + Wi (ug) dx.
Q2 Qr 2

Moreover, if u™ are two wells of W compatible with the divergence constraint and the boundary
condition 7(4e) = u*, i.e., (u™ —u~)-e; = 0, then the rotated wells,

wp =R ut € {Wg =0},

14
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are compatible with the divergence constraint V - ug = 0 and the new boundary condition:

t—4oo {XRGQRUCR'VZI‘} R( R) (R) =

Moreover, if ® : R? — R satisfies (2.7) and (2.8), then @ defined by
®p R 5 RY, dp(zz) = R'®(Rzr), zr €RY,

is an entropy adapted to the new energy functional Eg and the rotated wells uf, 1.e. (2.7) and (2.8)
hold true for (Qg, ®Pg,ur, Eg) instead of (Q, P, u,E).

From the previous analysis, we deduce that the study of the existence and the symmetry of
global minimizers for a potential Wy and a transition configuration (V,u},uz) (i.e. a transition
axis v, and two wells uljg of Wg with v - (uy — up) = 0) reduces to the same study for the po-
tential W (z) = Wg(R™!z) and the transition configuration (e;,u",u™) = (Rv,Ru},,Ruy ). For the
existence of minimizers, the assumptions of Theorems 2.1 and 2.3 easily transpose to any configu-
ration axis V. For the one-dimensional symmetry of global minimizers, note that the assumptions
onW = %wz in Theorem 2.6 (when w is harmonic), Corollary 2.7 and Theorem 2.11 are invariant
by rotation, i.e. it remains true with Wy instead of W. Indeed, the Laplace equation Aw = 0 is in-

2
variant by rotation, while for the Ginzburg-Landau potential, w(z) = ]?/lg‘ is radially symmetric.

The previous analysis also implies that in Theorem 2.11, it is enough to prove one-dimensional
symmetry for the special transition axis V =e; (i.e. R =1; and Qg = Q).

2.3 Structure of the paper

In Section 3, we analyze Question 2 on the existence of global minimizers, proving Theorem 2.1
in Section 3.2 and Theorem 2.3 in Section 3.3. Section 4 is dedicated to Question 1, i.e., the study
of one-dimensional symmetry of minimizers. We first make a quick analysis of the minimization
problem (2.3) in 1D in Section 4.1. In Section 4.2, we prove the approximation argument in
Lemma 2.12. In Section 4.3, we explain our main tool, the entropy method; as an immediate
consequence, we present the structure of global minimizers as solutions to a first order PDE system
in Section 4.4. Our main results on the symmetry of minimizers in 2D (i.e. Theorems 2.6, 2.8
and Corollary 2.7) are shown in Section 4.5. Finally, we extend our method to some situations in
higher dimension by proving Theorems 2.10 and 2.11 in Section 4.6.

3 Existence of global minimizers

Due to the translation invariance in xj-direction of the domain Q and of the energy E, the exis-
tence of a global minimizer in (£?) under the boundary condition (1.3) is not trivial. In order to
overcome loss of compactness, we need a procedure that allows to concentrate the energy around
the origin. This will be made possible by translating each element u, of a given minimizing se-
quence (i) e, in such a way that the transition between u~ and u™ is roughly achieved in a fixed
neighborhood of the origin in Q.

3.1 Some preliminaries

We denote by (e;);—1,...4 the canonical basis of R4, and we recall the notations Rg and S, in (2.1).

15
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About the boundary condition. Givenu € H} (I x T?"!RY), where I C R is an interval, we
recall that # is the x’-average of u on T¢-! defined in (2.2). The following observation will be
useful in the sequel.

Lemma 3.1. IfI C Ris an interval and u € H' (I x T4~ R%), then € H' (1,R?) c €%/2(I,R%).
If in addition V -u = 0, then

ui(t):=u(t)-ey isconstantinl.

In particular, if = R and (o) = u™ € RY for some a € R, then uy(t) = a, i.e. u(t) € RY for all
tel

Proof. The fact that @ € H'(I,R?) immediately follows from the Jensen inequality:

d
JlgatoPan = [| [ dun v)ar

In particular, u € ¢01/2 (1,R?) by Sobolev embedding. When V - u = 0, since T¢~! has no bound-
ary, one has

2
dx; §/ |Vu|? dx.
IxTd-1

—Uu| = du dx' = — V.iWd' =0 ae. inl,
d_xl 1 Td—1 1 Td-1

where
V' = (82,...,8d> and u’ = (uz,...,ud).
This entails that u; is constant. ]

We will use the following standard result several times in the proofs of the one-dimensional
symmetry of minimizers:

Lemma 3.2. Ifu € H'(Q,R?) satisfies ti(d0) = u™, then there exist two sequences (R, ) en and
(R, )nen such that (R ey — oo and

+ +
lw(Ryy's-) = w™ || gy a1 gy —2 0,

where u(R,-) stands for the trace of the Sobolev function u at x| = R, for every R € R.

Proof. As the function x; — [|V'u(xy,-) is integrable over R, one can find two sequences

2
|| LZ(Td—l)
(RF)uen — +oo such that || V'u(RE,-)||,2 tends to 0 as n — eo. Moreover, by assumption, #(x))
tends to u™ as x| — oo, This finishes the proof as convergence of gradients and convergence in

average implies convergence in H'(T“~!), by the Poincaré-Wirtinger inequality. [

Remark 3.3. If f € H'(Q) with f € L*(IR), then there exist two sequences (R ),cn — oo such
that the product || (R, -)HLz(Td_l)Half(R}, M 2(ra-1y — 0 as n — +oo. The proof follows as

above since the L? norm of f(R:,-) is kept bounded by the Poincaré-Wirtinger inequality.
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About the cost function cy. A fundamental observation in proving the existence of global
minimizers is the following nondegeneracy property of cy defined in (2.4):

Proposition 3.4. Let W : RY — R be a continuous function and assume that (H1) and (H2) are
satisfied for some a € R. Then, for all § > 0, there exists € > 0 such that for all x,y € R,

x—y| >0 = cw(x,y) > €.

In order to prove Proposition 3.4, we need to estimate the energy from below. This can be done
by averaging in the d — 1 last variables. Namely, given an interval I C Rand u € H' (I x T¢~!,R?),
the Jensen inequality yields

1 1
Ewn= [ [ (—|alu\2+—W'u|2+w<u>)dx'dxl
7JTd-1 \ 2 2
> [ 3] ut)| efute, ) ax
—|—ux e X1,
- 12 d.X] 1 u\xy, 1,
where the energy density e is defined by

1
e(v):= /d 1§|V'v\2—|—W(v)dx' for all ve H'(T"! RY).
Td—

Thus, if in addition V- u = 0 and 7] = a in I, one has
Ld_, 2
E(u,l)Z/—‘—u(t)‘ LV (a())dr, 3.1)
12 1dt
where V : R? — R, is defined for all z € R? by
V(o) =inf{e(v) : v H' (T RY), v =2} >0, (3.2)

This observation is the starting point in the proof of the following lemma:

Lemma 3.5. Let W : R? — R be a continuous function and assume that (H2) is satisfied for
some a € R. Then the function V : R% — R, defined in (3.2) satisfies the following:

1. V is lower semicontinuous in RZ,
2. forallz € RY, V(z) <W(z), the infimum in (3.2) is achieved and [V (z) =0 < W(z) = 0],

3. Voo:= liminf V(z) >0,

ZERY 7|00

4. for all interval I C R and for all u € H), (I x TY~1RY) such that u(t) € RY for all t € 1,

one has
11d_

E(u,1) > Ey(@,I) ::/I- L)

21dt

2
V@)

Proof of Lemma 3.5. Claim 4 follows from (3.1). We divide the rest of the proof in three steps.

STEP 1: PROOF OF CLAIM 2. Clearly, for all z € R, one has V(z) < e(z) = W(z). By the compact
embedding H' (T~ 1) < L?(T9~!), the continuity of W and Fatou’s lemma, the direct method in
the calculus of variations implies that the infimum is achieved in (3.2). If W(z) =0, then V(z) =0
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(as V < W in RY). Conversely, if V(z) = 0 with z € R, then a minimizer v € H'(T?~! R) in
(3.2) satisfies V(z) = e(v) = 0 so that v=z and W(z) = 0.

STEP 2: V IS LOWER SEMICONTINUOUS IN R, Let (z,),> be a sequence converging to z in
RZ. We need to show that
V(z) <liminfV(z,).

n—soo

W.Lo.g.!%, one can assume that (V(z,)),>1 is a bounded sequence that converges to liminf, ..V (z,).
By Step 1, for each n > 0, there exists v, € H'(T¢~!,R?) such that

/ va=2z, and e(v,)=V(z).
'I[‘d—l

Since (z,)n>1 and (e(v,))a>1 are bounded, (v,),>1 is bounded in H' (T~ R?) by the Poincaré-
Wirtinger inequality. Thus, up to extraction, one can assume that (v,),>1 converges weakly in H',
strongly in L! and a.e. in T?~! to a limit v € H!'(T?~! R?). In particular, [r.—1v = z. Since the
L? norm is lower semicontinuous in weak L*-topology and W is continuous, by Fatou’s Lemma,
we deduce that e is lower semicontinuous in weak H'!(T9~! R?)-topology. Thus,
V(z) <e(v) <liminfe(v,) = liminfV(z,).
n—yoo n—oo
STEP 3: PROOF OF CLAIM 3. Assume by contradiction that there exists a sequence (2, ),>1 C RZ

such that |z,| — o and V(z,) — 0 as n — oo. Then, there exists a sequence of maps (w,),> in
H'(T9-1 R?) satisfying

/ wu(x')dx’ =0 foreachn € N and e(z,+w,) — 0.

Td—1 n—oo

By the Poincaré-Wirtinger inequality, we have that (w,),>; is bounded in H'. Thus, up to ex-
traction, one can assume that it converges weakly in H'!, strongly in L' and a.e. to a function
w € H' (T4~ R?). Then w is constant since

0 = liminfe(z, +w,) > liminf |V, | dx’ 2/ |Vw|?dx'.
n—oo n—oo ’]rdfl ']I‘dfl
We deduce w = 0 since [ga—1 W = limy, e a1 Wy = 0. Thus w, — 0 a.e and (H2) implies that for
ae xeTd 1
liminfW (z, +wy,(x)) > liminf W(z,7)) >0,

n—reo || —0,z1a

which contradicts the fact that e(z, +w,) — 0. O

The following lemma provides an estimate from below of the energy by the geodesic distance
geody, in R? endowed with the singular metric 2V gq (note that V vanishes on S|, that is finite by
(H1)), go being the standard euclidean metric in ]RZ ; this geodesic distance is defined for every
x,y € RY by

1
geod? (x,y) ::inf{/_l V2V(e)|6|(r)dr

o € Lip([-1,1],R%Y), 6(—1) =x, o(1) :y}. (3.3)

10Without loss of generality.

18



R. Ignat and A. Monteil De Giorgi conjecture for Stokes problem

Lemma 3.6. Let W : RY — Ry be a continuous function such that (H1) and (H2) are satisfied
for some a € R and let V : R — R be the function defined in (3.2). Then the function geody; :
RZ x RY — R is continuous, it defines a distance over RY and

cw (x,y) > geodd (x,y)  forevery x,y € R,

Moreover, for every § > 0, there exists € > 0 such that for every x,y € RZ with |x —y| > §, we
have geody, (x,y) > €.

Proof of Lemma 3.6. STEP 1: PROOF OF THE INEQUALITY cy > geody,. Indeed, by Lemma 3.5
(point 4.) and Young’s inequality, one has for every x,y € R?,

cw (x,Y) Zinf{/lx/2V(6(t))|c'7|(t)dt : I C Rinterval,
o € H'(I,RY), o (infl) = x, o (sup/) :y}.

Therefore, we only need to prove that the value of the above infimum remains unchanged if mini-
mizing on a set of more regular curves, namely o € Lip([—1,1],RY). W.1.o.g. we assume that I is
an open interval; then let ¢ € H'(I,RY) Wlf): (I,R?) with o (infI) = x, o(supI) = y and define
the arc-length s : I — J := s(I) C R by

t
s(t):= [ |o|()d, tel,
1o

where 7y € I is some fixed instant. Then, the arc-length reparametrization of o, i.e.
o(s(t)):=0(), tel,

is well-defined and provides a Lipschitz curve G : J — R¢ with constant speed, i.e. |6| =1 a.e.,
and such that 6(infJ) = x and 6 (supJ) = y. Moreover, the change of variables s = s(¢) yields

/1 V2V(e()|6|(1)di = /, V2V (6 (s))ds = /J V2V (5 (5))[5](s) ds.

If J is unbounded, we take a small parameter € > 0 and we choose a compact interval [p,q] C J
such that
x—=G(p)| sup V2V +[6(q)—y| sup V2V <e (3.4)
[x,o(p)] [6(q).y]

(here, we used the fact that V is locally bounded in RY as V < W by Lemma 3.5) and we replace

6} (inf ] p] (resp. 6‘ lg.sup J)) by a constant-speed parametrization of the line segment [x, G (p)] (resp.

[6(q),y]). The resulting curve & : J C R — ]R{Z still connects x to y and by (3.4) with J a compact
interval, it satisfies

/j\/ZV(ff(s)) 16((s)ds < /[,, V@) [GI(5)as e

Last of all, by affine reparametrization, we can actually assume that J = [—1,1]; the desired in-
equality follows by arbitrariness of € > 0.

19



R. Ignat and A. Monteil De Giorgi conjecture for Stokes problem

STEP 2: geod? : RY x R¢ — R, DEFINES A DISTANCE OVER RZ. The only non-trivial axiom to
check is the non-degeneracy, i.e., geod;(x,y) > 0 whenever x # y. Indeed, any continuous curve
o :[~1,1] — RY such that 6(—1) = x and (1) = y has to cross the ring

Gx)i={zeRE - T <lz—x <)

for any 1 € (0, |x — y|], thus implying the estimate
geodd (x,y) > 1 inf /2V(2). (3.5)
2 ZE€EC (x)

Since Lemma 3.5 yields V is lower semicontinuous and vanishes only on the finite set S, (by
(H1)), one can find a small enough 1 € (0, |x —y|) such that €y, (x) NS, = 0, so that V is bounded
from below by a positive constant on 6y (x) and thus, geody; (x,y) > 0.

STEP 3: THERE EXIST R,C € (0,+c0) SUCH THAT FOR EVERY x,y € RY WITH |x| > R AND
|y| > R, ONE HAS

geody (x,y) > Clx —y|. (3.6)
By Lemma 3.5, there exists R € (0, o) such that
Voo : R
V(z) > 5> 0 forevery z € RY with |z| > 5

We take x,y € R? such that [x| > R and |y| > R and w.l.0.g., we assume |x| > |y| and x # y. Then
we apply (3.5)ton = k;—y' € (0, %] noticing that for every z € ¢; (x), one has |z| > x| =1 > R/2,

we obtain
- Voo
geodf(r) > 2 inf 2V 2 V2 ey

STEP 4: geody, : RY x RY — R, IS CONTINUOUS. Let x,%,y,7 € RY N B for some ball B C RY,
As geody; is a distance on Rg , then

|geody (x,y) — geody (%,7)| < [geody (x,y) — geody (£,y)| + |geody (%, y) — geody (%,7)|
< geody, (x,X) + geody, (, 7).

Letting the transition o be the segment [x, %] in the definition (3.3), one gets geod{, (x, %) < supg v2V -
|x — %| (idem when (x,X) is replaced by (y,y)) and the conclusion follows since V is locally
bounded in Rg as V <W by Lemma 3.5.

STEP 5: FOR EVERY 6 > 0, THERE EXISTS € > (0 SUCH THAT FOR EVERY x,y € IR%Z, x—y|>6
IMPLIES geod{,(x,y) > €. Assume by contradiction that there exist 6 > 0 and two sequences
(Xn)n>1 and (y,),>1 in RY such that |x, —y,| > & for each n > 1 and lim,, ;< geody; (xn,y,) =0.In
particular, by (3.6), the sequence (min{|x,|,|yx|})s>1 is bounded; up to exchange x, and y,, one
can assume that (x,),>1 is bounded and up to extraction, one can assume that it has a subsequence
converging to some x € RZ . Fixing R,C > 0 such that (3.6) holds true and zp € RZ such that
|zo| > R, we obtain for every n > 1 such that |y,| > R,

Clyn 20| < ge0d(ya,20) < geod, (v, 1) + geod, (x1,20) — geodt (x,z0).

Thus, the sequence (y,),>1 is bounded as well so that it has a subsequence converging to some
y€E Rg; by continuity of geody;, we have geody, (x,y) = 0 and so x =y, thus contradicting the fact
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Proof of Proposition 3.4. Proposition 3.4 immediately follows from Lemma 3.6. [

We finish this preliminary section by the following lemma which will be useful in proving that
the boundary constraint 7(4-e0) = u™ is preserved by limits of minimizing sequences for E:

Lemma 3.7. With the function V and the energy Ey given by Lemma 3.5, under the assumptions
(H1) and (H2), let 6 € H'(R,R%) be a map of finite energy Ey(c,R) < 4oo. Then there exist
77,77 €8, such that tEI;Itl o(t) =z*.

Proof. By Lemma 3.6, we know that geod? : R? x R — R, defines a distance on RZ. If the
target space RZ of o is endowed with the distance geod{,, then the estimate Ey (0, R) < +eo yields
a bound on the total variation of 6 : R — (R%, geod?). Indeed, for every sequence t; < --- < ty in
R, by the Young inequality, we have

M=

N
deod?/(G(ti_,_]),G(ti)) <Y Ey(o,[titi+1]) <Ey(0,R) < Hoo.
i=1 j

1

~

In particular, for every € > 0, there exists R > 0 such that for all #,s € R withz,s > Rort,s < —R,
one has geody, (o (t),0(s)) < €. By Lemma 3.6, it follows that for every § > 0, there exists € > 0
such that geod (x,y) < € implies |x —y| < §; thus, we deduce that ¢ has a limit z* € RY at +oo,
Since V(o (+)) is integrable in R, we have furthermore that V (z*) = 0, i.e. z£ € S,,. O

3.2 The case of double-well potentials in R?. Proofs of Theorems 2.1 and 2.2

Given a continuous potential W : RY — R, with only two wells ™ in R for some a € R, i.e.,
S, = {u™}, our aim is to prove existence of a solution to the minimization problem (#?). We will
actually prove relative compactness (up to translation in x;-direction) of admissible configurations
with uniformly bounded energy (not only minimizing sequences) as stated in Theorem 2.2. The
proof for double-well potentials in R? will use Proposition 3.4, whereas the case of multiple-well
potentials in RY requires more precise estimates on the energy and the relative compactness only
holds for minimizing sequences.

