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• Consider the product:

𝑞 ෑ

𝑛=1

∞

1 − 𝑞𝑛 24 = ෍

𝑛=1

∞

𝜏 𝑛 𝑞𝑛 

• Now take the following function:

𝜎11 𝑛 = ෍

𝑑∣𝑛

𝑑11

• Let’s compare the first few values…

RAMANUJAN’S CONGRUENCE

𝒏 1 2 3 4 5 6

𝝈𝟏𝟏 𝒏 1 -24 252 -1472 4830 -6048

𝝉 𝒏 1 2049 177148 4196353 48828126 362976252

How about mod 691?

𝒏 1 2 3 4 5 6

𝝈𝟏𝟏 𝒏  mod 691 1 667 252 601 684 171

𝝉 𝒏  mod 691 1 667 252 601 684 171



RAMANUJAN’S CONGRUENCE

Ramanujan’s observation

𝜎11 𝑛 ≡ 𝜏 𝑛  mod 691

This seems surprising, but it can be explained using the theory of 
modular forms..



MODULAR FORM DEFINITION

Definition

We say 𝑓: ℋ →  ℂ is a modular form if:

•  𝑓 is holomorphic on the upper half plane ℋ 

• 𝑓 is holomorphic at ∞

• 𝑓
𝑎𝑧+𝑏

𝑐𝑧+𝑑
= 𝑐𝑧 + 𝑑 𝑘𝑓 𝑧  for all 

𝑎 𝑏
𝑐 𝑑

∈ 𝑆𝐿2 ℤ  

Let’s dissect what these conditions mean…
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𝑆𝐿2 ℤ = Span
1 1
0 1

,
0 −1
1 0

, this gives:

• 𝑓 𝑧 + 1 = 𝑓 𝑧

• 𝑓
−1

𝑧
= 𝑧𝑘𝑓 𝑧 , we call 𝑘 ≥ 2 the weight (𝑘 even)



• Since 𝑓 𝑧 + 1 = 𝑓 𝑧  we can write 𝑓 as a Fourier series expansion:

𝑓(𝑧) = ෍

𝑛=−∞

∞

𝑎𝑛𝑞𝑛

where 𝑞 = 𝑒2𝜋𝑖𝑧.
o  This works since 𝑒2𝜋𝑖𝑧 = 𝑒2𝜋𝑖(𝑧+1). 

o We call the 𝑎𝑛 Fourier coefficients.

• Also, since 𝑓 is holomorphic, we have no negative coefficients:

𝑓(𝑧) = ෍

𝑛=0

∞

𝑎𝑛𝑞𝑛

• If 𝑓 and 𝑔 are modular forms of weights 𝑘 and 𝑙, then using the 
transformation formula, 𝑓𝑔 is a modular form of weight 𝑘 + 𝑙. 

CONSEQUENCES OF MODULAR FORM DEFINITION



EXAMPLES OF MODULAR FORMS

Δ 𝑧 = 𝑞 ς𝑛=1
∞ 1 − 𝑞𝑛 24 = σ𝑛=1

∞ 𝜏 𝑛 𝑞𝑛 is a weight 12 modular form.

𝐸𝑘 𝑧 = 1 +
2𝑘

𝐵𝑘
σ𝑛=1

∞ 𝜎𝑘−1 𝑛 𝑞𝑛 ,  𝜎𝑘 𝑛 = σ𝑑∣𝑛 𝑑𝑘−1 is a weight 𝑘 modular form.

In particular, consider…

𝐸4 𝑧 = 1 + 240 ෍

𝑛=1

∞

𝜎3 𝑛 𝑞𝑛 = 1 + 240𝑞 + ⋯

𝐸6 𝑧 = 1 − 504 ෍

𝑛=1

∞

𝜎5 𝑛 𝑞𝑛 = 1 − 504𝑞 + ⋯

෨𝐸12 𝑧 =
691

65520
+ ෍

𝑛=1

∞

𝜎11 𝑛 𝑞𝑛 =
691

65520
+ 𝑞 + ⋯

Weight 4

Weight 6

Weight 12
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We wanted to show 𝜎11 𝑛 ≡ 𝜏 𝑛  mod 691, so we now need to show that ෨𝐸12 ≡ Δ mod 691 .
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Weight 12



Fact

The space of modular forms of weight k is spanned by 𝐸4
𝑖 𝐸6

𝑗
, for 4𝑖 + 6𝑗 = 𝑘.

➢ In other words, we can write any modular form of weight 𝑘 as a linear combination of products 
of 𝐸4 and 𝐸6. 

Let’s look at weight 12:
There are only two 𝑖, 𝑗 pairs such that 4𝑖 + 6𝑗 = 12:
𝑖 = 3, 𝑗 = 0 and 𝑖 = 0, 𝑗 = 2.
So modular forms of weight 12 can all be written in the form:

𝑎𝐸4
3 + 𝑏𝐸6

2 = 𝑎 + 𝑏 + 3 ∗ 240𝑎 − 2 ∗ 504𝑏 𝑞 + ⋯
Or taking two forms of weight 12, say Δ and ෨𝐸12, we can write:

Δ = 𝛼𝐸6
2 + 𝛽 ෨𝐸12 = 𝛼 +

691

65520
𝛽 + −1008𝛼 + 𝛽 𝑞 + ⋯ 

Comparing constant and 1st coefficients, we get:

ቐ
𝛼 +

691

65520
𝛽 = 0

−1008𝛼 + 𝛽 = 1
 ⇒ 𝛼 = −

691

762048
, 𝛽 =

65

756



• From the previous slide, we have

Δ = −
691

762048
𝐸6

2 +
65

756
 ෨𝐸12

• Clearing denominators, we get:

762048Δ = −691 𝐸6
2 + 65520 ෨𝐸12

(1008 ∗ 691 + 65520)Δ = −691 𝐸6
2 + 65520 ෨𝐸12

• Now, working mod 691:

65520Δ ≡ 65520 ෨𝐸12 mod 691

                             ⟹ Δ ≡ ෨𝐸12 mod 691

⟹ 𝜏 𝑛 = 𝜎11 𝑛  (mod 691) for all 𝑛.

 



We’ve solved it!
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