Strategy for proving Theorem 2.2. Since E is lower semicontinuous on H' (Q,Rd) endowed
with the weak convergence (i.e., L>-weak convergence of gradients and strong leo .-convergence
of maps), and since boundedness of the energy implies boundedness of the L?-norm of gradients,
it is enough to prove that the boundary condition (1.3) is preserved in the limit (up to translation in
x1-direction). We will present two proofs of Theorem 2.2. The first proof is based on the following
Lemma 3.8 which does not use the fact that S, = {ui} but only the fact that S, is finite (i.e. (H1))
and is somehow reminiscent from the compactness result [34, Lemma 4.4], while the second proof
is based on [24, Lemma 1].

Lemma 3.8. Ler W : R? — Ry be a continuous function and assume that (H1) and (H2) are
satisfied for some a € R. Let (un)n>1 be a sequence in H). (Q,RY) such that t,(+£e0) = u™ € S,
foreachn > 1 and

1
supE (u,) = sup/ ~ |V, > + W (uy,) dx < oo.
n n Jo?2
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If € > 0 is a small radius such that the closed balls By := F(ui, g) C R? are disjoint, then there
exist a sequence (ty),>1 C R and T > 1, such that, up to a subsequence, one has for every n >
log, T,

uy(t) ¢ B_ forall t €[ty +T,t,+2"] and u,(t) ¢ B+ forall t € [t,—2",t,—T].

Proof of Lemma 3.8. STEP 1: STUDY OF THE OSCILLATIONS OF (u),>1. For each fixed n > 1,
let us build a sequence of intervals (I}')>1 by induction as follows (see Figure 1):

B n

b}~ w4 )/ la)

Iy Iy

Figure 1: Possible trajectory for u, and the corresponding I}/

o [ :=(of,B]"), where af = —oo and B’ < oo is the first instant for which #,(B]') € dB;. In
other words, 7" is the first maximal interval in %, | (BS.) (which exists since ,(—o) = u"),
where B¢ :=RY\ B.

o I = (04, By) is the maximal interval in %, | (B.) containing 3{". Thus, either u,(B}) € dB_

or B = H-oo.

e Given k > 2, assume that /' = (¢, B) has been constructed, and that ;' < 4-c. Then we
define I}, | = (o¢', |, B¢, ;) as the maximal interval in @, ' (B) containing B, where either
B=B_ifu,(l}) C B} or B= By if u,(I}}) C B-. Thus, either u, (B}, ;) € dBor (B=B_
and B, | = +0).

This induction stops at the first iteration step k, € NU{+-oo} for which B,?n = +o0. Note that k;, > 2,
for every n.

STEP 2: (ky),>1 IS A BOUNDED SEQUENCE. Indeed, by construction for # fixed, the o and B
are ordered as follows:

a?:_m<a§<ﬁ1n§ag<[;g§ag<[3§'§ocgl§...<[3,fn:+oo.

In particular, for every index k € (1,k;), one has o < ' | < o, | < B;’. Moreover, by construc-
tion of I}', we know that either u,(f;" ) € dB and both %,(cy’) and @, (') belong to dB_, or
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(B ;) € dB_ and both %, (') and u,(f3;) belong to dB. ; in other words, &, makes two transi-
tions between B_ and B, (one on (¢, 3 ,) and the other on (B |, 3)). In particular, since the
intervals (1},)1<2k<, are disjoint, one has

ky,—1
2cW(B,B+){ ”2 J < Y E(un,15) < SupE(up,R) < oo,
1<2k<k;, n

where L%J is the integer part of k"z_ L and

cw(B-,By) :=inf{cw(x,y) : x€B_,y € B }.

By Proposition 3.4, one has ¢y (B_,B+) > 0, and so sup, k, < .

STEP 3. We prove that there exist two indices kg, [y and an unbounded set X C N* (corresponding
to the indices of a subsequence of (u,),>1) such that

e forallne X, 1 <kg<ly<k,,

e (Length(}; ))nex and (Length(f}} ))nex converge to +oco as n — oo,
e foralln € X, u, (I ) C BY and un(Ij}) C B,

e (o — By [ nex is bounded.

In order to prove existence of ko, ly, we define a finite sequence (0y)<x<x C {0,+,—} as follows.
We first pick K > 2 to be a value that repeats infinitely many times in the sequence (k,),>1 (that
is bounded in N). We set X to be the set of those (infinitely many) indices n with k, = K; then
one has [} = (o, +oo) for every n € X. Then, for each k € N with 1 <k < K, we set o; by the
following algorithm (the set X might change at some steps):

e o) := 0 if the sequence (Length(Z}!)),cx is bounded;

e 0} := + if there exists a sequence (n;) ey C X such that Length(I;’) — oo as j — oo and
Uy, (IZj ) C B for every j € N (in this case, X is replaced by the sequence (1) );

e 0} := — if there exists a sequence (n;) ey C X such that Length(I;’) — oo as j — oo and

Uy (I,:lj ) C BS for every j € N (in this case, X is replaced by the sequence (1) ).

Clearly, one has o) = — and ox = +. Thus, the sequence (0y);<x<x contains at least a sub-
sequence (O )k <k<i, of the form (—,0,...,0,4). This means that (Il?o)nex and (Il’(‘))nex are un-
bounded, and that the intermediate interval between /; and I;; is of uniformly bounded length,
i.e. (| — By |)nex is bounded. Moreover, by construction, ,(j; ) C B and i, (I} ) C BE for all
neX.

STEP 4: END OF THE PROOF. By Step 3, the conclusion of Lemma 3.8 holds true, up to a
subsequence, with the choice 7, = f; (or alternatively, take 7, = o), and T = max{1,sup, |o —

Biol}-
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First Proof of Theorem 2.2. Let us take (t,),>1 C R and T such that the conclusion of Lemma 3.8
holds true: up to a subsequence, there exists € > 0 such that for each n > log, T,

(3.7)

Uy(t+1,) ¢ Blu,e) forallt e [T,2"]
i, (t+1t,) ¢ Blut,e) forallte[-2" —T].

Since (un(- +1n,))n>1 is bounded in H), (Q,R?), up to a subsequence, it has a weak limit u €
H!. (Q,R?). In particular, by the Sobolev embedding H' (R, RY) — %02 (R,RY), one has (@i, (- +
t2))n>1 — U weakly in H' and uniformly on compact subsets of R. From (3.7), one deduces

u(t)¢B(u ,e) forallt >T and u(r) ¢ B(u ,e) forallt <-—T. (3.8)
Now, from Lemma 3.5 and by lower semicontinuity of Ey in weak H!-topology, we learn that

Ey(u,R) <liminfEy (#,,R) <liminfE (u,) < 4-oo.

n—oo n—oo

+ 1

In particular, by Lemma 3.7, u has a limit 7t €8, at +o. But (3.8) forces z since
S, = {u=,ut}; thus, (1.3) holds true. Since E is lower semicontinuous in weak H'(Q,R?)-
topology, the proof is now complete. [

We point out a second proof, based on the following compactness result [24, Lemma 1.], which
can be seen as a generalization of Lemma 3.8 in terms of the average sequence {i, }:

Lemma 3.9 (L. Doring, R. Ignat, F. Otto [24]). Let (v,)n,>1 be a sequence of scalar functions
vy : R — R uniformly bounded in H'(R), i.e., sup, [Vall2(m) < oo, and such that

liminfv,(t) >0 and limsupv,(t) <O foreachn> 1.

I—too t—>—oo

Then up to a subsequence, there exist (t,),>1 C R and v € H' (R) such that v, (- +1t,) — v weakly
in H'(R) with liminfv(t) > 0 and limsupv(t) < 0.

t—+4o0 f——o0
Second proof of Theorem 2.2. Let (u,),>1 be a sequence as in Theorem 2.2, and apply Lemma 3.9
to (vn)u>1 given by

It is clear that (v,),>] satisfies the assumptions in Lemma 3.9 since (Vu,),>1 is bounded in L?
and {
- a2
tgrinoovn(t) = i2|u u |
Thus there exist (t,),>1 C R and v € H'(R) such that v,(- +1,) — v weakly in H'(R) with

liminf > li <0.
imint v(t) >0 and ltlllilolopv(l) <0

Moreover, as before, (i, (- +1,))n>1 converges weakly in H' to some limit u € H}, (Q,R?)
and we have also (i,(- +1,))n,>1 — % weakly in H!. The fact that (o) = u™ is shown exactly

"'This is the only place where (H1’) is needed instead of (H1) in the proof of Theorem 2.2.

24



R. Ignat and A. Monteil De Giorgi conjecture for Stokes problem

as in the first proof of Theorem 2.2, except that instead of (3.8) we use the following properties of
the limit v:

1
v(t) = (ﬁ(t) — §(u+ +u)) (ut —u") forallt €R, and I}Lnigf +v(r) > 0.

By Lemma 3.7, we conclude the second proof of Theorem 2.2. [

Proof of Theorem 2.1. There exists a minimizing sequence with uniformly bounded energy (note
that we have E(u) < oo for some 1D smooth transition u = u(x;) : R — R? between u~ and u™).
Thus, Theorem 2.1 is a consequence of Theorem 2.2. OJ

3.3 The case of multiple-well potentials in RZ . Proof of Theorem 2.3

The proof of Theorem 2.3 relies on Lemma 3.8 (which do not use Assumptions (H3) and (H4))
and the following Lemma 3.10 which aims to prevent lack of compactness due to the presence of
a third well zo € S, \ {u~,u"} and uses also the assumptions (H3) and (H4):

Lemma 3.10. Ler W : R4 — R be a continuous function such that (H1) - (H4) are satisfied for
some a € R and let (uy),>1 be a minimizing sequence, i.e. u, € H). (Q,RY), (o) =u* € S,
foreachn > 1, and

1 .
lim §|Vun|2+W(un)dx:inf{E(u) L ue HL (Q,RY) with (o) :ui}.
Q

n—oo

Then, forall § <min{|x—y| : x,y € Sq, x#y} andforall z € S;\{u",u'*}, one has sup,~, £ (w, ' (B(z,6))) <
+-o0, where £ stands for the Lebesgue measure in R.

Proof of Lemma 3.10. Assume by contradiction that there exist § < inf{|x—y| : x,y € S, x # y},
awell zg € S, \ {u~,u"} and a subsequence (i, )x>1 such that £ () — oo as k — oo, where
Iy ==, ' (B(z0,6)) is an open set. Since

1
/ (/ <—|V'unk(x1,x’)|2 —}—W(unk(xl,x'))) dx’> dx; <supE(uy,) < oo,
Ik Tdfl 2 nZl

we deduce the existence of a sequence (f )x>; such that for each k > 1, # € I; and

1
/le <§|V,unk(tk>x/)|2 +W(ui’lk(tk7xl))> dx’ — 0.

k—yoo

Since we have furthermore 7y, () € B(z0,8) C (R4 \ S,) U{z0}, the sequence (i, (t,-))i>1 con-
verges to a constant z € ]Rg strongly in H'(T?~!,RY), and this constant belongs to S, (since
W (z) = 0 by Fatou’s Lemma) so that we have necessarily z = zp. Moreover, for each k, by
Lemma 3.2 applied to uy,, there exist R, and R such that R, <t < R}, with ||u,, (Rif,") —
u™ || 1 — 0 as k — oo, Then, by definition of dy, we get

E(u"k) Z dW(unk (R]:7 ')7 Up, (tk7 )) + dW (unk (tkv ')7 Up, (lea ))’
since (u,),>1 is @ minimizing sequence and by (H4), we obtain in the limit k — oo,
ew(u,ut) > dw(u=,z0) +dw(zo,u"),

thus contradicting Hypothesis (H3) since dw (u,u™) > cw(u,u™) (by definitions (2.4) and
(2.5)). [
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Proof of Theorem 2.3. Let (uy),>1 C H'(Q,RY) be a minimizing sequence for the minimization
problem (£?), i.e.

+o0 > E(up) — ew(u ,u"), Veu,=0 and @,(+e)=u".
From the first proof of Theorem 2.2 (based on Lemmas 3.7 and 3.8 that use only the assumptions
(H1) and (H2)), we learn that (u,),>; converges up to a subsequence (and up to translation)
weakly in H'(Q,R?) to a limit u satisfying @(4e0) = z* € S,,. For potentials W with more than
two wells, we cannot deduce at this stage z¥ = u®; however, we can assert that z~ #+ u' and
7" # u~ (thanks to Lemma 3.8). The conclusion will follow from Lemma 3.10. Indeed, by
Fatou’s lemma, we have for all § > 0 such that § < |x — y| whatever x,y € S, with x # y, and

z€ S \{u,ut},

/ Lg(,5)(@(t))dr < llrfgli"lf/ Lp(.5)(@n(t)) dt = hrgr_lg}ff (@, '(B(z,8))) < +eo.
In particular, £ (u~!(B(z, 5))) is finite and u cannot converge to z € S, \ {u~,u"} at +0. We
have thus proved #(4e) = z& = u™ and u is a solution to the minimization problem () since

E(u) <liminf, . E(u,) by lower semicontinuity of E. O

3.4 Analysis of the transition cost. Proof of Propositions 2.4 and 2.5

Proof of Proposition 2.4. By definitions (2.4) and (2.5), we have dy (z7,z"7) > cw(z7,z ") for all

+ ¢ S, (there is no need of any assumption on W, in particular, no need of (H4)). Indeed, dw
is defined by minimizing E(u,I) on finite intervals / with Dirichlet conditions u = z* on the
boundary of I x T¢~!; extending u by setting u = z= out of  x T?~! (z~ at the left side and z*
at the right side of I) yields an admissible function i with the same energy E(i1) = E(u,I) since
W(z%) =0, and then E(u,1) > cw(z~,z7).

Conversely, we now prove that dy (z~,z7) < cw(z~,z") for all z= € S, under the assumption
(H4). Indeed, let u € H). (Q,RY) be a map such that E(u) < +oo and #(£e0) = z*. Thanks to
Lemma 3.2, there exist two sequences (R ),>; — oo with ([Ju(R,-) — z%||y1)u>1 — 0 and it
follows from (H4),

dw(z”,2") < liminfdyw (u(R, ,-),u(R,; ")) < iminfE(u, [R, ;) < E(u).

The conclusion follows by taking the infimum over u. [
Proposition 2.5 is a consequence of the following technical but standard lemma:

Lemma 3.11. If W : R? — R, is a continuous potential satisfying (2.6), then the quantity
J(vo,v) :==inf {E(u,[0,1]) : u€ Hy, ([0,1] x T 1), u(0,-) = vo, u(1,-) = v},

defined for every vo € S, and everyv € H' (T4=1 R?) such that [ra-1 v-e = a, satisfies (J(vo,Vn))n>1 —
0 for every sequence (vy),>1 — vo in H' (T4~ 1 RY) with Jpa1vn-er =aforeachn> 1.

Proof. Up to replacing v, by v, +vg, u by u+ vg (in the infimum defining J(vo,v)) and W(-) by
W (vo+ -), one can assume that vy = 0 € S, with a = 0. So, let (v,),> be a sequence converging
to 0 in H'(T9~! R¥) such that for each n, [34_1 €1 - v, = 0. We shall prove J(0,v,) — 0 as n — .
To this aim, we look for an admissible map of the form u,, = Pv, —w,,, where P: H' (T4~ R%) —
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H %_([O, 1] x T?~1 R?) is the harmonic extension operator such that for all v € H'(T4~! R9),
Pv(0,-) =0, Pv(1,-) =vand ||Pv|| ;- <C|v|g, where %7 stands for a real number strictly less
H?

than % In order that V - u,, = 0, we impose on w, the following conditions:

L ) o d—1
{v Wy =fp inQ:=[0,1] x T, (3.9)

Wy =0 on dQ = {0,1} x T4~ 1,

where f, = V- (Pv,). By Sobolev embedding, for any p < dszl’ there exist some constants
C1,C,C3 > 0, two real numbers § € (0,%) and %_ e (1+ %_,%) (all depending on p) such
that

an”LP(Q) < Cl“fn“HI/Z*(Q) < C2||PVn||H3/2*(Q) < C3”VHHH1(’IF‘1*1)'

It is known (see for instance [13, Theorem 2]) that there exists a solution w,, of (3.9) such that

HWHHWW(Q) < C4||anLI’(Q)7

where C; > 0 is a constant only depending on d. Since v, — 0 in H!(T¢~!), then f, — 0 in
LP(Q), and w, — 0 in W'?(Q). Moreover Pv, — 0 in H/?>~(Q), and H3/>~(Q) is continu-
ously embedded in W!?(Q). Thus, we have proved that u, = Pv, —w, — 0 in W'?(Q). Since
E(uy,,[0,1]) = %HVM,,H%Z(Q) + [[W (un)|| 1 () and we can choose p > 2, it remains to prove that
W(u,) — 0in L'(Q).

In dimension d = 2, one can choose p € (2,4) so that W'P(Q) is continuously embedded in
€% for some o > 0; thus, both (u,),>1 and (W (u)),>1 converge uniformly to 0, in particular,
W (u,) — 0 in L' (Q). In dimension d > 3, for ¢ given in (2.6), we can choose p close to % SO
that W1»(Q) is continuously embedded in L9 yielding u, — 0 in L7(Q); up to a subsequence, one
can assume that u, — 0 a.e. in Q. But (2.6) provides a constant C > 0 such that W (z) < C|z|? for
every z € RY with |z] > 1. Then [|W (1)1}, 1111 < Cllunllfs — 0 as n — oo, and it is clear that
W (un)1),, <1 — 0 in L'(Q) by the dominated convergence theorem. This concludes W (u,) — 0
in L1(Q). O

Proof of Proposition 2.5. Since one can always glue together two H L}iv maps when their traces

coincide (with the new map still belonging to H ;iv), the following immediately holds for each
+ 1(rd—1 pdy.

v, € H, (T R%):

J(@ ) +adw vy vy) +I(E@v) > dw(a,2h),
J(z vy +dw(z 2 +I (@) > dw (v, ,vh).
If (vi)u>1 — 2= in H'(T9"1), then Lemma 3.11 implies that (dyw (v, ,v;")),>1 has a limit given

3.5 Regularity of minimizers.

Under some regularity assumption on W, any global minimizer u of the problem () solves (1.1)
so that classical regularity results for the Stokes equation apply:

Proposition 3.12. Let W € €' (RY,R) and u € H). (Q,R?) be a solution of (2). Assume in
addition that either u € L}, () or W is globally Lipschitz on R?. Then there exists a pressure p

such that (1.1) holds true; moreover, p € Wllo’q(Q,R) and u € Wz’q(Q,Rd)for every q € (1,+4o0).

c loc
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Proof. By minimality, one has E(u) < E(u+ €v) for every € > 0 and every smooth test map v
compactly supported in Q with V -v = 0. By the Taylor-Lagrange formula applied to W € ¢!, for
all x € Q, there exists #(x) € [0, 1] such that W (u(x) +ev(x)) =W (u(x)) + VW (u(x) +€t(x)v(x)) -
v(x). Thus, one has the inequality

E(u+e¢ev)—E(u)
£

0<

:/QVu-Vvdx—i—/QVW(u(x)+8t(x)v(x))~v(x)dx—|—§/Q]Vv|2dx.

In the limit when € — 0, by the dominated convergence theorem (note that, within our assump-
tions, VW (u+ €1v) is locally bounded in Q as € — 0), one gets

/ Vu-Vv+VW(u)-vdx > 0.
Q

Replacing v by —v, it follows that the above LHS vanishes. In other words, the distribution
—Au+ VW (u) vanishes when tested against smooth compactly supported divergence-free maps v,
which means that there exists a distribution p € 2'(Q) such that

~Au+VW(u)=Vp in 2'(Q).

Since either u € L (Q) or W is globally Lipschitz on R¢, then VW (1) € LY, (Q) which implies

loc loc
the claimed regularity results for u and p thanks to standard regularity for the Stokes equation (see
e.g. [30, Theorem IV.2.1]). O

Remark 3.13. Without assuming u € L7 (Q) or W being globally Lipschitz on R?, one can still
show that a global minimizer u € H}, (Q,R?) of () solves the Stokes system (1.1) within some
(weaker) growth conditions on VW. Indeed, as u belongs to H'(Q,R?), one has u € L2, (Q,R?)

loc

with 2* := % if d > 3, and, by the Moser-Trudinger estimate, ) ¢ L}O (Q) forall a > 0 if

d = 2. Thus, it is enough to assume that

Ce®l? for some C >0and ¢ > 0if d = 2,

VW (z)| < .
C(1+|z]") forsomeC >0andr<2*ifd > 3.

If d =2, one has VW (u) € L] (Q,R?) for all g € (1,+o0), and we get the same regularity result:

pe Wli’q(Q,R) and u € W24(Q,R?) for every g € (1,400). If d >3 and r < 2*, one gets p €

c loc

Wl’q(Q,R) and u € Wz’q(Q,]Rd) for every ¢ € (1, 2—:]

loc loc

4 One dimensional symmetry of global minimizers

4.1 Analysis of the one-dimensional profile

In this section, we study existence, uniqueness and properties of one-dimensional minimizers in
(2.3) which are essential for our aim of analyzing the one-dimensional symmetry in Question 1. In
particular, the sufficient conditions we will find for W in order to prove existence in (2.3) are more
general than the ones presented in Theorems 2.1 and 2.3 for the d-dimensional problem (7). The
problem (2.3) shares the same difficulties (translation invariance, multiple zeros of the potential,
etc. ..), but the proofs will be easier to establish since (2.3) is a minimization problem in 1D.
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Minimal energy of one-dimensional transitions. We will focus here on maps u : Q — RY,
only depending on the first variable x;, such that V -u = 0 and @(4e0) = u™ € S, a € R. Since
V-u=0du; =0, one has u; = a. Thus, u writes u(x) = ii(x;) = y(x;) € RY for a.e. x; € R. Our
aim is to analyze solutions Y of the 1D minimization problem

ye Argmin{E(y) : y& H'(RRY), y(e0) = u* }, @.1)

where the one-dimensional energy E is defined for all y € H. (R,R%) by

E) = [ S0P +W o) ar

By Young’s inequality, one has

E( = Lu() = [ VIV0) 30 dr @2

The RHS integral in (4.2) is invariant by monotone reparametrization and represents the length of
the curve y in R? endowed with the singular Riemannian metric gy (z) = 2W (z)go, Where gq is
the usual Euclidean metric on R,

IfwWe Wllo’cm(Rd), any solution y of (4.1) satisfies the Euler-Lagrange equation,
(1) = VW (¥(2)).

In particular, ¥y € L}, . (i.e., Y € WI]O;X’) Moreover, multiplying the above equation by ¥ and inte-
grating provides the equipartition of the 1D energy density:

SHOP =W(r@) inE.

Note that if a curve v: R — RZ satisfies the equipartition identity, then the inequality in (4.2)
becomes equality. Therefore, every global minimizer y of E connecting u~ to u™ is expected to
lie on an energy-minimizing geodesic between u~ and u™ in (]Rg, gw) (see Proposition 4.1). The
metric gw is singular on S, = {W = 0} but, at least if S, is discrete, it induces the distance defined
in (3.3) for W instead of V, i.e., for all u™ € R,

geodsy (u™,u") = inf { /_ ]1 VW) |7(s)| ds -
vy Lip([~1,1],RY), y(£1) = ui}. 4.3)

First, we prove that the infimum of E in (2.3) always coincides with geod, (u~,u™) under very
weak assumptions on W. This result is quite standard, but we prove it for completeness:

Proposition 4.1. For every continuous potential W : R — R_. and any two wells u* € S, for
some a € R, one has

geodt, (u™,u') = inf{E(y) L ye H (R,RY), y(dw) = ui} . (4.4)
In particular, if there exists a minimizer 7y in (4.1), then

E(y) = Lw(y) = geodfy (u™,u™)

and we have equipartition of the energy density, i.e.

7(0)| =/2W (y(t)) forae t€R.
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Proof. One can assume that u~ # u™. The inequality < in (4.4) follows from (4.2) and (4.3)
(within the reparametrization and smoothing argument presented at Step 1 of the proof of Lemma 3.6).
For the reverse inequality, we divide the proof according to whether W has only two wells or not

in RZ,

STEP 1: DOUBLE-WELL POTENTIALS IN RY. Assume that W(z) > 0 for all z € RY\ {u™}. We
need to prove that for every curve y € Lip([—1, 1], R¢) such that y(£1) = u™, one has

Ly (7) zinf{E(}t) L A€ H'(R,RY), A (&) :ui}.

Up to reparametrizing ¥, one can assume that it is injective and has constant speed so that W (y(+)) >
Oand |7 =v > 0in (—1,1). We then reparametrize y by equipartition: we set A := Yo ¢ in such

a way that |A| = \/2W (1), i.e. we need 6 : R — [—1, 1] to solve
2w t
o) = YVWHOO) pnrer.
%

Indeed, by the Peano-Arzela Theorem, there exists such a (maximal) solution 6 € €' (R, [~1,1])
which is nondecreasing and converges to +1 at £oo. The claimed inequality then follows since

Ly(yY) =Lw(A) =E(X) and A(+eo) =u".
STEP 2: MULTI-WELL POTENTIALS IN RY. Take a continuous function & : R? — R such that

E=0on{u",ut}and & >0o0n R\ {u",ut}, and set We := W + €2& for each € > 0. By Step
1, one has

geody, () 2 int{ [ SHOP+ W) dr : v B R R, ylceon) =}

Since W > W, it is enough to prove that

geodsy (u™,u™) > limsup geod§y, (u™,u™).

e—0
To prove this last fact, observe that for every curve y € Lip([—1,1],R?) such that y(#1) = u®,
we have geod§y, (u~,u") < Lw,(y) < Lw(y) + €Lg(y) by subadditivity of 7 — /7. The desired
inequality follows by taking the limsup as € — 0 and then, the infimum over ¥.
The last statement follows from (4.2) where the equality holds for a minimizer y of (4.1). In

particular, |7(¢)| = \/2W (y(¢)). O

As consequence, we deduce that any global minimizer of the d-dimensional problem (&7)
having the image confined in the hyperplane ]RZ is necessarily one-dimensional:

Corollary 4.2. Let W : RY — R be a continuous potential and a € R such that S, contains at
least two wells u* of W. If u € H). (Q,R?) is a global minimizer of () with u(x) € RZ for
a.e. x € Q, then u is one-dimensional, i.e. there exists g € H'(R,RY) with u(x) = g(x1) for a.e.
x=(x,x) € Q.

Proof. By Lemma 3.2, there exist two sequences (R;),>; such that R;Y — 4-c0 and the Sobolev
trace u(RF,-) — u™ a.e. in T?~! as n — oo; by Fubini’s theorem, it follows

Ry 1 1
E(u)Z/ / 210k (1, )2+ W (a1, ) dxy dx’+—/ V'l d
Td-1 ([ JR, 2 2Ja

R 1
z/ {/ |8xlu(x1,x')|\/2W(u(x1,x’))dx1}dx/—I-—/ V'u2dx,
Td—1 Ry, 2 Q
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where V/ = (,,...,9,). Since u(RF,-) € R? a.e. by assumption, we have by definition (4.3) of
geody; and by the reparametrization and smoothing argument presented at Step 1 of the proof of
Lemma 3.6,

1
E(u) > / geod® (u(R x'),u(RF,x')) d + / V'l dx
Td-1 2 Q

By Fatou’s Lemma, and by continuity of geodjy (-, -) (see Step 4 in the proof of Lemma 3.6), one
gets in the limit n — oo,

E(u) > geod§y (u™,u™)+ = /|V'u|2

By Proposition 4.1, geod}, (u,u™) is the infimum of E restricted to 1D transitions connecting
u~ to ut, thus geod§y, (u",u™) > cw(u~,u™) = E(u). Combined with the above inequality, the
minimality of u yields V'u = 0 a.e., that is, u only depends on x;. [

Existence of 1D minimizers in dimension 2. When d = 2, the situation is very simple since
R2 is of dimension 1. Set u® = (a,u5) and y(t) = (a,9(t)) for t € R, where ¢ : R — R satisfies
Q(£e0) = u2 It is clear that the infimum (4.3) can be restricted to those curves ¥ such that ¢ is
monotone. Then the change of variables y = @(t) yields

geody, (4™ / " V2W(a,y)dy, 4.5)
[uy uy

where [uy ,u3] = {tu; + (1 —t)uy : 0 <t <1} (which makes sense even if u; > u;). Re-
call that solutions of (4.1) are characterized by the equipartition identity, which is equivalent to
|@'| = \/2W (a, @). The existence and uniqueness of the one-dimensional profile is given in the
following:

Proposition 4.3. If W : R? — R, is a continuous function and u™ = (a,u, ) € R2 are two distinct
zeros of W for some a € R, then one has equivalence of the two following assertions:

e the minimization problem (4.1) has a solution,

e the function y — belongs to L} ((u; ,u3)), with the convention % = o0,

W()

In case of existence, minimizers Y = (a, @) : R — Rg are characterized by

I ifus <yt
s {(p Wiag) ifw e, o

e ¢ (RR), ¢(+eo)=
¢ ( ), @(xe0) =u, o' =—\/2W(a, ) ifu;>@.

Moreover, there exists at most one minimizer (up to translation) ¥ = (a, @) of (4.1) such that ¢
is strictly monotone. In particular, the problem (4.1) has a unique solution if W(a,y) > 0 for

y € (uy ,u3).

Proof. W.l.o.g., one can assume that u, < u; . First, we prove that (4.6) holds true if and only if
@ solves (4.1). If y = (a, @) solves (4.1) with ¢ € H'(R,R), then, by the minimality of ¥, ¢ is
monotone and, since we have assumed u, < uz+ , it is actually nondecreasing on R. Moreover, by
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Proposition 4.1, one has equality in (4.2), therefore |7| = \/2W (), i.e. ¢ solves (4.6). Conversely,
if ¢ solves (4.6), then Y solves (4.1) since by (4.5), we have

1
EW) = [ loP+Wap)di= [ V2W(ap)lg)|ar
u+
= /2 V2W(a,y)dy = geodﬁv(u_,u+).
iy

Second, we prove the equivalence of the two assertions for existence in (4.1). On the one hand,
if F(-):= (2W(a,-)) Y2 € L} ((u; ,u3)), a solution ¢ : R — R to (4.6) is given by ¢(r) =

ift <Guy), o(t) =G (1) 1ft€ (G(uy),G(u3)) and @(t) = u™ ift>G(u2+) where G is an
antiderivative of F,ie. G¢ Wz o ((u2 ,uy)) with G’ = F >0 a.e. in (u, ,u; ) (in particular, G has
aninverse G~ ! onits range G((u; ,u3 )), so @ is well defined). Thus, by the above argument, (a, ¢)
isa minimizer in (4. 1). On the other hand, if (4.1) has a minimizer, 1.e., (4.6) has a solution ¢, then
forall m < ( —u; ), there exist two real numbers /= € R such that 1~ <t, @(t7) =u; +1

and @(t*) = uj —n. Then, by the change of variables y = (1),

=tT —17 < oo,
/u2+11 \/2Way /t \/2 ago
which implies local integrability of (2W (a,-))~'/? on (uy ,u3). O]

Existence of 1D minimizers in dimension d > 3. In higher dimension d > 3, the problem of the
existence of a one-dimensional minimizer in (4.1) is more delicate. Proposition 4.4 below gives
sufficient conditions on W for solving the existence problem in (4.1). These sufficient conditions
are more general than the ones in Theorems 2.1 and 2.3. 2

Proposition 4.4. Let W : R? — R be a continuous potential and a € R such that:
1. S, ={z€R% : W(z) =0} is finite and contains at least two wells u™;
2. liminfjy_., W(a,2') > 0;
3. geod§, (u™,u") < geod§, (u™,z) + geodfy (z,u™) for all z € S, \ {u*}.

Then the one-dimensional minimization problem (4.1) has a solution.

Proof. The proof follows the same arguments as in the second proof of Theorem 2.3 based on
Lemma 3.9 (see [24, Lemma 1.]). Take a minimizing sequence (};)n,>1 C H 1(R,]RZ) such that
Yu(de0) = u* and E(y,) — geod{, (u™,u") as n — co. Then there exist € > 0 and N > 0 such
that for n > N we have %,(R) N B(z,&) = 0 for every z € S, \ {u™}. This is because otherwise,
there would be sequences (1 );>1 C N and (s, )s>1 C R, and z € S, \ {u*} such that n; — o and
Yo () — z as k — oo; since

(4.2)
E(ynk) > LW(?’nk) > geOdgv(”_77nk(5nk)) +geod€v(ynk(snk),u+),

124 generalization of Proposition 4.4 can be found in [44, Theorem 3], [51, Theorem 2.5] and [49, Theorem 1].
The proof of Proposition 4.4 is new, therefore we present it here.
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the continuity of geody;, (see Step 4 in the proof of Lemma 3.6) would yield in the limit k — oo:
geod§y, (u™,u™) > geod§y, (u,z) + geodsy, (z,u™) which contradicts the assumption 3. Now, for
n > N, we define

vu(t) = (yn(t) - %(bﬁ —i—u)) (ut—u") forallt€R.

Since (Vn)n>1 is bounded in L?(R) (because (J,)n>1 does it) and v,(£eo) = £1[u™ —u~|%, by
Lemma 3.9, there exist v € H'(R) and a sequence (#,),>1 C R such that, up to a subsequence, one
has v,,(- +1,) — v weakly in H'(R) and locally uniformly in R, and liminf;_, .. =v(¢) > 0. Also,
up to a subsequence, (¥,(- +1,))n>1 converges weakly in H I"and locally uniformly in R to a curve
y € H'(R,R%); in particular, E(y) < geod, (u~,u") (by the lower semicontinuous of E in weak
H'-topology), y(R) NB(z,€) = 0 for every z € S, \ {u*} and v(t) = (y(t) — (u" +u")) - (u* —
u~) for all t € R. By Lemma 3.7, we know that y(=£e0) = z* with z= € S,. Since 7 stays away
from S, \ {u™}, then {z*} = {u*}; finally, the sign of v at +-c0 implies that z* = u™*, leading to
E(y) = geod§, (u™,u™). O

4.2 A density result. Proof of Lemma 2.12

The aim of this section is to prove Lemma 2.12, i.e., the set H ﬁ}iv NE=NL*(Q, ]Rd) is dense in the
admissible set {u € H., (Q,RY) : E(u) < o} within the topology induced by the energy E. A
situation where this property fails was pointed out by Lavrentiev [43]: he gave an example of an
energy functional whose infimum over smooth functions is strictly greater than the infimum over
all finite energy admissible configurations. This phenomenon is now usually called “Lavrentiev
gap” in the literature. The role of Lemma 2.12 is to give a sufficient condition on W such that the
“Lavrentiev gap” is avoided for the energy E.

Proof of Lemma 2.12 when W satisfies (2.21). We will define a sequence (uy);>1 C L*N% ™ con-
verging strongly to u in H}, (Q,R?) s.t. for each k > 1, uy(x) = u™ in a neighborhood of oo

STEP 1. CUTTING u BY u™ AT +oo. By Lemma 3.2, there exist two sequences (R, ),>1 and
(R, )n>1 such that RF — 4-e0 and u(R;F,-) — u™ strongly in H'(T9~! R?) as n — +oo. Then,
since the growth condition (2.21) is more restrictive than (2.6), Lemma 3.11 allows to construct
for each n > 1 anew map v, € H' (Q,R?) such that v, (x) = u(x) if x € [R, , R} ] x T, v, (x) =u*
ifx; >R+ 1,vy(x) =u ifx; <R, — 1, and E(v,) — E(u) as n — 0. In particular, (v,),>1 — u
in H'(Q,RY).

STEP 2. SMOOTHING u BY CONVOLUTION. By Step 1, one can assume that there exists R > 0
with u = u* for +x; > R. Let us take a smooth mollifying kernel p € ¥(R) such that p > 0,
Jgp =1, and p is even on R and compactly supported in (—1/2,1/2). For each k > 1, we set
pi(t) = kp(kt) for every ¢t € R and

d
Pl (v) = [Tpx(), foreveryy=(y,...,ya) €R".
i=1
Since (—1/2,1/2)¢ isometrically embeds into Q = R x T¢~! via the quotient map, pk®d induces a

smooth kernel on Q (corresponding to the periodized kernel in T4~ for every x; € R) that is still
denoted by p,?d. This allows to define the regularization by convolution of u by

up(x) := p,f)d s u(x) = /Qu(x—y)p,fgd(y) dy forevery x € Q.
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Then (ug)r>1 — u in H(Q,RY), i.e. wy — uin L2, (Q,RY) and Vi = p*?  Vu — Vu in L2(Q)
as k — co. Moreover, uy € € (Q,R?) and, since u = u™ for +x; > R > 0 and py(x;) is supported
in x; € (—1/2,1/2), one has uy = u™ for +x; > R+ 1; in particular u € L*(Q,R“). Concerning
the divergence constraint, we observe that V - u; = p,?d *(V-u)=0.

STEP 3. CONVERGENCE OF THE ENERGY DENSITIES e, (ux) IN L' (Q). Since (Vi )i>1 — Vu
in L2(Q), it is enough to prove convergence of (W (u;))x>1 in L' (). Note that, since u; = u™ out
of the set

Wg+1:=(—R—1,R+1) x Td-1

and W (u™) = 0, W (i) is compactly supported in g . Thus, by Vitali’s convergence theorem, it
is enough to prove that (W (uy));> is uniformly integrable in @wgy. We use (2.21) which means
that there exist a,C > 0 such that W(z) < F(z), where

@) = C el ifd =2,
| Cli+|*] ifd>3.

By the Gagliardo-Nirenberg-Sobolev inequality (if d > 3) and by the Moser-Trudinger inequality
(if d = 2) respectively, one has F(u) € L' (wg12). We prove that (F(u;))i>1, and so (W () )i>15
are uniformly integrable in @wg, the main ingredient being the convexity of F. Indeed, for all
measurable set A C @g. 1, by Jensen’s inequality and Fubini’s theorem, we have

[wars [ Fuga= [ F( [ ut-npio)e) ax
< [ | Fue=3)ppt) dyas

- [pron] [ rucachor

the last integral goes to 0 when the Lebesgue measure of A tends to 0, uniformly in £. [

Proof of Lemma 2.12 when W € €*(RY R,) and u € L (Q,R?). We shall define a sequence ()1 C
L*NE*™ converging to u in H}, (Q,RY) with & (£e0) = u™ for each k > 1.

STEP 1. SMOOTHING u BY CONVOLUTION. We follow the strategy in Step 2 in the preceding
proof and we obtain for each k > 1 amap u = p*? xu € €= NH}, (Q,R?) such that (ug)x>1 — u
in H'(Q,RY) and a.e. It is also clear that (u;);> is bounded in L= (Q,R?) since for each k > 1,
|||z~ < ||ue||= < +oo. We now check that iz (+e0) = u*. Indeed, for every x; € R, we have by
Fubini’s theorem,

w(xr) = /T () dY

:/Pk(yl) P/?(d_l)(y/)/ u(xy —y1,x' —y')dx' dy' dy;
R Td—l ']I‘d—l

:/Pk(yl){ Pz?(d_])(y/)dyl}{/ M(X1—y1,zl)dzl}dy1
R Td-1 Td-1

:pk*ﬁ(xl).

In particular, g = py * 7 has the same limit as 7 at +oo, that is u™.
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STEP 2. CONVERGENCE OF ey, (1) IN L' (). It is enough to prove convergence of (W (u))i>1
in L'(Q). By continuity of W, we know that (W (u))x>1 — W () a.e. and by Fatou’s lemma, we
deduce

/W dx<11m1nf W (uy) dx.
Q

Therefore, it is enough to prove that

lim sup W (g dx</W 4.7

k—yo0

We shall use the following A-convexity type inequality for the potential W € €*(RY): for every
21,22 € B:= B(0, ||u|| =),

W(z1) > W(z2)+ VW () (21 —22) — Alz1 — 22|,

where 2 = Tsup{|V?W(z)| : z € B}. Applying this inequality to z; = u(x) and zo = ux(y) with
x€Qandy€ wg:= (—R,R) x T¢"! for some fixed R > 1, one gets

/QW(u //wR 4(x —y)dydx

>

L ) + VW ) - () = e5)) = Afux) = s (5) P =) v, (4:8)
'R
where every integrand in (4.8) is integrable on (x,y) € Q x g for vanishing on {|x;| > R+ 1}. We

first claim that the second term (involving VW) in (4.8) will disappear since, as p,f@d (z) =p; 4(—z)
for all z € R4 and by Fubini’s theorem, one has

/Q wRVW(uk( y))-u(x)p? (x—y)dydxz/wRVW(”k(y))'”k()’)dy
= || W) - e y) dvax
We then claim that the integral
ti= [ o) - ) o (e ) dyd

vanishes in the limit k — co. Indeed, by Jensen’s inequality, we have

2

() <) = | [ 06) —ula)p 212

§/Q|uz —u(x) pk d(y—z)dz
1

—x))(z—x)" dr

2
Pl (y—2)dz

1
= /Q/o Vu(x+1(z—x)) Pz — x[Pp2 (v — 2) dr dz.
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We have thus obtained the estimate
1
IS// // |Vu(x+t(z_x)>‘2|z_x|2pl?d(y_Z>P1§)d(x—y)dtdzdydx,
QJwgr JQJO

We now use the changes of variables s = z—x and w = y — x, and the fact that p;?d (y— z)p,?d (x—
y) =0if [x—y| = |w| > ‘2/—,? or|z—y|=|s—w| > ‘2/—,? (here, |-| is the norm induced on Q = R x T“~!
by the euclidean norm on R¢ via the quotient map). We obtain

1
212 A@d Qd
IS/Q/B(O,\Z/E)/B(W,Q)/O [Vu(x+1s)|7|s|7p (s —w)p (w) di ds dw dx

d 1 ®@d ®d 2
= k_z/B(O ﬁ)/B(W%/O P (s —w)p“(w) (/£2]Vu(x+ts)| dx) dt dsdw

)2k

d
= EHVM‘|%,2(Q)7

where we have used the inequality |s| < [s —w|+ |w| < \/Tg_ Finally, we have obtained

J ez [ wino)a - 45190 )

Passing to the limit as R — oo by the monotone convergence theorem, and then taking the limsup
as k — oo, we obtain (4.7). ]

4.3 Entropy method

Our main tool in the study of the global minimizers of the energy E under both the divergence
constraint and the boundary condition #(4e0) = u™ € S, is the entropy method that we develop
here in any dimension d > 2. In dimension d = 2, this method has reminiscence in the works of
Aviles-Giga [6, 7], Jin-Kohn [41] and has been formalized in Ignat-Merlet [36] for obtaining lower
bounds for the energy of Bloch walls and in DeSimone-Kohn-Miiller-Otto [21] to obtain compact-
ness in the Aviles-Giga model for the potential W (u) = (1 — [u|?)2. If the one-dimensional transi-
tion layer in (4.1) is known to be a global minimizer in (%) in the Aviles-Giga model in dimension
d =2 (see [41]), i.e., geod§y (u—,u™) = cw(u—,u™), we will prove that the one-dimensional tran-
sition layer is actually the unique global minimizer in (£?) (up to translation). Surprisingly, this
can be done by use of the entropy method which was initially design to prove optimality rather
than uniqueness.

It is instructive to think of the entropy method as an adaptation of the calibration method to
the framework of divergence-free maps. In fact, the calibration method has been already used
by Alberti-Ambrosio-Cabré in [1] in the context of the (scalar) De Giorgi conjecture in order to
prove that the monotonicity assumption required on entire scalar solutions u of (1.5) (e.g., dju > 0)
implies local minimality of u. The outlook of the calibration method is the following:

Assume that & is a functional defined on some functional space .2/ composed of functions
u:Q—X (e.g., QCRYand X =R") and let ug € o7 be a critical point of &. Then a calibration
associated to the functional & and the critical point uq is a functional .# defined on .27 such that:

(Cl) ﬁ(uo) = é”(uo),
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(C2) Z(u) <&(u)foralluc o,
(C3) 7 is anull-lagrangian, i.e. % (u) = % (v) whenever u = v on JdQ.

This immediately implies that u is a global minimizer of & under Dirichlet boundary conditions
(namely, u = ug on dQ). In that case, if u is another global minimizer of & with u = ug on JQ,
then .# (u) = & (u). In some cases, this equality will allow us to prove one-dimensional symmetry
of a global minimizers. Recall that null-lagrangians can be expressed in a divergence form, see
e.g. [33]. Here, we use calibrations .% of the form

F(w) = [ V-[(u)d

where ® will denote an entropy. This yields the following definition (see also [36] for alternative
definitions), which amounts to imposing (C2) on the above .# in the space o/ = €~ NL>N
H!. (Q,R?) and the energy functional & = E:

Definition 4.5. A map ® € ¢! (RY,RY) is called entropy if for all u € € NL*NH}, (Q,RY) with
E(u) < o, one has V- [®(u)] € L' (Q) and
/ V. [@(u)]dx < E(u). 4.9)
Q

Remark 4.6. The condition V - [®(u)] € L!, imposed for every u € €~ NL> with V-u = 0 and
E(u) < oo, can be insured by the punctual condition:

3C>0, |[VO())P<CW(z), VzeR%

Indeed, we have by Cauchy-Schwarz and Young inequalities,

L1Vl < [ Vol val < [ 2w+ vaP)

< max{l,g}E(u) < oo, (4.10)

Thus, an alternate definition of an entropy, stronger than Definition 4.5, would be to impose
]VCI)|2 < 2W, 1.e. C =2 in the preceding inequalities (so that (4.10) implies (4.9)). However,
for the potentials W we will look at, this condition is often too strong to allow the existence of an
entropy. This is for instance the case of the Aviles-Giga potential in dimension d = 2:

W) = 70— P

Indeed, if [V®(z)|? < CW(z) for all z € R?, with C > 0, then & must be constant on {W =0} =S!
and (C1) cannot be satisfied if u~ # u™ since

F (ug) = /Qv- (@ (uo)] dx = 1 (™) — B (™) = 0 < E(ug)

by the Gauss-Green formula (see Lemma 4.9 below). More generally, this condition is too strong
when u~ and u™ are on the same connected component in {W = 0}.
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Now, if we set . (u) := [o V- [®(u)]dx, then (C3) is automatically satisfied because of the
(nonstandard) Gauss-Green formula. More precisely, if #(4o0) = u™ € S, then one has the identity
(see Lemma 4.9):

F(u) = (ut) — Py (u).

Since our goal is to identify potentials W such that the optimal 1D transition ug in (4.1) (given by
Propositions 4.3 and 4.4) minimizes (), it remains to check (C3), i.e. .%# (ug) = E(up). Since
E(up) = geod§, (u™,u™), this condition, called saturation condition for the entropy @, depends on
u™ and reads

@ (u") — Py (u") = geod§}, (u—,u™). (4.11)
If there exists an entropy P satisfying the saturation condition, then the calibration method yields
optimality of ug in the class .7 of smooth bounded divergence-free maps. Thanks to Lemma 2.12,
Z is a calibration in the larger class &7/ = H L}iv(Q, R4 ) (thus yielding optimality of ug in this larger
class) provided the growth condition (2.21) on W (needed in Lemma 2.12).

The above arguments on how the entropy method proves the optimality of one-dimensional
transition layers in () are summarized in the following:

Proposition 4.7. Let W : RY — R be a continuous potential satisfying the growth condition
(2.21) and let a € R be such that S, contains at least two points u™. If there exists an entropy
® ¢ €' (RY,R?) satisfying the saturation condition (4.11) then one-dimensional transitions are
optimal in (2), i.e.

geod?, (u™,u™) :inf{E(u) L ue H (Q,RY), T(~£oo) :ui} (=cw(u™,ut)).  (4.12)

In the case when a minimizing one-dimensional transition layer ug exists (see Propositions 4.3
and 4.4), (4.12) yields ug to be a global minimizer of the d-dimensional problem (7). A-priori, in
that context, other global minimizers in (£?) might exist. We will see later some situations where
the 1D minimizer ug is indeed the unique minimizer, i.e., the answer to Question 1 is positive.

When the growth condition (2.21) on W is dropped out, the conclusion of Proposition 4.7 still
holds provided that the infimum of E is considered over bounded admissible function u in €:

Proposition 4.8. If W € €*(R?,R ) and a € R are such that S, contains at least two points u™
and there exists an entropy ® € € (Rd, ]Rd) satisfying the saturation condition (4.11), then
geodt, (u™,u') = inf{E(u) L ue HL (QR)NL(Q,RY), f(eo) = ui} . (4.13)
Before proving Propositions 4.7 and 4.8, we need the following Gauss-Green type formula,
applied on the unbounded domain €2 for bounded admissible maps:
Lemma 4.9. For all u € L NH'(Q,RY) such that i(+e) = u™ and ® € €' (RY,R?) such that
V. [®(u)] € LY(Q), one has
/Qv. [ ()] dx = D1 (u) — Dy (u).

Proof of Lemma 4.9. As a consequence of Lemma 3.2, there exist two sequences (RF),> with
w(RF x') — u* for ae. ¥ € T9"! as n — . By the Gauss-Green formula, applied to ®(u) €
H'(®,,R?) on the bounded domain @, := (R, ,R,") x T¢"!, one has

n’»-tn
Vi@ldr= [ (@iu(R; A) - @1(w(Ry ) ).
wy, Té—=
The conclusion follows from the dominated convergence theorem. [
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Proof of Propositions 4.7 and 4.8. The inequalities > in (4.12) and (4.13) follow from Proposi-
tion 4.1. Conversely, we want to prove geod$}, (u~,u™) < E(u) for every u € H), (Q,R?) such
that E(u) < o when either (u € L*(Q,R?) and W € €*(R?, R )) or W satisfies the growth con-
dition (2.21). By Lemma 2.12, there exists a sequence (uy)reny C €~ NL*NHL (Q,RY) with
71 (do0) = u™ such that

up—u inH'(Q) and E(u)—E(u) ask— oo

Moreover, by Definition 4.5, Lemma 4.9 and the saturation condition (4.11), one has
geodf, (u”,u") =@ (ut) - P (u) = / V. [®(ur)] < E(ug) foreachk e N.
Q
In the limit k — oo, we obtain geod§y, (u,u™) < E(u), thus ending the proof. O

Our strategy to find entropies. The easiest way to ensure that a given %' map @ is an entropy
is to impose the punctual inequality |V®|> < 2W (see Remark 4.6). This condition is too strong to
have the saturation condition (4.11) fulfilled when #~ and u™ lie on the same connected component
in {W = 0}. However, due to the constraint V-u = 0 imposed on our admissible maps, this
condition can be relaxed in the weaker condition |TIV®|?> < 2W, where I is the projection onto
the set of traceless matrices (see (2.10)), as explained in Section 2.2 in Situation 1.

Remark 4.10. Knowing ITpV® is equivalent to knowing V& up to an affine homothety. Indeed,
if @ is a €' map with IToV®(z) = 0, namely V®(z) = a(z)l; with a(z) € R for all z € R?, then
it is well known that & is an affine homothety, i.e. ®(z) = az+ 8 for every z € R, with o € R
and B € RY. Moreover, affine homotheties @ are trivial for our problem in the sense that the
corresponding calibration .% (u) = [, V - [®(u)] dx vanishes for every u € H}, (Q,R9).

Situation 1. Strong punctual condition (&;,). A sufficient condition for a ¢! map P to be an
entropy is the inequality (2.10) and this fact is shown by inequality (2.11) for all u € €~ NL>N
H!. (Q,R?) with E(u) < c. In fact, (2.10) is equivalent to imposing (2.11) for all u:

Proposition 4.11. Given a map ® € €' (Rd,Rd ), the two following conditions are equivalent:
o V- [®(u)] < 3|Vul®> +W(u) for all u € L NE=(Q,RY) with V-u =0,
o [II\)V®(z)|> <2W(z) for all z € RY.

In particular, if (2.10) holds true, then ® is an entropy.

Proof. It is clear, by (2.11), that the second condition implies the first one. Assume now that the
first condition is satisfied. Fix zp € R4, an invertible matrix pE R9*4 guch that Tr(p) = 0, and
take a periodic map u € L NE*(Q,RY) with V- u = 0 such that u(x) = zo + p” x for all x in a
small ball B C Q centered at the origin. Such a map exists; it can be constructed in two steps as
follows.

1. Cut-off: first, consider a divergence-free map w € €’ (3B \ 2B, R4 ) such that w(x) = zo + p’x
on d(2B) and w = 0 on d(3B) (such a function w exists because the normal component of w at
d(2B) has vanishing average on d(2B) due to the assumption Tr(p) = 0); then we define the
map v : Q — R? by v(x) = zo + p” x on 2B, v(x) = w(x) on 3B\ 2B and v(x) = 0 on Q\ 3B. In
particular, v is a ¢! divergence-free map in Q.
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2. Mollification: if v is not smooth, we set u := p *v in £, where p is a smooth mollifying kernel
concentrated on B such that [, yp(y)dy = 0 (this is true if for instance p(—y) = p(y) for every
y € B); thus, u is smooth, bounded, divergence-free and it is easy to see that u(x) = zg + p’x
on B.

By the first inequality in the statement of the proposition, one has
V- [®(u)](x) = V(ux)): p < %|p|2 + W (u(x)) forall x €B.
In particular, for x = 0 and u(0) = zo, we obtain
V() :p < 5o+ W a)

Since the set of invertible matrices p € Im(Iy) is dense in Im(ITy), we deduce that the above
inequality is actually satisfied for every p € Im(ITp). By making the choice p = I[1oV®(zp), we
conclude [p|* < W(zo). O

The criterium provided by Situation 1 is not applicable in the Aviles-Giga situation. In that
case, we need more sophisticated computations in the estimation of V - [®(u)] which we explain
in the following.

Situations 2 and 3. Entropies with symmetric (resp. antisymmetric) Jacobian (&) (resp.
(&usym))- The main tool in the Situations 2 and 3 presented in Section 2.2 relies on the following
computation, which is inspired by the technique of Jin-Kohn [41] in dimension d = 2:

Proposition 4.12. For all u = (uy,...,uy) € H(}iv(Q,Rd) such that i € L*(R,R?), one has

/|Vu\2 / |iutj — Ojui]? (4.14)
Q1<1<j<d
d
/ |8iuj+8ju,~|2+2/ Z|8,~ul-|2.
Q<i<j<d Qi1

In other words, if ITT (resp. I1™ ) denotes the projection on the set of symmetric (resp. of antisym-
metric) matrices, then (2.14) holds true.

Proof. First notice that (2.14) is a rewriting of (4.14) in terms of [T+ Vu because
T Vu|* = Z|8”J djui|*  while |IT"Vul*> = Z|8, l|2+ 2]8 uj+ 9juil*.
l<] l<]

We now prove (4.14). Since u € H l(Q,R“'), up to convolution with a smooth kernel (as in the
proof of Lemma 2.12), one can assume that u € €~ NH dliV(Q, R9). Then we compute

Y [Ouj+0; ui|* = ) |8u]|2:i:228u]8 U=y, (|8iuj|2j:&iuj8ju,~). (4.15)

i<j i#] i<j i#]

Together with the identity 0 = |V - u|*> = | ¥, du;|* = ¥; ; du;dju;, (4.15) implies

Z |Qju; — Ajui|* = |Vul|* — Z&uja u; = |Vul? —Z(aiuj8jui—8iui8juj).

i<j i,j i,j
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In order to prove the first identity in (4.14), we have to prove that integrating the last term of
the above RHS, we obtain 0. Let us use the notation b;; = diu;j0ju; — diu;dju; € L'(Q) because
uecH'(Q,RY). Foralli,j € {l1,...,d}, one has b;; = bj; and b;; = 0. Moreover, if i # 1 and j # 1,
since x; and x; lie on the torus T which has no boundary, integrating by parts twice yields

that is

/b,-jzo, P11,
Q

/ byjdx = 0.
J#1

Indeed, for every R~,R* € R with R~ < R™, integrating dyu;d;u; by parts on [R™,R"] x T?"!
twice (so as to switch d; and d;), and using the divergence constraint, it yields

J#I/R REPXT! & ' J;/ RH]xTd-1 alulajuj_alujaﬂ‘l)dx‘

Z/dlulR X)0juj(RT,x) —uy (R™,x")djuj(R™,x) d’
J#1

/d 1u1(R+»X/)91M1(R+,X/>—ul(R_axl)&ul(R_,xl)dxl
i

< s (R, 2ll Qe (R, ) 2 + e (R, ) 219 (R )2

It remains to prove that

Now, Remark 3.3 yields two sequences (R;),>; — oo such that

et Ry, ) |2 Qs (Rey )l 2 = 03

the above inequality applied to R* = R yields the claimed identity in the limit n — oo,
For the second equality in (4.14), because of the condition V -u = 0 and (4.15), one has

Y [Ouj+0; ui|* = |Vu|2+zauja ui — 22|(9u,|2

i<j i,j

= |Vu|2 —22|8,~u,~|2+z 8,~uj8ju,-—8,-ui8juj) .
i iJ

Again, (4.14) follows from the fact that [, Y, ;bij=0. L]

We now explain how we use this proposition to find entropies. Let us consider a map ® €
¢! (R, RY), assume that TTjV®(z) is either symmetric for all z or antisymmetric for all z, denoted
shortly by

II)V®(z) € Im(ITF)  forall z € RY.

Then for all u € €°NL”NHL, (Q,R?) and E(u) < +oo, by self-adjointness of an orthogonal
projection, one obtains (2.13). Now, by Young’s inequality 2st < s?/2 + 2t and Proposition 4.12
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(note that & € L™ because u does it), then
1 /1 .
V- )y < 5 (SIT0Ve(w)] 2 g) + 21 Vil g
1/1 ’ )
= B §||H0V(1)(”)||L2(Q) + ||Vu||L2(Q) .
Moreover, since E () < o, the condition V - [®(u)] € L' (Q) can be insured by imposing [TToV®|? <

CW for some constant C > 0. Thus, if C = 4, the above argument yields the following proposition:

Proposition 4.13. Let ® € €' (R? RY) be a map such that TIgV® is either symmetric in R? or
antisymmetric in all R?, and such that \TIgV®|> < 4W. Then ® is an entropy.

Remark 4.14. Tt is well known that (&) in (2.12) implies that there exists ¥ € €?(R?,R) such
that V®(z) = V>¥(z) for all z € R?, where V2¥(z) is the Hessian matrix of ¥. In other words,
there exists a constant &, € R such that

®(z) = Py + VW¥(z) forall z € RY.

The saturation condition. It remains to confront the above estimates to the saturation condition
(4.11) for two fixed zeros u™ of W such that u™ € R? for some a € R. Assume that there exists y
which achieves the infimum in the definition (4.3) of geod{, i.e.

Ye Argmin{/_l1 V2W (7(s)) |7(s)|ds : y € Lip([—1,1],RY), y(£1) = ui} (4.16)

(see Propositions 4.3 and 4.4 for sufficient conditions, and Proposition 4.1 for the link between
geod?, and the 1D minimization problem in (4.1)). For a map ® € ¢! (R R9), the saturation
condition (4.11) rewrites as

[ ve) wa= [ VWi @17)

We now combine (4.17) with the conditions assumed on IIpV® in Proposition 4.11 or Proposi-
tion 4.13, that is one of the criteria (&rg), (Esym) OF (Eugym) in (2.10), or (Esym) (resp. (Egym)) in
(2.12). In fact, the condition (4.17) implies a saturation of the inequalities in (&), (S5yn) and
(Eusym) on the range Im(7y) so that ITyV® is fully determined on Im(7y):

Proposition 4.15. Assume that there exists v € Lip([—1,1],R) satisfying (4.16) and a map ® €
€ (R, RY) satisfying the saturation condition (4.11). Then,

o if ® satisfies (Esrg) in (2.10), one has

t
MoVe(y(r)) = /2 ®—t)\ a.e. in [—1,1];

o if @ satisfies (Esym) in (2.12), one has

GV (y(t)) = 2+/2W(y(z)) TTT ( %) a.e. in|[—1,1];
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o if @ satisfies (Eysym) in (2.12), one has
(1)
[7(1)]

Proof. First assume that (&) is fulfilled. Since () =0 a.e. in [—1,1] and [I)V® and V&
coincide out of the diagonal, the Cauchy-Schwarz inequality and (2.10) imply

VO (y) 7= Ve(y): (e1®7) < V2W(Y)[7] ae. in[-1,1].

Combined with (4.11) which rewrites as (4.17), we deduce that V& (y) - 7= /2W(y)|7| a.e. in
[—1,1]. In other words, we have

MoV (y(2)) = 2+/2W (y(r)) I~ <€1 ® ) a.e. in [—1,1].

[IoVo(y) : <e1 ® |%|> =+/2W(y) ae.in[-1,1]

which implies the claim by the case of equality in the Cauchy-Schwarz inequality A : B < |A||B]|
for matrices A, B € R?*4,

Similarly, in the cases where (&5,y,) (read &= = + in the following) or (&usym) (read £ = — in
the following) are fulfilled, we have ]HOVCI>|2 < 4W and we deduce

V&, (7)-7=TIIEVE(y) : (e; ®7)
=TI,V (y) : It (e; @7) < /2W(y)|7] ae. in[—1,1],

where we used the equality [TIF(e; ® 7)| = % The claim follows by saturation of (4.17) and by
the case of equality in the Cauchy-Schwarz inequality. U

4.4 Structure of global minimizers

The aim of this section is to highlight that the existence of an entropy & satisfying the satura-
tion condition (4.11) and one of the conditions (& g), (Esym) OF (Eusym) in (2.10)/(2.12), implies
that any solution to the global minimization problem (&) satisfies a first order PDE which en-
codes in particular the equipartition of the energy density, and implies in general one-dimensional
symmetry:

Proposition 4.16. Let W : RY — R be a continuous potential and a € R such that S, contains
at least two wells u™ of W, and assume that there exists ® € €' (R, Rd) satisfying the saturation
condition (4.11) and either (Erg), (Egym) OF (Eusym) in (2.10) or (2.12).

If u is a global minimizer of (&) and if either

<u e L*(Q.RY) and W € ‘52(Rd,R+))

or W satisfies the growth condition (2.21), then (2.15) (resp. (2.16), (2.17)) in the case (&Esrg)
(resp. (Eusym), (Esym)) holds true.

Conversely, if W satisfies the growth condition (2.21) and u € H c}iv(Q,Rd) solves (2.15) (resp.
(2.16), (2.17)) in the case (Egrg) (resp. (Eusym), (Esym)), then u is a global minimizer of ().

Remark 4.17. 1f u is one-dimensional, then u = u(x;) = (a, @(x1)) € RY, and the first order PDE
in (2.15), (2.16) and (2.17) is equivalent to the ODE ¢(¢) = [0,P1,...,d;P1](a, ¢(1)).
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Proof. We will focus on the third case (&), the first and second cases are similar. Namely,
assume that ® € ¢! (R, RY) satisfies (4.11), that V@ is symmetric and [TIgV®|> < 4W. If u €
&= NL” with V-u = 0, then by (2.13),

V- [®(u)] = MoVe(u) : ITTVu! =TI)VP(u) : TTTVu

1 1
= 210V (u) [ +[IT*Vuul* — 2 [TgVeb(u) - 2ATHVu”.

If E(u) < oo, we have V- [®(u)] € L'(Q) due to [TTpV®(u)|*> < 4W (u) in (2.12); thus, from
Lemma 4.9, Proposition 4.12 and the boundary condition #(4e0) = u™, we deduce by integrating
the preceding identity that

O (ut) — 1 (1) = E(u) —/Q (W —}Lmovqn(u)\z) dx

i
_Z/ M Veb(u) — 21T Va2 dx.  (4.18)
Q

Since each term of the RHS is controlled by the energy density |Vu|*> 4+ W (u) and since the
integrands depend continuously on u, we deduce by Lemma 2.12 that the relation (4.18) still holds
forall u € H!, (Q,R?) with E(u) < +o0 and #(Fo0) = u™, without assuming that u is smooth, but
only that u is bounded whenever W does not satisfy (2.21) and W € %*. Moreover, since W >
1|TyV®|?, the last two terms in (4.18) are nonnegative; in particular, E (1) > ®; (ut) — @ (u™).
Now, by the saturation condition (4.11) and Proposition 4.1, @ (u™) — @ (u~) = geod§, (u™,u™)
coincides with the infimum of the energy over 1D transitions. Thus, if u is a global minimizer of
() and either (u € L*(Q,RY) and W € €*(RY,R;)) or W satisfies the growth condition (2.21),
then the last two terms of (4.18) vanish, i.e. (2.17) holds true.

Conversely, if u solves (2.17), then (4.18) yields E(u) = ®1(u") —®(u). Since W sat-
isfies (2.21) and & satisfies (&), then (4.18) gives also E(v) > @ (ut) — @ (u~) for every
vEH). (Q,R?) with E(v) < 40 and ¥(F0) = u® (without assuming v bounded). In particular, u
is a global minimizer of (%7). O]

In dimension d > 3 there is no hope for uniqueness of global minimizers, even up to a trans-
lation in xj-direction; in fact, 1D solutions of (4.1) need not be unique when Rg is of dimension
d — 1 > 2 since there could be two distinct minimizers of geodj, connecting u~ to u™* within the
hyperspace RY. Therefore, in these cases, there is no uniqueness in the first order PDE in (2.15),
(2.16) and (2.17). Nevertheless, we will prove in the following that a necessary condition in hav-
ing uniqueness is given by a punctual condition u(xo) = up € R?. For that, we will focus on the
cases (&izre) and (&yym) because in the case (&p4m) there are only “trivial” entropies as we shall see
in Proposition 4.29 (thus, it is useless in proving uniqueness in that case). Note that in those two
cases, the first order PDE system in (2.15) and (2.17) is of the form Vu = F (1) when (&sirg) holds
true, and IT"Vu = F(u) when (&sym) 1s satisfied, where F' maps R into the set of square matri-
ces. If F is locally Lipschitz '3, it is clear that ¢"'-solutions of Vu = F(u) such that u(xo) = ug
are unique by the Cauchy-Lipschitz theorem (applied to ¢ — u(x + #v) which satisfies an ODE
whatever v € RY). Equations of the form IT*Vu = F(u) are weaker (obviously, they cover the
first class of equations since if Vu = F(u) then IT"Vu = IT" F (u) = F'(u)) and we show that they
enjoy a similar uniqueness property in the case of Lipschitz solutions (which is coherent with the
regularity in Proposition 3.12):

=)

13Note that if & € W>

. then F corresponds to a locally Lipschitz map.
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Proposition 4.18. IfF € Lip,,.(R?, R¥*?) and v,w € Lip,,.(Q,RY) are two solutions of the system
IT"Vu = F(u) a.e. such that v(xo) = w(xo) for some xy € Q, then v=w.

Proof. Let us fix R > 1 such that xy € B(0,R —1). Since u := v —w is Lipschitz in B(0,R) and
u(xp) = 0, one has
lu(x)| < Lg distg(x,x9) forall x € B(O,R),

where Lg > 0 is the Lipschitz constant of « in B(0,R) and distg is the distance induced on Q =
R x T~! by the euclidean distance in R? (via the quotient map). By Korn’s inequality and a
compactness/scaling argument, we deduce that for all r < 1,

/ |u|2dx§C1r2/ ITT" V| dx, (4.19)
B(xo,r) B(xo,)

where the constant C; > 0 only depends on R, Lg and the dimension d. Since F is Lipschitz in
a ball containing v(B(0,R)) Uw(B(0,R)), by the ODE satisfied by v and w, we have |IT"Vu| =
|[F(v) — F(w)| < Crlu| for some Cr > 0. Combined with (4.19), since B(xg,r) C B(0,R), we

finally deduce
/ > dx < C2r2/ > dx,
B(xg,r) B(xq,r)

where the constant C; > 0 depends on R, but is independent of xo € B(0,R— 1) and r < 1. This
implies that u = v —w = 0 on B(xg, ro) for the choice of a small radius r( := %CZ_ 12 Since ro is
uniform for all xo € B(0,R — 1), applying the same reasoning when the point xg is replaced by any
point in B(xo, rp), and repeating the procedure inductively, yield the equality v =w a.e. in B(0,R).
Since this is true for all R > 0, we have proved v = w. L]

The preceding result does not imply one-dimensional symmetry of solutions of the first order
PDE in (2.15), (2.16) and (2.17) in dimension d > 3 (thus, of global minimizers of (?)) due to
the additional assumption v(xg) = w(xp). In the cases (&) or (&5ym), a simple situation where
this one-dimensional symmetry holds is given by entropies ® satisfying additionally (2.23).

Proposition 4.19. Let W : RY — R be a continuous potential and a € R such that S, contains
at least two wells u™ and assume that there exists an entropy ® = (®1,...,®,) € €' (R, R?)
satisfying either (&yrg) or (Egym), the saturation condition (4.11) and the condition (2.23). If u is
a global minimizer of () such that either (u € L (Q,R?) and W € €*(R?,R.)) or W satisfies
the growth condition (2.21) then u is one-dimensional, i.e. u = g(x1) for some g € H'(R,R%).

Proof. Since the diagonal of ITyV® vanishes, it follows from Proposition 4.16 that d;u; = 0 a.e. for
all i € {1,...,d}. In particular, u; (x1,x") does not depend on x; € R. By Lemma 3.2, there exist
two sequences (R;"),>1 such that R¥ — d-eo and u(R5,x') — u™ € S, fora.e. ' € T? 1 asn — +oo.
In particular, u; =a, ie. u € RZ a.e. in Q, and the conclusion follows from Corollary 4.2. O

We will explain in Section 4.6 how Theorem 2.10 is a consequence of the above Proposi-
tion 4.19.

4.5 One-dimensional symmetry in dimension 2. Proof of Theorems 2.6 and
2.8

Our aim is to identify potentials W for which one has existence of an entropy, and so optimality
of the 1D transition layers (by Proposition 4.7). We also want to deduce rigidity results from
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the entropy method, i.e., every global minimizer in () is one-dimensional symmetric. We will
restrict ourselves to Very specific potentials. Namely, we impose that there exists w € €2(R?,R)
such that W (z) = $w?(z) for all z € R? and

(911W:|:822W =0 1in Rz.

1

We will also discuss the case of more general potentials W = §w2 with w being a solution of the

Tricomi equation.

Existence of entropies. We start with the case of W = QW where Aw = 0 or Ow = 0 in R?.
Motivated by Proposition 4.13, we look for entropies ® € €’ (R?,R?) that subscribe to Situation
2or3 (i.e., (Eym) or (Egym) in (2.12) holds true), namely, we impose the punctual condition (2.19)
on P:

0  w(z)
Fwiz) O

where « is a scalar function to be determined. In the case F = — corresponding to the antisym-
metry of ITHV® imposed by (&ym) in (2.12), by Cauchy-Riemann, this condition implies that ®
is holomorphic on R? ~ C which is coherent with the assumption on w to be harmonic. Indeed,
writing ®(z) = @ (x,y) + i, (x,y) for z =x+iy € C ~ R?, (2.19) implies that ® is holomorphic
with the (complex) derivative —d,®(z) = o(z) + iw(z); then « is the harmonic conjugate of w
(defined up to an additive constant). In the case F = +, the symmetry of I[IoV® is coherent with
the assumption on w to be a solution of the wave equation and corresponds to (&yy,) in (2.12).

MyVO(z) = VO(z) + a(z)L = < ) for all z € R?,

Lemma 4.20. Let W = 2w with w € €2(R?,R) such that d;w £ dyw = 0 in R? and for some
a € R, w vanishes at u* = (a, Uy T) €S, and w > 0 on the segment [u~,u™). Then there exists an
entropy ® € €° (R27R2) satisfying the saturation condition (4.11) together with (2.19) for some
a € €*(R?).

Proof. By the Poincaré lemma, we know that the existence of a map P satistfying (2.19) is equiv-
alent to the system
—8206 — 81w = j:82w — 8106 = 0,

which rewrites Vo = (£dyw, —dyw). Applying again the Poincaré lemma, the last equality for o
is equivalent to the equation dj;w £ dyyw = 0 as stated in our assumption. Moreover, in this case,
« satisfies the same equation as w.

Let us check now that a map ® with (2.19) is an entropy that satisfies the saturation condition
(4.11). Since we assume that w is €2, we know that ¢ is €2 and that ® is ©>. The fact that
® is an entropy is a consequence of Proposition 4 13 since |H0V<I>( > =4W(z ) The saturation
condition (4.11) follows from the equality d,P;(z \V/2W (z) for all z € [u—,u™], where
we use the assumption w > 0 on [u™,u™]. Indeed one has

u+ I/tJr
O (uh) — Py (u) :/2 »®1(a,2)dza :/2 V2W(a,2)dzr € geod?, (u=,ut).  (4.20)
iy i

]
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One-dimensional symmetry for (%7). Proof of Theorem 2.6. For the two previous classes of
potentials, Lemma 4.20 and Proposition 4.16 yield one-dimensional symmetry of global minimiz-
ers. We start with the case where w solves [lw = 0:

Theorem 4.21. Let W : R?> — R, be a continuous potential and a € R such that S, contains at
least two points u™ = (a,uy). Assume that W > sw? on R? and (W = w? andw >0 on (u™,u™)),
where w € €*(R?,R) solves the wave equation Ow = 0 in R%. If u is a global minimizer in ()
such that either u € L” or |w| satisfies the growth condition (2.18), then u is one-dimensional,
ie. u(x)=g(x)) a.e. where g: R — R2 is, up to a translation in the x,-variable, the unique
one-dimensional transition layer given by Proposition 4.3.

Proof of Theorem 4.21. First, we note that by Lemma 4.20, there exists an entropy ® € 3 (R?,R?)
associated to the potential %wz satisfying the saturation condition (4.11) for this potential %wz, to-
gether with (2.19) (with F = + and a € €?(R?)). The symmetry of global minimizers is proved
by considering two cases:

Case 1: W = %wz on R2. Then, by Proposition 4.16, if u is a global minimizer of (£?), it satisfies
2T Vu = [iV®(u) ae., i.e.

o\uy + huy = w(u) € Lz(Q) and Jdju; =du; =0 ae. in Q.

In particular, u, only depends on x; and u; only depends on x;. Thanks to Lemma 3.2, since
H'(T) is embedded in €°(T), we know that u;(R,,-) converges uniformly to a for a sequence
R, — o and thus, u; = a. This implies that u is one-dimensional and the uniqueness property
follows from Proposition 4.3.

Case2: W > %wz on R%. We prove that if u is a global minimizer in (), i.e., E(u) = cw (u™,u"),
then u is also a global minimizer for the energy v — [o %|Vv|2 + %wz(v). Indeed,

1 1
/Q SV + w2 () < E(w) = ew(uu?)

< geod$}, (u™,u") = geod(, (u™,u™) “ut)
2

=c2(u ,u"),
T

where the last two last equalities follow from W = %wz on [u~,u"| and Proposition 4.7 (as @ is an

entropy satisfying the saturation condition (4.11) for the potential %wz). Therefore, the conclusion
follows by Case 1. 0

Proof of Corollary 2.7. Since W(z) = (1 —|z|?)? satisfies the growth condition (2.18), the con-
clusion follows from Theorem 4.21. ]

When w is harmonic, we have a similar rigidity result:

Theorem 4.22. Let W : R? — R, be a continuous potential and u*™ = (a,u5) € S, be two wells
of W for some a € R. Assume that W > %wz on R? and (W = %wz and w > 0 on (u,u")) for
some harmonic function w € €% (R? R). If u is a global minimizer of (2?) such that either u € L
or |w| satisfies the growth condition (2.18) then u is one-dimensional, i.e. u(x) = g(x1) a.e. with
g : R — R2 being, up to a translation in the x,-variable, the unique one-dimensional transition
layer given by Proposition 4.3.
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Remark 4.23. The advantage of the Laplace operator over the wave operator consists in being
rotation invariant. Consequently, if w is harmonic, then Theorem 4.22 also applies in an infinite
cylinder in any direction v € S! as explain at page 14, in particular, if W is a multi-well potential
that is positive on the segment relying two wells.

Proof of Theorem 4.22. As in the previous proof, by Lemma 4.20, there exists an entropy ® €
%€ (R?,R?) associated to the potential %wz satisfying the saturation condition (4.11) for the po-
tential %WQ, together with (2.19) (with + = — and & € ©? (]RZ)). By the same argument explained
in Case 2 of the proof of Theorem 4.21, we can assume W = %wz on R2,

By Proposition 4.16, if u is a global minimizer of (), it satisfies 2IT-Vu! =T1oV®(u) a.e.,
i.e. u is a solution of the following first order quasilinear PDE system:

d 0 =0
{ 11+ ol ae. in Q. 4.21)

—dou;+duy =w(u)

Since either u € L™ or |w| satisfies (2.18), i.e. |w|(z) < Cexp(B]z|?) for all z € R? and for some
C,B > 0, we have by the Moser-Trudinger inequality that w(u) € L) (Q) for every p € (1,+00).
By (4.21), we write u = V- = (—d2¢,d; @) with —A@ = w(u) and we deduce by elliptic regu-
larity that u = V4o € WZ:)’CP(Q,Rz) for every p € (1,+). Thus, we have u € %% C L7 with
6 > 0. By the chain rule applied to the composition w o u with w € €' (w is harmonic, thus
smooth) and u € L? N H}. (), we can compute the derivative 0> of the second equation in (4.21)
in the distributional sense:

—nuy + diuy = dyw(u) dhuy + hw(u) dus.
Since V-u =0, one has dyur = —dju; yielding dru; = —0dq1u; in the distribution sense, and thus,
—dypuy — dyjuy = w(u) dhuy — dow(u) dyu;.
Consequently, u; solves the following elliptic semi-linear equation
—Auy — VEiw(u) - Vuy, = 0. (4.22)

In particular, since w is smooth, we deduce that u; € €% by a classical boot-strap argument for
elliptic PDE’s. Using the classical maximum principle and the boundary condition (1.3), we shall
prove that u; is constant. Indeed, Lemma 3.2 yields two sequences (R;),>1 — d-o0 such that

ui(RE,-) = a uniformly on T when n — oo.

Take € > 0 and n large enough to have |u; (R, x;) —a| < € for all x, € T. Applying the maximum
principle to the elliptic equation (4.22) on the domain [R,,R;] x T, one gets

no’»-'n

lup(x) —a| <e forallxe€ R, ,R']xT.

ni>»-'n

Since this can be done for arbitrary small values of € > 0 and large values of n, one has actually
uy =aand V-u = dhup = 0. Thus, u depends on x; and the uniqueness of u (up to translation)
follows from Proposition 4.3. [
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Example 4.24. An elementary example of potential for which Theorem 4.22 applies is given by
W (z) = $(z122)*. In this case, the set {W = 0} is the union of the two axis {z; =0} and {z, = 0}.
For two wells u*,u~ # 0 which are not on the same axis, the transition axis v := (u* —u~)*
(which plays the role of e in the preceding computations) can be any vector different than the
two axis e; and e; (see the last paragraph in Section 2.2). Theorem 4.22 asserts that, with a
periodicity condition with respect to the second variable in the basis (v, v'), that is x- v, one has
1D symmetry of global minimizers of the energy for the transition between u#~ and u™. For two
wells lying on the same axis, e.g. u™ = (0,u5) € {z; = 0}, the minimization problem () has no
solution. Indeed, if u(x1,x2) = (0,9 (x1)) with @(=e0) = u5, then the energy of u writes

E) =5 [ Io/0)Par,

so that the infimum over all admissible @ is 0. Of course, this infimum is not achieved if u™ # u™
since any zero-energy configuration should be constant.

Note that W(z) = J(z122)? can also be seen within the framework of Theorem 4.21 since
w(z) = 7122 solves the wave equation as d;(z122) = d(z122) = 0. However, as we noticed in
Remark 4.23, Theorem 4.22 applies for any rotation of W contrary to Theorem 4.21: for example,
the rotation of angle % of w leads to the potential w(z) = %(z% — 7z3) that is still harmonic but not

solution of the wave equation.

Proof of Theorem 2.6. 1t is a direct consequence of Theorems 4.21 and 4.22. [

The case of potentials satisfying the Tricomi equation. Proof of Theorem 2.8 The above
results can be extended to potentials W(z) = %wz (z) where w € €2(R?,R) satisfies the Tricomi
equation (2.20) for a continuous function f : R — R with |f| < 1 in R. The idea is to construct a
map ® € €' (R?,R?) and a scalar function o € €’ (R?,R) such that

0 w(z)
flz)w(z) 0

As before, by Poincaré’s lemma, one checks that the existence of ® and « are equivalent with the
Tricomi equation in (2.20) (as a consequence, —Va = (f(z1)daw, diw) in R?).

IIH)VP(z) = VO(z) + a(z)r = ( ) for all z € R?.

Step 1. @ is an entropy associated to the potential W = %wz. Indeed, if u € €~(Q,R?),
V[ @)+ o(u)V-u=[V®(u) + a(u)Id] : Vil =w(u)(f(uy)hu; + ous).

In particular, if V- u = 0, one deduces that ||V - [®(u)][| 11 o) < 2E(u) since |f| < 1; moreover,

2V [()] = (f(u1)dater + i) +wP () — (w(t)) — (£ Doty + hua))°
= (IVia P+ ()| Vaur ) + w2 () = (w(u) — (f (1) daur + Dy12))?
- (azuz — f(u1)81u1)2 — 2f(u1) (81u182u2 - 81u282u1). (423)

Denoting by F the antiderivative of f such that F(0) = 0 and using that V- u = 0, we compute as

49



R. Ignat and A. Monteil De Giorgi conjecture for Stokes problem

in the proof of Proposition 4.12: for R~ < R™,
Ip- g+ = / f(ul)(81u182u2 — 81142821/!1) dx‘
(R—,RT)XT
= /(R7R+)><’]1‘ (81 (F(m )) i — 1y 82(F(M1))> dx‘

_ /T(F(ul(R+,X2))31M1(R+7x2) —F(”l(R_’XZ))aWI(R_’XZ)) dxz"

If ue¢*NL”NH) (Q,R?) and E(u) < +oo, then by Remark 3.3 there exist two sequences
(RF)n>1 and (R, ),>1 such that RF — +-c0 and

Hul(R,jf, -)HLz(Td—l)Haml(Rf, ')HLZ(T(I—I) — 0 asn— Hoo.

Therefore, since |F (u1)| < |u1], we deduce I p+ — 0. By (4.23), we obtain

[ V-9l = 6= 3 [ (1= v P
— %/g (w(u) — (f (u1)dau +31M2))2
- [ (G2 = f(w)yn) - 424

and we conclude [ V- [®(u)]dx < E(u), i.e. P is an entropy.

Step 2. The saturation condition (4.11) for two wells u™ = (a,uéc) € S, provided that w > 0 on
[u™,u™]. This follows by the computation (4.20).

Step 3. Symmetry of a global minimizer u of (&) provided that (either u € L or |Vw| satisfies
the growth condition (2.18)). By (4.24) and Lemma 4.9, for every u € €*NL*NH ‘}iv (Q,R?) with
E(u) < +o0 and u(+oo) = u™, one has

1) 1) = E@ 5 [ (1= fw))|ViaP
_% /Q (w(ue) — (f (1) Doy + yu2))
1

— 5 (82u2—f(u1)81u1)2. (4.25)
Q

Since each term of the RHS is controlled by the energy density %(|Vu|2 +w?(u)) and since the

integrands depend continuously on u, we deduce by Lemma 2.12 that the equality (4.25) still holds

forallu € H}, (Q,R?) with E(u) < +o0 and 1(£e0) = u™, without assuming that u is smooth, but

only that u € L™ or W € € satisfies (2.21)!“. In particular, if  is a global minimizer of (), then

geod?, (u,u") "L By (ut) — by (u”)

(4.25) (2) _ +)

4.
< E(u) = cw(u ,u Prop. 47

=" geodf, (u",u").

“Note that if |Vw/| satisfies the growth condition (2.18), then |w| also satisfies the growth condition (2.18).
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Therefore, the above inequality, based on (4.25), is an equality which means that the three integrals
in (4.25) vanish, that is

flur(x))>=1 or Vuj(x)=0 ae.inQ, (4.26)
f(u1)82u1 +diupy = w(u) and huy = f(u1)81u1 a.e. in Q. 4.27)

Note that by Remark 3.13 (due to the growth condition (2.18) on Vw), we have that u € Wli’cq(Q, R?)
for every ¢ > 1; in particular, u € €' (Q,RR?) so that (4.26) and (4.27) hold for every x € Q. Let
F : R — R be an antiderivative of f; we shall prove that under the above conditions, we have

—A[F (u1)] + f(u1)Viw(u) - V[F (u;)] = 0 distributionally in Q. (4.28)

We first note that each term in the equation (4.28) (and in the following computations leading to it)
actually belongs to L (Q) for every ¢ > 1. Indeed, we have A[F (uy)], f(u1), V:w(u), V[F (u;)] €

LZ)C since Fe€*, we€?andu e leocq C Ly, for g > 1. Next, by (4.26), we have
Vuy = (f(u1))*Vuy = f(ur)VIF (u)] (4.29)

and from (4.27), we obtain

F(ur)] = f(u1)oiuy = doup
f(ur)oauy = —diuz +w(u).

—
S
™
~~
<
=
Il

Hence,
A[F (uy)] = daw(u)] = dyw(u)dhu; + daw(u)dauz

and by the identity dhup, = —du; and (4.29), we find
A[F (uy)] = Viw(u) - Vuy = f(u1)VEiw(u) - V[F (uy)]

which is the desired equation (4.28). Repeating the argument in the proof of Theorem 4.22, we
deduce from (4.28) that F(u;) = F(a) in Q yielding u; = a in Q by (4.29); by the divergence
constraint, u, depends only on xj.

Proof of Theorem 2.8. 1t is a direct consequence of the above arguments. 0

Remark 4.25. Theorem 2.8 leads to a large class of potentials W(z) = w?(z) for which the sym-
metry result holds true (see e.g. Remark 2.9 where f is constant in the Tricomi equation (2.20)).
An example with a nonconstant function f in (2.20) is given by

coszg

o <
2(1+sin?%)

w(z1,22) = (1 —|—sin2%1)cosz2 and f(z1) = —

for which Theorem 2.8 applies for any two wells u~ = (z1, w(k — %)) and u™ = (71, w(k+ %)) with
ke Zand z; € R.
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4.6 One-dimensional symmetry in higher dimension. Proof of Theorems 2.10
and 2.11

We start by investigating the existence of entropies in any dimension d > 2 by the three sufficient
conditions (&strg), (Esym) OF (Eusym) in (2.10) or (2.12). Obviously, the question of existence of an
entropy depends on the potential; in fact, our aim is rather to find potentials W with pairs of zeros
(u™,u™) for which one has existence of an entropy @ satisfying the saturation condition. We shall
see in particular that the condition (&y,) for entropies ® with antisymmetric Jacobians (analogue
to the case of harmonic potentials W in 2D) is too restrictive in dimension d > 3, i.e., only trivial
entropies can be found in this case (see Proposition 4.29). The criterium (&5y,,,) (Where the entropy
& has symmetric Jacobian), analogue to potentials that are solutions to the wave equation in 2D,
provides nontrivial entropies, in particular, corresponding to an extension of the Ginzburg-Landau
potential in dimension d > 3 (see Theorem 4.31). We are also able to handle a nontrivial class of
potentials with a finite number of wells (see Theorem 4.27) by use of the first criterium (&) in
dimension d > 2.

Strong punctual condition (&;,). We look for ¢ U'maps @ : RY — R? satisfying the saturation
condition (4.11) and the punctual estimate (2.10), i.e., . We are able to
construct such an entropy in the situation when the following holds:

geod$, (u™,u™) = geody, (u~,u"), Vutes,, (4.30)

where geody, was defined in (2.27) (it corresponds to the geodesic (pseudo-)distance between u™
and ut in R? — and not RZI as in the definition of geody;, in (4.3) — endowed with the (pseudo-
)metric 2W gq).

Theorem 4.26. If W : R? — R is a continuous potential satisfying the growth condition (2.21),
fa€R u ,u" €S, andif geod§y, (u™,u™) = geody, (u™,u™), then any global minimizer u in ()
is one-dimensional, i.e. u = g(x1) with g : R — RY.
Proof. We first set ¢(z) := geody, (1™, z) for every z € R, It is easy to see that ¢ € Lip,,.(RY,R)
and |[Vo| < v/2W a.e. Since ¢ does not need to belong to ¢! class !, we introduce a standard
mollifying kernel p’ = ¢4p(-£), with p € €°(R?, R ) such that [pap = 1, and we set ¢’ := p‘x ¢
for each ¢ € N*. We observe that, by Jensen’s inequality,

Vo' =p"+ Vo> <p'+ Vo> <2p"+«W inR?, (4.31)

Now, let u € H!. (Q,R?) satisfy E(u) < +oo, li(+o0) = u™ and take the sequence of smooth
approximations (ug)gen+ C €~ NL”NH}, (Q,RY) provided by Lemma 2.12. In particular we
impose that uy (£¢) = u™ for large values of t > 0, i.e., t > T; € R,. We now set &y = [T, T;] x
T~ and we compute

o' () — ') = 81(<p( 0)=| Vo'(u) o

W

/(0—|Vbtk|2 ~| Vo (uy)] ——Z|3uk|
k

| d
< - 2 14 =t ] 2.
_/wk2|Vuk| + (" * W) (ur) 2jzz,2|f9]uk|

151f (OXS %!, then the corresponding entropy is ® = @e; which satisfies (2.10) and the saturation condition (4.11).
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We now observe that when £ — oo, @ (u™) — @' (u™) — @(u™) — @(u~) = geody, (u~,u") and
fwk(pg * W) (uk) — [ W (ug) since (p! * W), tends to W uniformly on compact sets and u; € L™
for each k. Thus, passing to the limit £ — o in the preceding estimates and rearranging the terms,
we obtain'®

geody, (u™,u 2/ Z |0jur]* < E (),

which in the limit kK — oo yields

geody, (u™,u" 2/Z|8u\2<E

Since geody, (u™,u™) = geod§, (u,u™) is the infimum of the energy over 1D admissible maps
(see Proposition 4.1), in particular, geody, (u—,u™) > E(u) for any global minimizer u in (), we
immediately deduce that # only depends on x;. 0

We now investigate the existence of potentials W with a finite number of wells for which
Theorem 4.26 applies. The simplest way to guarantee (4.30) is to set W = 2w for some w such
that the line segment [x,y] minimizes the .Z),-length between any two points x,y € {w = 0}. Here,
we denoted for every continuous function w : R? — R, and for all Lipschitz curve y: [—1,1] — R?
(and not restricted to Rg ), the length:

1
2,0 = [ worold.
The existence of appropriate weight functions w is given by:
Theorem 4.27. Let X = {x,...,x;} be an affine basis of R and let § be a pseudo-metric over
X, that is § € A(X), where A(X) is defined by '’
A(X) = {3 eRYY 1 Wx,y,z€ X, 8(x,x) =0, 8(x,y) = 8(y,x),
§(x.y) < 8(x,2)+8(z.y) }.

Then there exists a Lipschitz bounded function w : R — R such that
1. forallze X, w(z) =0,

2. w(z) = V2 if |z] is large enough,
3. forall x,y € X with §(x,y) > 0andt € (0,1), w(ty+ (1 —1)x) >0,

4. for all x,y € X, Z,,(Xy) = geodwz/z(x,y) = 6(x,y), where Xy stands for the line segment
between x and y, parametrized by Xy(t) =ty+ (1 —t)x for all t € [0, 1].

Moreover, if § is a metric, i.e. 6(x,y) > 0 for all x,y € X with x #y, then w can be chosen in such
away that w > 0 on R\ X.

Setting W = %wz, for every two wells u* € X, any v € S ' withv-(u™ —u~) =0and any R €
SO(d) such that Rv = ey, ifu € H}, (Qr,R?) is a global minimizer of Eg in (2.28) over divergence-
[ree configurations satisfying the boundary condition (2.29), then u is one-dimensional, i.e., u =
g(x-v) where g € H'(R,R?) with g(£e0) = u™ and Eg(u) = &(u~,u™).

16Note that Vi is compactly supported in @y so that integrating on Q or @y is the same.
17 Recall that a pseudo-metric § can vanish at a point (x,y) for some x # y.
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Remark 4.28. The assumption that X is an affine basis in R¢ cannot be removed in Theorem 4.27.
Indeed, let X C R? be the set of vertices of a square endowed with the metric &(x,y) := 2 if
x,y € X lie on the same edge of the square and &(x,y) := 1 if x,y € X lie on the same diagonal
of this square (see Figure 2). Assume by contradiction that § = geody, for W = %wz with some

2 2 )
0.8

2 xoe |2
0.6

2 X1

Figure 2: A complete graph of the four vertices of a square and the associated §-distances

weight function w (defined on R?) such that the line segments [x,y] are minimal for geody, for
every two vertices x and y of the square. Since the length (in the metric geody, over RR?) of the two
diagonals is 1, there exist two vertices x1,x, on the same edge such that geody, (xo,x;) < 1/2 for
i = 1,2, where xg is the intersection of the two diagonals. We thus have by the triangle inequality
2 = geodyy (x1,x2) < geody, (xo,x1) + geody, (x0,x2) < 1 which is a contradiction.

The proof of Theorem 4.27 relies on two tools: the decomposition of o in terms of extremal
pseudo-metrics (see Lemma A.1 in the appendix) and the existence of a calibration ¢ for the line
segments Xy, with x,y € X, when the pseudo-metric J is extremal and w = |V¢@| (see Lemma B.1
in the appendix). Here, we just explain how Lemma A.1 and Lemma B.1 imply Theorem 4.27.

Proof of Theorem 4.27. We divide the proof into several steps.

STEP 1: THE CASE OF AN EXTREMAL PSEUDO-METRIC 0, I.E., 0 = 0y FOR SOME Y C X WITH
Y #0 AND Y # X, WHERE

0 if(xyeY)or(xy¢Y),
1 otherwise.

Oy (x,y) := {

Let ¢y € (R4 R) be a scalar function satisfying all the properties claimed in Lemma B.1 and
define the Lipschitz compactly supported function wy : RY — R by
wy(z) = |[Voy(z)| forall z € RY.

We claim that the differential form @ = d@y is a calibration for the line segment xy for every
x,y € X, in the following sense:

e for any Lipschitz curve y: [0, 1] — R with 7(0) = x and y(1) = y, one has
1 1
o) =or(x) = [ o= [ Vor(r0) 1)@ < [ (o))l = Loy (),

e the preceding inequality is an equality when y =Xy with (x,y € Y), (x,y e X \Y)or (x €Y
andye X\Y),ie.

ov() — 0r(x) = [ (Vor(ty+(1=1)2) 3 =) = ().
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This comes from the fact that V@y (fy+ (1 —)x) and y — x are positively collinear if x € ¥ and
y € X \Y and wy = |Voy|; as a consequence, the segment Xy minimizes the .Z),, -length between
any two points x,y € X and by Lemma B.1, .4, (xy) = |oy(y) — ¢y (x)| = &(x,y) for every
x,y € X, i.e. w = wy satisfies Point 4 in Theorem 4.27. Points 1 and 3 in Theorem 4.27 are a
consequence of the properties of ¢ = ¢y in Lemma B.1.

STEP 2: THE CASE OF A GENERAL PSEUDO-METRIC 8. By Lemma A.1, § writes

0= Z Ay Oy,
YePur(X)
for some parameters Ay > 0, where
Pyr(X):={Y CX : Y#Xand Y # 0}. (4.32)

We set
w= Y Aywy,

YEPy(X)

with the wy : R? — R, defined in Step 1. It is easy to check Points 1, 3 and 4 in Theorem 4.27.
For instance, Point 4 comes from the fact that for every Lipschitz curve y: [0, 1] — R? connecting
X to y, one has

L) = Y, WZ,®)=8ky)< ) M40 =L
Y€ Pur(X) YePur(X)

STEP 3: REACHING POINT 2 AND IMPROVEMENT TO THE CASE WHEN 0 IS A METRIC. If w
is the function given by Step 2, we set w = wy + wy, where wy is any Lipschitz function such that
w1 = 0on G := Uy yex[x,y], w; > 0 on R?\ G and such that w; = /2 if || is large enough. The
line segments between any two points x,y € X are still optimal with %, instead of .Z,,, because
of the inequality .Z,,(y) > %, () for all curves y and the equality ., (Xy) = %, (¥y). Hence,
the function w satisfies Point 4 in Theorem 4.27; the other points are easy to check.

STEP 4. The symmetry of global minimizers of Ef is a direct consequence of Theorem 4.26 and
the analysis presented in Section 2.2 at the paragraph “Change of variables under rotation”. [

Proof of Theorem 2.11. 1tis a direct consequence of Theorem 4.27. O

Entropies with antisymmetric Jacobians (&,,). If in dimension 2, we have constructed en-
tropies ® satisfying (&usyn) that are holomorphic (see Lemma 4.20), we will show that in dimen-
sion d > 3, the antisymmetry of IIoV® imposed in the criterium (&y,,) is very rigid for maps
d:

Proposition 4.29. Let d > 3 and ® = (®',...,®%) : R? = RY be a locally Lipschitz map such
that
[I\V®(z) is antisymmetric for a.e. z € R%. (4.33)

Then there exist ¢ = (cy,...,Cq) € R? and a linear antisymmetric application L = (L',... 7L”l) S
Z (R4 RY) such that for all i € {1,...,d} and z € RY,

d 12
(I)l(z) :(DI(O)‘i_LlZ—}— Z {CijZi—Ci%}. (434)
j=1
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Proof. Up to regularizing ® by convolution with a smooth mollifying kernel (thus preserving
the algebraic constraint), one can assume that ® is smooth. Indeed, for some mollifying kernel
(Pe)e>0, assume that @, := pe * P writes in the preceding form: ®; = ®,(0) + L¢ + g¢, Where
Le is the linear part and g is the quadratic part which depends on the parameter ¢, € R¢. Since
(®¢)e is locally bounded in W', we know that (®¢(0))e and (Le = V®,(0))¢ are bounded.
Thus, g = ®¢ — Pe(0) — L is also bounded in the space of quadratic forms, which means that
the parameter c, is bounded. Thus, there is a subsequence & — 0 such that cg, — ¢ € R? and
Le — L€ Z(R?RY) as i — oo, In the limit, one gets the identity ® = ®(0) + L + g where g is
the quadratic form given by the last term in the RHS of (4.34).

Moreover, up to replacing ® by & — ¥ with ¥(z) = ®(0) + VP(0)z, one can assume that
®(0) = 0 and V®(0) = 0. For the sake of simplicity, we shall write f; = d;f for the partial
derivative w.r.t. z; of some scalar or vector function f defined on RY. In particular, writing
® = (®',...,®%), we have the notation

P, =9;®" foralli,je{l,...,d}.
Now, the algebraic constraint (4.33) rewrites
1 _pd —. oo
{¢1 — _¢d —. aELloc,
@ = —®/ foralli+# j.
In particular, if i, j,k € {1,...,d} are three distinct indices, then by the Schwarz theorem,
9;®L = —9;0f = (I)il. = —CID;-k and thus, ;k =0.

In particular, CID; only depends on z; and z;. Therefore, for the purpose of notation, we afford to
write

@;(z) = @;(zi,zj) for i # j.
Then, for every i and j such that i # j, one has

In particular, ; only depends on z; and z; for all j # 1. Since d > 3, this means that o; depends on
z;i only:
Oti(Z) = OCi(Zi).
Now, for every i and j with i # j, one has
— 0 = (Pf;)i = Pjj; = (Pjy)j = o) -

In particular, —o; = ¢ for all i # j which implies for k ¢ {i, j}, —0; = oy = —0tj; = 0, that
is o;; = 0. As a; depends only on z;, we deduce that o; is constant for all i € {1,...,d}, i.e.,

o; =:c; € R.
Since @;(z) = qu-(zi,zj) with (d)’J), =aj=cjand (<I>’j)j = —a; = —c;, and since V®(0) = 0, one

has

Pi(z) = = D(2) = a(z) = Licizi 4

and the proposition follows. [

{CI);(Z) = CjZi —CiTj wheni;«éj,
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We will show that in dimension d > 3, the rigidity (4.33) imposed on entropies within the
criterium (&ygym) cannot be compatible with the saturation condition (4.11) for two distinct wells
u* € S,, a € Rif the geodesic cost geod, (u—,u™) > 0.

Corollary 4.30. Let W : RY — R, be a continuous potential and u* € S,, with a € R. As-
sume that there exists an entropy ® € €' (R?,R?) satisfying ( Susym) and the saturation condition
(4.11). Ifu € H). (QR?) is a global minimizer in (2) such that either (u € L(Q,RY) and
W e %Z(Rd,R+)) or W satisfies the growth condition (2.21) then the T '-average @ of u is

constant; in particular, u= = u™.

Proof. By Proposition 4.29, there exist an antisymmetric matrix A € R?*¢ and ¢ € RY such that
[I)VP(z) =z®c—c®z+A for ae. z € RY and we deduce by Proposition 4.16 that

AT Vu! =u®c—cu+A ae. in Q.

By integrating over x' € T¢~!, we obtain the system 2IT" V! =7 ® ¢ — ¢ ® 7 + A which rewrites

d — !
{df"’(t) ac =) +A, e i eR (4.35)

c’®(p—(p®c’:A’

where @ : R — R, ¢/ e R¥! and A’ € RE—1*(@=1) are determined by 7 = (a,¢) € RY, ¢ =
(c1,¢’) € RY, A" = (A;})i j>2, and A is the first row vector of A’.

If ¢’ = 0, then the only bounded solutions of the ODE $¢(t) = —c;¢(t) + A} in R are the
constant solutions; thus, we deduce that # = (a, @) is constant.

If ¢’ # 0, by multiplying the second equation of (4.35) by ﬁ, we obtain

/

olt) = (1) - A—,'|) S where 7(0) = 0(0):

'/ e

C/
Il

for a.e. t € R. (4.36)

|c

Moreover, the first equation of (4.35) yields
d .
E}/:—cly—kb, with b eR.

Again, since the only bounded solution of this ODE in R are constant, we deduce that y is constant.
Then ¢ and u = (a, @) are constant as well by (4.36). O

Entropies with symmetric Jacobians (&j,,). This criterium turns out to be more useful than
(&usym) in dimension d > 3, although very restrictive. By Proposition 4.19, if there exists a map
® € €' (R, R?) satisfying the following conditions:

o V®(z) is symmetric and satisfies (2.23) for all z € R,
o [MHVD(z)|> <4W(z) forall z € RY,
o & satisfies the saturation condition (4.11), i.e.,

P (u") — Py (u”) = geodyy (u—,u"),
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then one has one-dimensional symmetry of global minimizers of (£?) provided some growth con-
dition on W. One can reformulate this result in the following way, where the saturation condition
(4.11) is replaced by (4.37).

Proposition 4.31. Let ® € €' (R?,RY) be such that V® is symmetric satisfying (2.23) in R¢ and
consider the potential W given in (2.24) and two wells u* € RIN{W =0}. Ifv € H}. (Q,RY)
solves the system

20THVy = [V (v), (4.37)

and if v(x) = v(x1), v = a, v(Fo0) = u™ and W satisfies the growth condition (2.21), then v is a

global minimizer of (2?) and any other global minimizer u depends on x| only.

Proof. We first observe that (2.24) rewrites [[IgV®|?> = 4W; hence, by (2.24) and Proposition
4.13, we know that ® is an entropy. We now show that if v is a 1D solution of (4.37), then ®
satisfies the saturation condition (4.11). Indeed, note that (4.37) reads

0 v ... vy
v 0 ... 0 0 (9;@i(v)) j>i
AT Vv =| . | =ToVe(v) =
v.d () () (0jPi(v)) j<i 0
Then we have . |
. 2.24
v = S 2T Vv = SV (v) C2Yow ()
and since
v=1(0,®1(v),...,d;P1(v)),
this yields

& (") — Dy () = /R Vo, (v(1)) - v(t) dr = /R (1) dr = /R 2W ) [9(2) | dr

4.3)
> geodf, (u,u’).

Moreover, the reverse inequality also holds. Indeed, by (4.3), we can choose a sequence of curves
(% )i>1 in Lip([—1,1],R%) such that

%(x£1)=u" and (Lw(%))kz1 — geodfy (u™,u™)
so that
|
() = @i(u) = [ VI ((e) - R0)ar

(224) rl
< [ V2WORI ] — geodiy ().

Thus, the saturation condition ®1(u") — ®;(u~) = geod§}, (u~,u™) follows and, as a by-product,
one gets optimality of v since E(v) = Ly (v) = ®;(u™) — ®; () is minimal by Proposition 4.7.
The one-dimensional symmetry of other minimizers u is a consequence of Proposition 4.19. [

Proof of Theorem 2.10. 1t is a direct consequence of Proposition 4.19. [

58



R. Ignat and A. Monteil De Giorgi conjecture for Stokes problem

Strategy for constructing entropies. We now investigate whether (2.24) provides nontrivial poten-
tials W for which one has one-dimensional symmetry of global minimizers in (7). We thus look
for maps @ € ¢! (R4, RY) such that for all z € RY, V®(z) is symmetric. If so, by the Poincaré
Lemma, there exists ¥ € €(R¢) such that

®(z) = V¥(z) forallze RY,

In addition, we require that (2.23) holds for ®, which amounts to imposing (2.26) on ¥. By
analogy with the wave equation in R?, solutions of these equations can be written

(@)= ) folo-2),

oc{x1}4

where (f5 )¢ is a family of scalar functions defined over R (this form of ¥ follows by an induction
argument over the dimension d). However, this formula is not so easy to manipulate and we
rather use an induction method: the entropy ® in R? will be constructed as an extension of the
entropy @ defined on R?~! ~ {z; = 0} NR?. More precisely, assume that the map ® = V¥ (with
W € ¢2(R971)) is an entropy in R?~! leading to the potential W := 7|IToV®|. We now look for
an entropy ® : R? — RY, of the form ® = V¥ with ¥ : RY — R, such that Y(z1,...,24-1,0) =
¥(z1,...,24—1). The function ¥ defined by

1 ,— _
W(z1,..524) = E(T(Zl,---azd—%zd—l +24) + (21,242,241 —Zd)) (4.38)

is an extension of ¥ which solves (2.26) in R? provided that ¥ solves the same equation (2.26) in
dimension d — 1.

Ginzburg-Landau type potential in dimension d > 3. We shall build examples of entropies in
every dimension d > 3 by use of the preceding induction method. Let us initialize the induction in
dimension d = 2 with the Ginzburg-Landau potential Wy (-) := %(1 —|-1?)? for which we have
the Aviles-Giga entropy

2.2
@I=2 .= VW, », where W¥;-1(z1,22) = _ae (M — 1)

2\ 3

and let (¥;)s>2 be the > unique sequence of scalar functions given inductively by (4.38), where
Y=¥,:R{5Rand ¥ =¥, ; : R — R for every d > 3. Then, an easy computation yields

7122 (z% +23

NASE

The map &7 := V¥, : R — R? is an entropy for the following potential'8

Wa(z) = + 2" - 1) Vz=(z21,20,7") €RY, 2" = (z3,...,24).

1 1
Wa(z) := ;‘|HoV<1>d(Z)|2 = Z(|Z|2 —1)2+|"*(zf +23) forevery z € RY.

Symmetry of global minimizers in the case of the potential W;. We will follow Proposition 4.31.
Let us give a detailed study in dimension d = 3 (the same argument works for d = 4). The gradient
of the entropy ®° = VW3 writes

—22122 1-— |Z|2 —2Z2Z3
V¢3(Z) = V2T3 (Z) = 7 1-— |Z|2 —2Z1Z2 —2Z1Z3
2\ 2523 22123 —2z12

I8Note that the growth condition (2.21) is valid for W; only for dimensions d < 4.
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Figure 3: Phase space with the set {W3 = 0} = S' U {+e3}

We have
(W3=0}={z€S* : 3=0 or z1=2=0} =S'U{ze3},

where S? is the unit sphere in R?, S' = S? N {z3 = 0} and (e}, ez, e3) is the canonical basis of R3.

Case 1: wells u™ in S'. Let u™ be two wells in S' such that (u* —u~)-e; =0:
u® = (a,£b,0),

where b > 0 and a® + b? = 1 (see Figure 3). Note that since W3 is invariant by rotation around
the axis Res, it is not restrictive to take v = e; when considering two wells such that u™ —u ™~ is
orthogonal to v € S'. By Proposition 4.31, the symmetry of global minimizers in (£) follows
from the existence of a 1D solution of the system (4.37). Note that a one-dimensional transition
v=(a,vy(x1),v3(x1)), with (v2,v3)(£e0) = (£b,0), satisfies (4.37) if and only if

(v2(x1),v3(x1)) = 7 (b2 —v3(x1) —v3(x1), —2vy(x1)v3(x1)) and av3(x))=0. (4.39)

A solution of this ODE such that (v,,v3)(Zeo) = (£b,0) is given by

bx 1
(v2(x1),v3(x1)) (btanh(ﬁ),()),
if a # 0 this is the only solution of (4.39) up to translation (since (4.39) then yields v3 = 0), while
if a =0, i.e. b =1, there are also solutions with non vanishing v3 (consider the unique solution of
(4.39) such that (v,v3)(0) = (0,h) with h € (—1,1); it is easy to see that this solution is defined
on R and satisfies (v2,v3)(Ze0) = (£b,0)). Thus, this argument proves both the one-dimensional
symmetry of global minimizers in (Z?) (via Proposition 4.31) and the uniqueness of optimal 1D
transition layers (up to a translation) when a # 0.

Case 2: wells u™ in the set {+e;,+e3}. In this case, a = 0. By symmetry, it is enough to consider

transitions from u~ = e3 to u™ = e; and from u~ = e3 to u™ = —e3. In both cases, (4.39) reads
. 1 2 2
(vo,v3) = ﬁﬂ — V5 —v3,—21pv3).

For the transition between e3 and e», it is convenient to use the change of variable u = (u,uy) :=
(v2 +v3,v2 — v3) so that the preceding ODE is equivalent to the decoupled system

(ul,@):\%u—u%,l—u%), u(eo) = (1,£1),
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Figure 4: Geodesics in the plane {z; =0}

whose only solution lies on a straight line (see figure 4), and is given by

w(x1) = va(x) +va(x) =1 and  w(x1) = va(x1) — va(x1) = tanh(%).
As before, this argument proves both the one-dimensional symmetry and uniqueness (up to a
translation) of global minimizers in ().

For the transition between e3 and —e3, we remark that the xp-axis {z; = z3 = 0} is the reunion
of five solutions of (4.39): two stationary solutions v = +e;, one supported on {zp < —1,7; =23 =
0},oneon {—1 <z, <1, z; =23 =0}, and the other on {1 < z2, z; = z3 = 0}. In particular, by the
Cauchy-Lipschitz Theorem, no solution can meet the line {z; = z3 = 0} and there is no solution
connecting —e3 to e3; hence, there is no global minimizer in (&?). Also note that the entropy ® =
@3 satisfies @ (e3) — P (—e3) = 0 (because P is even in z3) and geod?, (—e3,+e3) > 0 (because
+e3 are isolated zeros of W); therefore, the saturation condition imposed in Theorem 2.10 is not
always satisfied.

A Characterization of extremal pseudo-metrics
Given a finite set X with at least two elements, we define the set A(X) of pseudo-metrics on X by
AX) = {8 € RPN vy € X, 8(x,2) = 0, 8(x,y) = 8(y),
8(x.y) < 8(x.2)+8(z.y) |

(see footnote at page 53) and the set Aj(X) of normalized pseudo-metrics on X by
A(X):={0€AX) : 6(8)=1}, wherec(d)= Z o(x,y).

x,yeX

We look for those normalized pseudo-metrics § which are extremal in Aj(X) in the following
sense

Vi € (0,1),V81,8 € Ai(X), (§ =181+ (1 —1)8, = 6 = &).
Lemma A.1. A pseudo-metric § is extremal in the compact convex set Ay (X) if and only if it is of
the form 6 = ﬁ&/ for someY C X (withY # 0 andY # X ), where Oy is defined for all x,y € X
by
0 if(xyeY)or(xygY),
1 otherwise.

Oy (x,y) = {

61



R. Ignat and A. Monteil De Giorgi conjecture for Stokes problem

In particular;, any pseudo-metric 6 € A(X) writes 6 = Yyc m,, (x) Av Oy, with (Ay)y C Ry, where
Psr(X) was defined in (4.32).

Proof. The second part, i.e. the decomposition of any pseudo-metric in terms of extremal pseudo-
metrics, is a consequence of the first part of the lemma and the Krein-Milman theorem: A;(X) is
the convex enveloppe of its extremal points. It remains to prove the characterization of extremal
pseudo-metrics in A (X).

STEP 1: FROM PSEUDO-METRICS TO METRICS. For every 6 € A(X), let X/§ be the set of
equivalence classes in X endowed with the equivalence relation x ~ y defined by (x ~ y iff § (x,y) =
0). X/8 is endowed with the metric § defined by 8(&,v) := 8(x,y) whenever x € £ and y € v
for every &, € X /8. Note that § is well defined, thanks to the triangle inequality on §, and that
X /6 has at least two points when § #Z 0. Moreover, the first part of the lemma is equivalent to
(8 € Aj(X) is extremal iff X /6 has exactly two points). We use the following fact:

Claim A.2. A pseudo-metric 6 € A\(X) is extremal if and only if the normalized metric

2 1 —
5:2 —_SEA X 5
() 1(X/96)
is extremal.

Proof of Claim A.2. Indeed, first assume that 0 is extremal in Aj(X). It is clear that any pseudo-
metric & € Aj(X/6) induces a pseudo-metric &, € Aj(X) defined by

O (x,y) = o (x,y), with ou(x,y) = a(x,y),

o(ay)

where X and y stand for the equivalence classes of x and y respectively in X /0. Assume that

A

§=ta+(1—1)B witha,f € A;(X/8) and 1 € (0,1). Then, for all x,y € X, one has
§(x,y) = 8(x,5) = 10(8)a(%,3) + (1 -1)o(8)B(x,5) B B
=10(8) 0 (x,y) + (1 —1)0(8) B (x,y);
in particular, this yields 1 = 6(8) =t0(8)o (o) + (1 —1)o(8)o(B.) and so
8(x,y) = s6(x,y) + (1 =5)B.(x,y), withs=15(8)a(aw) € (0,1).

Since & is extremal in A; (X ), one has &, = f, yielding o(a,) = 6(B,) (because a, B € A(X/§))
and finally, a = 3.

Conversely, assume that & is extremal in A; (X /8) and that

0=1t8+(1-1)&
with 8,8, € A{(X) andr € (0,1). Fori € {1,2}, & induces a pseudo-metric & € A;(X /8) defined
by
= 1 —
6i - - 6i;
o (6;)
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where &;(%,) = Gi(x,y) and %, y are the equivalence classes in X /6 of x and y, respectively.
It is clear that O; and &, are well defined since 8(x,y) = 0 implies that &;(x,y) = & (x,y) = 0.

Moreover, the extremal pseudo-metric S decomposes into

= —sl wi S':t6(6l): — (1=
0=s01+(1—-15)5 th s: G(g) 1—(1-1) 6(3)

as above, this implies 8, =& and so 8, = &. O

A ~

16(8).

b

STEP 2: CASE WHERE O IS A METRIC. By the preceding claim, it is enough to prove that a
metric 0 € A;(X) (and not only a pseudo-metric) is extremal if and only if X has 2 points. For
the first implication, if X has two points, then any metric § is extremal since A;(X) is reduced to
a single point. Conversely, we have:

Claim A.3. Assume that X = {x,...,x,} has n > 3 distinct points and that 6 € A\(X) is a metric
over X, then 0 is not extremal.

Proof of Claim A.3. First, it is standard to see that the metric space (X, ) is isometrically em-
bedded in R”~! endowed with the euclidean distance. In other words, there exists a subset
Y = {y1,...,yn} C R""! of n points (thought as a polytope) such that &(x;,x;) = |y; —y;| for
all i,j € {1,...,n}. Let D be the straight line (y;,y,). Up to reorder the points xi,...,x, and
¥1,---,Yn, ONe may assume that

YND={yi,...,ym} with2 <m<n,

and that (yy,...,y,) is an increasing sequence in D ordered by the relation (x <y iff (y —x)- (y2 —
y1) > 0). Given a parameter 4 € R (not necessarily positive) with |A| being small, we now build
a small perturbation 8" of the metric § on X such that §(x;,x;) := 0 and for all i, j € {1,...,n}
with i < J,

O(xi,x;)+h ifi=1land2 < j<m,

O(xi,xj) otherwise.

Sh(x,-,xj) = 5h(xj,x,~) = {

Let us justify that 8" is a metric, at least for small values of |/|. The idea is that 8" corresponds
to the euclidian metric in R”~! by moving the point y; on the line D, keeping y»,...,y,, fixed and
moving eventually the other points y,,.1,...,y,; calling y},...,y), these new points, then 8" is a
metric on X iff such a (modified) polytope y}, ...,y exists. The only nontrivial fact is the triangle
inequality. Consider a triangle (x;,x,xx), with i < j < k. If i > 2 or (i = 1 and j > m), the triangle
inequality of & in (x;,x;,xx) is trivial since § is a metric. Otherwise, one has to show that for all
j€{2,...,m} and k > j (with i = 1), one has

18" (1, x0) — 8" (e, x7) | < 8™ (x1,x) < 8™ (xy, xz) 4+ 8" (g, x). (Tr)

Let us divide the proof of these inequalities according to whether k£ > m or not, and considering
the initial polytope yy,...,y, corresponding to the metric J:

o If k > m, (Tr) is equivalent to
vt =yl = vk =yill < vt =yl +h < |y1 =yl + e —vjl-

Since the triangle (y1,yx,;) is not flat (as y;,y; € D but yx ¢ D), these inequalities are true for
small values of A.
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e If k <m, one has 1 < j < k <m and, since (yj,...,y,) C D is ordered in a monotonous way
on the line D, one has |y —y1| = |y —y;| +|y; —¥1|. Thus, (Tr) is equivalent to the following
trivial inequalities for || < |y} — y2|:

yi—=yil+h<|yi—yj|+h<l|y;—yil+h+2y—yjl|

Let us prove that § is not extremal. Fix 4 > 0 small enough so that §” and 8" are two metrics
over X and 2(m—1)h < 6(6) = 1. Since

s=leis =10 a4, " A=t

"2 Mo T e (5 chh
where Ay, :=10(8") = 16(8) £ (m—1)h > 0 and 6(8) = 1, we conclude that § is not extremal
in Al (X) [
This proves completely Lemma A.1. 0

B Calibration of extremal pseudo-metrics

Lemma B.1. Let X = {xo,...,x4} be an affine basis of R:. If § = 8y for some Y C X then there
exists a smooth compactly supported function ¢ € ‘KC‘?"(R‘I, R) such that:

1. forallx,y € X,

P(x) —o(y)| = d(x,y),
2. forallx,y € X with (x,y €Y) or (x,y ¢Y), and forallt € [0,1], Vo(ty+ (1 —1)x) =0,

3. forallxeY,ye X\Y,andt € (0,1), Vo(ty+ (1 —t)x) and y — x are positively collinear,
ie. Vo(ty+ (1 —1t)x) = A(y —x) with A = A(x,y,t) > 0.

Proof. When 0 =0, i.e. Y =0 or Y = X, one can take ¢ = 0. We now assume that Y ¢ {0,X}
and we reorder the affine basis (xo,...,x;) in such a way that

Y ={x0,...,xn} with 0<m<d—1. (B.1)

We shall construct the calibration ¢ step by step. We first need to pick a nonnegative function
g € ¢~ (R,R;) having the following properties:

e forallt <0,g(t)=0andforallt > 1, g(t) =1,
e forallz e (0,1), g (z) >0,
o forallt € R, g(r)+g(l—1)=1.

STEP 1: SMOOTH TRANSITIONS g% BETWEEN g (x;) = 0 AND g% (x;) = 1. For every i,j €
{0,...,d},i# j, A €(0,1), and z € R4, we set

YRS (A 'pij2) g (1 - %) if 7 £ x;,
: 0 ifZ:xi7
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Supp(&12)

Figure 5: The supports of the §;; when d =2

where Ay € (0, 1) will be fixed later and

Xj—Xi

.. P — x- - _
pl] (Z) (Z l) |xj _xi|
If A < |x;—x;| for all i, j with i # j then the function gl’-lj performs a transition between gfb- (xi)=0
and gl’.lj (xj) = 1 along the segment [x;,x;]. Moreover, gi}”j is smooth in R¢ and supported in the cone

Cho={ze R ¢ piy(e) > (1-Ao)la—xl} O {txj+(1—)x 120},

STEP 2: PARTITION OF UNITY. Let us pick A9 € (0,1) small enough so that the balls B(x;, Ag)
with i € {0,...,d} are disjoint and two distinct sets in {(530 N (@/J);O : i < j} can only meet at a
point in X = {xo,...,x,} (see Figure 5); define the family of functions (&;);<; C €~ (R?,R) by

()8 if0<i<j<d
Gij(z) = glj()gjil(z) 1 stsJ= for all z € RY.
g(1—=2A; z—x) if0<i=j<d

If i < j, then Supp(&;;) = 6530 ﬂ%}o while Supp(&;i) = B(x;, ). In particular, for every z ¢ X,
&ij(z) vanishes except at most for two choices of indices: either &;; alone, or (§;; and &; with i < j)
or (&;j and &;; with i < j). Moreover, one has

Zéij =1 in Ui, j [x,-,xj].

i<j

Indeed, for all ¢ € {0,...,d},
Y &ijxe) = Guelxe) =1

i<j

and for all z in the open segment (x;,x;) with i < j,

Z Gij(2) = &iiz) + &jj(z) +&ij(2);

i<j

if dist(z, {x;,x;}) > Ao then &;(z ) ¢jj(z) =0and &;(z) = 1; otherwise, if for instance p,J( )=

lz—xi| < Ao, then &;(z) = g(Ay p,,( ))s 5/1() 0,Gi(z) =g(1—-24y Pu( ) =1-8(Ay pU(Z))
and thus ¥, ; & (z) = &i(z) +&ij(z) =
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STEP 3: CONSTRUCTION OF THE CALIBRATION ¢. Recalling the notation (B.1), we set for all
z€ R4

o)=Y ((éij(z)‘f‘éii(z))g;}i(z)_5jj(z)g;§i(z)>+ Y &),

0<i<m<j<d m<i,j<d

where r;j := |x; — x;|. We observe that each term in both sums indexed by i, j € {0,...,d} is
supported in Supp(&;;) (in particular, ¢ is compactly supported) and we deduce that for all z €
(xi,xj) with i, j € {0,...,d} and i # j,

¢(z) =0 ifi,j<m,
02)=&i+&;+&i=1 if i, j > m,
¢(z) = (éﬁén) gi}’ —éjjgj';-l—i—ﬁjj Zgi}-’ ifi<m<j,

since g;{:" =1 —g:}j and §;j+&;;+E&jj =1 on (x;,x;). In particular, @(x;) =0 forall i € {0,...,m}
and ¢(x;) = 1forall j € {m+1,...,d} which proves the conclusion 1. in Lemma B.1. The other
properties required on V@, i.e. the conclusions 2. and 3. in Lemma B.1, are a consequence of the
fact that for all z € (x;,x;), with i, j € {0,...,d} and i # j:

e the derivatives of ¢ in any direction orthogonal to x; —x; vanish, i.e. V@(z) and x; — x; are
collinear;

e ifi,j <mori,j>m, ¢ isconstantin (x;,x;), and so Vo(z) = 0;
o ifi<m<j,o()=g/(-)=g(r; pij() on (xi,x;) and so

X;i— X
I 50

Vo(z) = Aij(2)(xj—x;) with zij(z)::rl.;lg’(rl.;lpij(z))|xj_xi| :

where we used that g is increasing in (0, 1). The proof is now complete.

C The e—rescaled Aviles-Giga model and the cross-tie wall

For the two-dimensional strip Q = R x R/Z that is periodic in x,-direction, we consider the &-
rescaled Aviles-Giga energy E. (with & > 0) defined for maps u : @ — R? with V-u = 0 in Q (as
in (1.4)):

2 2

Ee(”):/gg‘VuF—i—%W(u)zdx, w(u) = NG

Let uf = (0,4+1). The aim of this section is to check that in the limit € — 0, the cross-tie wall
between the limit states u;" (see [2]) has asymptotically the same energy as the 1D symmetric wall
(as stated by R.V. Kohn in [42], based on a personal communication from S. Serfaty). Before
stating this result, we recall that:

e As £ — 0, the finite energy limit configurations are u : @ — S! with V-u = 0 and the limit energy
is given by

Eo(u) = /J oD =
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N
7

ANV
S

P R N

X/

Figure 6: Limit cross-tie wall un(a) connecting the states u* = (0,=1) in a strip of thickness 7.
Here, a € (0, %] is the angle of the isosceles triangle, that is equal with half the angle represented
by the two circle arrows.

where the jump set J(u) of u is a /! —rectifiable set '° oriented by a unit vector field v : J(u) — S!
and u™ : J(u) — S' stand for the traces of u on J(u) with respect to v (see Section 1.1 and the
references quoted there). So, for #!-almost every x € J(u), we can characterize the jump of u
by a so called “wall angle” 6(x) such that u*(x) = cos8(x)v(x) £ sin 8 (x)v'(x). In particular,
lut (x) —u (x)] = 2|sin 6 (x)|.

e For € > 0 fixed and u* = (a,+b) € S!, Jin-Kohn proved in [41] that the 1D symmetric wall
u(x) = (a, btanh(%)) is a global minimizer of E¢ within the boundary condition u(=eo,-) = u™.
Moreover, we proved in Corollary 2.7 that the 1D symmetric wall is the unique global minimizer

of that problem. (In fact, our symmetry results obtained for € = 1 also hold for the e-rescaled
Aviles-Giga energy E.) In particular, for the states u = (0,41),

E¢(1D symmetric wall) < E¢(cross-tie wall), Ve > 0.
Moreover, as stated in [42] for the limit states uf =(0,£1),
E¢(1D symmetric wall) = E¢(cross-tie wall) +o(1) as e — 0.

This is a consequence of the following computation:

Lemma C.1. For the limit states uy = (0,%1), we have
Eo(limit 1D symmetric wall) = Ey(limit cross-tie wall),

ie.,
(2sin0)

f(2):f(2cosoc)+cotaf(2sina)+/oafsin29 do, Vae(O,E].

4
Proof. Let up(c) be the limiting cross-tie wall connecting the states uf = (0,£1) defined by
Alouges-Riviere-Serfaty in [2] (see Figure 6) for a fixed angle o € (0, 7] in the strip of thickness
n < 1. We repeat this microstructure in layers of thickness 1 along the straight vertical wall
(u; ,u;) which is the limiting 1D symmetric wall. If 1 — 0 then up (o) — (u ,u).

The limit energy Ey (per unit length) of the limiting cross-tie wall is given by:

9Even if the finite energy limit configurations u are not necessarily in BV, the jump set J(u) and the traces u* are
still well defined, see [16].
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e the cost of vertical jumps is f(2cos &) and their length is equal 1.

e the cost of horizontal jumps (on the basis of the isosceles triangle) is f(2sin &) and their length
is equal cot .

cotx

e the cost of horizontal jumps (coming from the vortex field): in a point x = (x;,0) with x; >
we write x| = # with 6 € (0, &) so that the cost of the jump at x is f(2sin 6); therefore, the cost

of these horizontal jumps as x; > % is

f 2s1n6)
sin® @

2/m (2sin0)dx; = dé
2

(by the change of variable x| = %).
We conclude that
f (2sin0)

sin% 0

Eo(limit cross-tie wall) = f(2cos &) +cot o f(2sin o) + de.

As f is a cubic function, a final computation yields
Ep(limit cross-tie wall) = f(2) = Ey(limit 1D symmetric wall).

]
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